
Soviet-era science, translated into English

ON TOPOLOGICAL
GROUPS
MATHEMATICS

1969

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196901.11416

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196901.11416


Abstract
Full Text
UDC 513.83

MATHEMATICS

B. A. PASYNKOV

ON TOPOLOGICAL GROUPS
(Presented by Academician P. S. Aleksandrov on 10 I 1969)

All spaces considered are completely regular. We assume
dim𝑋 = dim𝛽𝑋, where 𝛽𝑋 is the maximal bicompact extension of 𝑋.

I. The final solution of Hilbert’s fifth problem (see (1−3)) can be formulated as
follows:

A topological group is a Lie group if and only if it is locally bicompact, locally
connected, and finite-dimensional.

In the class of normal spaces the property of countable compactness is consider-
ably weaker than the property of bicompactness, and in the class of completely
regular spaces an even weaker property is that of pseudocompactness (every
continuous function is bounded).

Theorem 1. A topological group 𝐺 is a Lie group if and only if it is locally
pseudocompact (in particular, countably compact), locally connected, and finite-
dimensional.

Proof. In one direction the assertion is obvious. Suppose that the group 𝐺 is
locally pseudocompact, locally connected, and
dim𝐺 = dim𝛽𝐺 < ∞. The completion 𝐺 of the group 𝐺 with respect to
its two-sided uniformity 𝑈 is a locally bicompact group, since the group 𝐺 is
locally completely bounded ((4), Theorem 1.1). The group 𝐺, obviously, is
locally connected and, if we prove that dim𝐺 < ∞, then we shall prove that
𝐺 is a Lie group, and then (by the metrizability of 𝐺 and 𝐺) 𝐺 ≡ 𝐺. Thus it
remains to show that the following is true.

Lemma 1. dim𝐺 < ∞, if dim𝐺 < ∞.*

Proof. Take in 𝐺 a neighborhood of the identity 𝑉 , the closure of which in 𝐺
is pseudocompact. Then the set
𝑉 = 𝐺 ∖ [𝐺 ∖ 𝑉 ]𝐺 is a neighborhood of the identity in 𝐺, whose closure in 𝐺
is bicompact (since 𝑉 ⊆ [𝑉 ]𝐺). Since every locally bicompact group contains
an open projective-Lie subgroup (3), without restricting the generality of the
argument the group 𝐺 may be assumed to be projective-Lie. Then in 𝑉 there
is such a bicompact normal divisor 𝑁 that 𝐻 = 𝐺/𝑁 is a Lie group. The set
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𝑁1 = 𝑁 ∩ [𝑉 ]𝐺 (1)

is pseudocompact and

[𝑁1]𝐺 = 𝑁. (2)

Let us first prove (2). If 𝑔0 ∈ 𝑁 ∖ [𝑁1]𝐺, then the layer [[𝑉 ]𝐺]𝐺 ∖ [𝑉 ]𝐺 =
[𝑉 ]𝐺 ∖ [𝑉 ]𝐺 contains a nonempty bicompact set 𝐵 ∋ 𝑔0 of type 𝐺𝛿 in [𝑉 ]𝐺 (𝑁
has type 𝐺𝛿 in [𝑉 ]𝐺, and the bicompacts 𝑔0 and [𝑁1]𝐺 have disjoint neighbor-
hoods), but this contradicts the pseudocompactness of [𝑉 ]𝐺. Thus, [𝑁1]𝐺 = 𝑁 ,
consequently, 𝑁1 ≡ 𝑁 .** We show that every nonempty set Γ of type 𝐺𝛿 in 𝑁
intersects 𝑁1. Let Γ ∩ 𝑁1 = Λ. Then, since the set Γ has type 𝐺𝛿 also in [𝑉 ]𝐺,
in Γ there is a bicompact set of type 𝐺𝛿 in [𝑉 ]𝐺, not intersecting [𝑉 ]𝐺, and this
cannot be by virtue of

* M. Choban independently proved the stronger assertion: dim𝐺 = dim𝐺.

** 𝑁1 denotes the completion of 𝑁1.

pseudocompactness [𝑉 ]𝐺. By Theorem 1.2 (items (a) and (d)) from (4), the
group 𝑁1 is pseudocompact; consequently, 𝑁1 ≡ 𝑁 = 𝛽𝑁1 ((4), Theorem 4.1),
whence dim𝑁 = dim𝑁1. Since already [𝑁1]𝛽𝐺 = 𝛽𝑁1, a fortiori [𝑁1]𝛽𝐺 =
𝛽𝑁1, whence dim𝑁 = dim𝛽𝑁1 ≤ dim𝛽𝐺 < ∞. But then dim𝐺 ≤ dim𝑁 +
dim𝐺/𝑁 < ∞ (5). Lemma 1 (and hence Theorem 1) is proved.

II. Definition 1. A uniformly continuous mapping 𝑝 of a uniform space
𝐺 with uniformity 𝑈 onto a uniform space 𝑋 with uniformity 𝑈𝑝 will be
called, respectively: a) twice uniformly continuous, if for every uniform
cover 𝜔 of the space 𝐺 there exists a uniform cover 𝑣 = {𝑂𝛼, 𝛼 ∈ 𝔄} of the
space 𝑋 such that, for every 𝛼, the inverse image 𝑝−1𝑂𝛼 can be covered by
a finite system of elements of the cover 𝜔; b) uniformly perfect, if the
mapping 𝑝 is closed and all sets 𝑝−1𝑥, 𝑥 ∈ 𝑋, are complete with respect
to the uniformity 𝑈 .

Lemma 2. If a mapping 𝑝 ∶ 𝐺 → 𝑋 is twice uniformly continuous, and a
system of closed sets 𝐹𝛼 ⊆ 𝑋, 𝛼 ∈ 𝔄, is centered (i.e. the intersection of the
elements of every finite subsystem of this system is nonempty) and fine with
respect to the uniformity 𝑈𝑝, then the maximal centered system 𝜇 of closed sets
Φ𝛽 ⊆ 𝐺, 𝛽 ∈ 𝔅, containing as a subsystem the system {𝑝−1𝐹𝛼, 𝛼 ∈ 𝔄}, is fine
with respect to the uniformity 𝑈 .

Proof. Take a uniform cover 𝜔 = {𝑉𝛾, 𝛾 ∈ Γ} of the space 𝐺. In accordance
with Definition 1, take a uniform cover 𝑣 = {𝑂𝛿, 𝛿 ∈ 𝐷} of the space 𝑋. Then
for some 𝛼0 the set 𝐹𝛼0

is contained in some element 𝑂𝛿0
of the cover 𝑣.
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Let the inverse image 𝑝−1𝑂𝛿0
be covered by the elements 𝑉𝛾𝑖

, 𝑖 = 1, … , 𝑠, of the
cover 𝜔. The intersection of the sets Ψ𝑖 = 𝑝−1𝐹𝛼0

∖ 𝑉𝛾𝑖
, 𝑖 = 1, … , 𝑠, is empty;

therefore at least one of them, for example Ψ1, does not belong to the system 𝜇.
Then Ψ1 ∩ Φ𝛽0

= Λ for at least one 𝛽0 ∈ 𝔅; consequently, 𝑝−1𝐹𝛼0
∩ Φ𝛽0

⊆ 𝑉𝛾1
,

but 𝑝−1𝐹𝛼0
∩ Φ𝛽0

∈ 𝜇. The lemma is proved.

From Lemma 1 it follows that

Proposition 1. If a mapping 𝑝 ∶ 𝐺 → 𝑋 is twice uniformly continuous, then
the completeness of the uniform space 𝐺 implies the completeness of the uniform
space 𝑋.

Proposition 2. If a mapping 𝑝 ∶ 𝐺 → 𝑋 is uniformly perfect, then the com-
pleteness of the uniform space 𝑋 implies the completeness of the uniform space
𝐺. *

Corollary 1. If a mapping 𝑝 ∶ 𝐺 → 𝑋 of uniform spaces 𝐺 and 𝑋 is twice
uniform and uniformly perfect, then for the completeness of each of the spaces
𝐺 and 𝑋 it is sufficient (and necessary) that one of them be complete.

III. Let a group 𝐺 be given, and in it a bicompact subgroup 𝐻. By Σ𝑙, Σ𝑟,
and Σ denote, respectively, the set of all covers 𝜔𝑣𝑙 = {𝑔𝑉 }, 𝜔𝑣𝑟 = {𝑉 𝑔},
and 𝜔𝑣 = {𝑔𝑉 ∩ 𝑉 𝑔}, 𝑔 ∈ 𝐺, of the group 𝐺, where 𝑉 is an arbitrary
neighborhood of the identity of the group. As is known, the systems Σ𝑙,
Σ𝑟, and Σ are bases of the uniformities 𝐿, 𝑅, and 𝑈 on the group 𝐺.

By 𝑋𝑙, respectively 𝑋𝑟, denote the space of left, respectively right, cosets of the
group 𝐺 modulo the subgroup 𝐻. The natural projections 𝑝𝑙 ∶ 𝐺 → 𝑋𝑙 and
𝑝𝑟 ∶ 𝐺 → 𝑋𝑟 are not only open, but also, by virtue of the bicompactness of
𝐻, perfect (i.e. closed and bicompact). The mappings 𝑝𝑙 and 𝑝𝑟 determine a
mapping 𝑝𝑙 × 𝑝𝑟 ∶ 𝐺 → 𝑋𝑙 × 𝑋𝑟. Denote the set 𝑝𝑙 × 𝑝𝑟(𝐺) by 𝑋, and denote
the mapping 𝑝𝑙 × 𝑝𝑟 ∶ 𝐺 → 𝑋 by 𝑝. Obviously, the mapping 𝑝 is perfect. It is
not hard to show that, by virtue of the perfectness of the mappings 𝑝𝑙 and 𝑝𝑟,
the set 𝑋 is closed in 𝑋𝑙 × 𝑋𝑟.

* For proximity spaces an analogous assertion was obtained earlier by V. Z.
Polyakov in (10).
It is clear that 𝑋 is the quotient space of the space 𝐺 with respect to the
decomposition into bicompacts of the form 𝑔𝐻 ∩ 𝐻𝑔, 𝑔 ∈ 𝐺.

By 𝜔𝑝𝑉 𝑙, 𝜔𝑝𝑉 𝑟, and 𝜔𝑝𝑉 we denote the open covers {𝑝𝑙(𝑔𝑉 ) = 𝑝𝑙(𝑔𝑉 𝐻)},
{𝑝𝑟(𝑉 𝑔) = 𝑝𝑟(𝐻𝑉 𝑔)}, and {𝑝(𝑔𝑉 𝐻 ∩ 𝐻𝑉 𝑔)}, 𝑔 ∈ 𝐺* of the spaces 𝑋𝑙, 𝑋𝑟, and
𝑋, respectively.

Proposition 3. The systems Σ𝑝, Σ𝑝𝑙, and Σ𝑝𝑟 of all possible covers
𝜔𝑝𝑉 , 𝜔𝑝𝑉 𝑙, 𝜔𝑝𝑉 𝑟, respectively, are bases of uniformities (we denote them by
𝑈𝑝, 𝐿𝑝, and 𝑅𝑝) on the spaces 𝑋, 𝑋𝑙, and 𝑋𝑟, respectively, compatible with the
topology of these spaces.
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Lemma 3. The mappings 𝑝 ∶ 𝐺 → 𝑋, 𝑝𝑙 ∶ 𝐺 → 𝑋𝑙, and 𝑝𝑟 ∶ 𝐺 → 𝑋𝑟 are twice
uniformly continuous with respect to the uniformities 𝑈 and 𝑈𝑝, 𝐿 and 𝐿𝑝, 𝑅
and 𝑅𝑝, respectively.

Corollary 2. a) If the group 𝐺 is complete with respect to the uniformity 𝑈
(complete in the sense of Raikov), then the space 𝑋 is complete with respect to
the uniformity 𝑈𝑝. b) If the group 𝐺 is complete with respect to the uniformity
𝐿, and hence also 𝑅 (complete in the sense of Weil), then the spaces 𝑋𝑙 and 𝑋𝑟
are complete with respect to the uniformities 𝐿𝑝 and 𝑅𝑝, respectively.

Moreover: c) If a subset Γ of the group 𝐺 is complete with respect to the uni-
formity 𝑈 , respectively 𝐿, 𝑅, then the set 𝑝Γ, respectively 𝑝𝑙Γ, 𝑝𝑟Γ, is complete
with respect to the uniformity 𝑈𝑝, respectively 𝐿𝑝, 𝑅𝑝.

Let now the group 𝐺 also be given a subgroup Γ ≡ 𝐻 that is complete: a) with
respect to the uniformity 𝑈 , respectively b) with respect to the uniformities 𝐿
and 𝑅, and hence closed.

By 𝑌𝑙 and 𝑌𝑟 we denote the spaces of left and right cosets of 𝐺 modulo Γ, and
by 𝑞𝑙 and 𝑞𝑟 the natural projections of 𝐺 onto 𝑌𝑙 and 𝑌𝑟, respectively. The
mapping 𝑞𝑙 × 𝑞𝑟 ∶ 𝐺 → 𝑞𝑙 × 𝑞𝑟(𝐺) ⊆ 𝑌𝑙 × 𝑌𝑟 will be denoted by 𝑞, and the set
𝑞𝑙 × 𝑞𝑟(𝐺) by 𝑌 . The natural projections 𝑋𝑙 onto 𝑌𝑙 and 𝑋𝑟 onto 𝑌𝑟 will be
denoted by 𝜋𝑙 and 𝜋𝑟, respectively. The naturally arising mapping of 𝑋 onto 𝑌
will be denoted by 𝜋 (𝜋(𝑥𝑙, 𝑥𝑟) = (𝜋𝑙𝑥𝑙, 𝜋𝑟𝑥𝑟)).
Lemma 4. a) All sets 𝑋𝑦 = 𝜋−1𝑦, 𝑦 ∈ 𝑌 , are complete with respect to the uni-
formity 𝑈𝑝, respectively b) all sets 𝑋𝑦𝑙

= 𝜋−1
𝑙 𝑦𝑙, 𝑦𝑙 ∈ 𝑌𝑙, and 𝑋𝑦𝑟

= 𝜋−1
𝑟 𝑦𝑟, 𝑦𝑟 ∈

𝑌𝑟, are complete with respect to the uniformity 𝐿𝑝 and 𝑅𝑝, respectively.

Proposition 4. If the group 𝐻 has countable character in the group Γ, then:
a) for each 𝑦 ∈ 𝑌 , respectively b) 𝑦𝑙 ∈ 𝑌𝑙 and 𝑦𝑟 ∈ 𝑌𝑟, the uniformity 𝑈𝑝 on 𝑋𝑦,
respectively 𝐿𝑝 on 𝑋𝑦𝑙

and 𝑅𝑝 on 𝑋𝑦𝑟
, is metrizable and complete.**

Theorem 2. If a subgroup Γ of the group 𝐺 is complete in the sense of Weil and
almost metrizable (7), then for any paracompact 𝐴 contained in the quotient
space 𝑌𝑙 (respectively in 𝑌𝑟) there exists in 𝐺 a closed subset 𝐵 that is mapped
perfectly onto 𝐴 by the projection 𝑞𝑙 (respectively 𝑞𝑟). If moreover dim𝐴 = 0,
then the mapping 𝑞𝑙 ∶ 𝐵 → 𝐴 may be assumed to be a homeomorphism. If
Δ𝑋 ≤ 𝑛, (8), then the mapping 𝑞𝑙 ∶ 𝐵 → 𝐴 may be assumed to be at most
(𝑛 + 1)-to-one.
Corollary 3. If a subgroup Γ of the group 𝐺 is complete in the sense of Weil and
almost metrizable, and the quotient space 𝑌𝑙 (respectively 𝑌𝑟) is paracompact
and dim𝑌𝑙 = 0, then the space of the group 𝐺 is homeomorphic to the product
𝑌𝑙 × Γ.
Theorem 3. If a normal divisor Γ of the group 𝐺 is complete in the sense of
Čech, then for any paracompact 𝐴 ⊆ 𝐺/Γ there exists in the group 𝐺 a set 𝐵
that is mapped perfectly onto 𝐴 by the projection 𝑞;
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* It is not difficult to show that the set 𝑔𝑉 𝐻 ∩ 𝐻𝑉 𝑔 is the preimage of the set
𝑝(𝑔𝑉 𝐻 ∩ 𝐻𝑉 𝑔) under the mapping 𝑝, since
𝑝(𝑔𝑉 𝐻 ∩ 𝐻𝑉 𝑔) = 𝑝(𝑔𝑉 𝐻) ∩ 𝑝(𝐻𝑉 𝑔).
** Thus, all sets 𝑝−1𝑋𝑦 are complete in the sense of Čech, and for Γ ≡ 𝐺
we obtain M. Choban’s result on the Čech-completeness of a Raikov-complete
almost metrizable group.

if dim𝐴 = 0, then the mapping 𝑞 ∶ 𝐵 → 𝐴 may be regarded as a homeomor-
phism; if, however, Δ𝐴 ≤ 𝑛, then this mapping may be regarded as no more
than (𝑛 + 1)-fold.
Corollary 4. If a (quasi-)component Γ of a group 𝐺 is complete in the sense
of Čech, then for any locally bicompact set 𝐴 ⊆ 𝐺/Γ the mapping 𝑞 ∶ 𝑞−1𝐴 →
𝐴 is a locally trivial fibration; if the set 𝐴 is also paracompact, for example
bicompact, then the mapping 𝑞 ∶ 𝑞−1𝐴 → 𝐴 is a trivial fibration.

Corollary 5. If a group 𝐺 is strongly paracompact, its (quasi-)component Γ is
complete in the sense of Čech, and ind𝐺/Γ = 0, then the space of the group 𝐺
is homeomorphic to the product of the spaces Γ and 𝐺/Γ.
This corollary generalizes Mostert’s theorem stating that the space of a locally
bicompact group 𝐺 is homeomorphic to the product of its component Γ and the
quotient space 𝐺/Γ (6).
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