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Abstract
Full Text
V. M. ZAITSEV, M. I. SHLIOMIS

THE CHARACTER OF THE INSTABILITY OF
THE INTERFACE BETWEEN TWO LIQUIDS
IN A CONSTANT FIELD
(Presented by Academician S. V. Vonsovskii, 15 III 1969)

A plane interface between two liquids differing in their electric or magnetic prop-
erties becomes unstable in a sufficiently strong field parallel to the gravitational
field (1−3). Depending on the value of the relative permeability of the media,
both “soft”and “hard”regimes of excitation of the instability are possible.

The equilibrium shape of the interface between two liquid dielectrics in a con-
stant electric field is determined by the condition of balance of the forces acting
on the surface:

(𝜎(2)
𝑖𝑘 − 𝜎(1)

𝑖𝑘 ) 𝑛𝑘 = 𝛼
𝑅 𝑛𝑖, 𝜎𝑖𝑘 = −𝑝𝛿𝑖𝑘 − 𝐸2

8𝜋 [𝜀 − 𝜌 ( 𝜕𝜀
𝜕𝜌)

𝑇
] 𝛿𝑖𝑘 + 𝐸𝑖𝐷𝑘

4𝜋 . (1)

Here 𝜎𝑖𝑘 is the stress tensor (4); 𝑝 is the pressure that would exist in the ab-
sence of the field; 𝛼 is the surface-tension coefficient; n is the vector of the
normal directed from the first medium into the second. We shall consider two-
dimensional perturbations 𝑧 = 𝜁(𝑥) of an initially plane surface 𝑧 = 0. Then
in Laplace’s formula, which determines the surface pressure, there remains one
radius of curvature 𝑅 = −(1 + 𝜁′2)3/2/𝜁″.

For the tangential components, equation (1) is satisfied identically by virtue of
the boundary conditions of continuity of 𝐷𝑛 and 𝐸𝑡:

𝜀1𝐸1𝑛 = 𝜀2𝐸2𝑛, 𝐸1𝜏 = 𝐸2𝜏 . (2)

The normal component of (1), together with the condition of absence of body
forces (4)

f = ∇ [−𝑝 + 𝜌
8𝜋 ( 𝜕𝜀

𝜕𝜌)
𝑇

𝐸2 − 𝜌𝑔𝑧] = 0

leads to the equation
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const −(𝜌1 − 𝜌2)𝑔𝜁 + (𝜀1 − 𝜀2)
8𝜋 𝐸2

1 + (𝜀1 − 𝜀2)2

8𝜋𝜀2
𝐸2

1𝑛 = − 𝛼𝜁″

(1 + 𝜁′2)3/2 . (3)

For 𝜁 ≠ 0 the electric field ceases to be homogeneous: with the curvature of
the surface there is associated an additional field e(𝑥, 𝑧) = −∇𝜑(𝑥, 𝑧), whose
potential satisfies the equation

Δ𝜑𝑖 = 0 (𝑖 = 1, 2), (4)

and vanishes as 𝑧 → ±∞. Separating out from the total field strengths E1 and
E2 the homogeneous parts, we obtain, instead of (2) and (3), the equations

𝜀𝜕𝜑1
𝜕𝑧 − 𝜕𝜑2

𝜕𝑧 = 𝜁′ (𝜀𝜕𝜑1
𝜕𝑥 − 𝜕𝜑2

𝜕𝑥 ) ,

𝜕𝜑1
𝜕𝑥 − 𝜕𝜑2

𝜕𝑥 = 𝜀 − 1
𝜀 𝐸𝜁′ − 𝜁′ (𝜕𝜑1

𝜕𝑧 − 𝜕𝜑2
𝜕𝑧 ) ,

const + 𝜀2(𝜀 − 1)
8𝜋 {(𝜕𝜑1

𝜕𝑥 )
2

+ 𝜀 (𝜕𝜑1
𝜕𝑧 )

2
+ 2𝐸 𝜕𝜑1

𝜕𝑧

−2
𝜀 (𝜀 − 1)𝐸𝜁′ 𝜕𝜑1

𝜕𝑥 − 2(𝜀 − 1)𝜁′ 𝜕𝜑1
𝜕𝑥

𝜕𝜑1
𝜕𝑧 − 𝜀 − 1

𝜀2 𝐸2𝜁′2 − 2
𝜀(𝜀 − 1)𝐸𝜁′2 𝜕𝜑1

𝜕𝑧 }

− (𝜌1 − 𝜌2)𝑔𝜁 + 𝛼𝜁″ (1 − 3
2𝜁′2) = 0.

(5)

which must be satisfied at 𝑧 = 𝜁(𝑥). Here 𝐸 is the homogeneous part of the field
in the second medium, 𝜀 ≡ 𝜀1/𝜀2. Since we have in mind solving the problem
by the method of expansion in the amplitude of the surface curvature, in the
last equation we have retained only terms no higher than third order in 𝜁.

The solution of the system of equations (4)—(5) is sought in the form

𝜁(𝑥) = 𝑎 cos 𝑘𝑥 + 𝑎2𝛽 cos 2𝑘𝑥 + 𝑎3𝛾 cos 3𝑘𝑥 + … ,
𝜑𝑖(𝑥, 𝑧) = 𝑎𝐴𝑖 cos 𝑘𝑥 ⋅ 𝑒−𝑘𝑧 + 𝑎2𝐵𝑖 cos 2𝑘𝑥𝑒−2𝑘𝑧+

+𝑎3 (𝐶1𝑖 cos 𝑘𝑥𝑒−𝑘𝑧 + 𝐶3𝑖 cos 3𝑘𝑥 ⋅ 𝑒−3𝑘𝑥) + …
𝐸 = 𝐸0 + 𝑎2𝐸2 + … , 𝑘 = 𝑘0 + 𝑎2𝑘2 + … .

(6)

Replacing 𝑎 by −𝑎 in these formulas must lead to a solution that differs from
(6) only by a shift along the 𝑥-axis by a half-period. Therefore the expansions
of 𝐸 and 𝑘 contain only even powers of 𝑎.
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In the linear approximation one determines the critical field 𝐸0, above which the
plane surface is unstable with respect to small perturbations, and the critical
wavelength of the perturbation:

𝐸2
0 = 8𝜋 𝜀(𝜀 + 1)

𝜀2(𝜀 − 1)2 √(𝜌1 − 𝜌2)𝑔𝛼, 𝑘0 = √(𝜌1 − 𝜌2)𝑔/𝛼. (7)

These results of the linear calculation coincide with those obtained earlier (1−3).
The character of the instability can be clarified only in the third approximation,
where 𝐸2 is calculated:

𝐸2 = 𝐸0𝑘2
0𝐹 −1(𝜀), 𝐹 (𝜀) = 32(𝜀 + 1)2

142𝜀 − 11(𝜀2 + 1) . (8)

𝑘2 is not determined in this approximation. Substituting 𝐸2 into the expansion
for 𝐸, we obtain

𝑎𝑘0 = √𝐹(𝜀)
𝐸0

(𝐸 − 𝐸0). (9)

The character of the instability is determined by the sign of the function 𝐹(𝜀).
This quantity is positive for 𝜀−1

∗ < 𝜀 < 𝜀∗, where 𝜀∗ ≈ 3.54. For such values of
the relative permittivity, a soft regime of excitation of the instability should be
observed: near the critical 𝐸0, the amplitude of the surface curvature grows in
proportion to √𝐸 − 𝐸0 (Landau law).

For 𝜀 > 𝜀∗ the instability is hard. A hard regime of excitation should occur in
all cases in which one of the media is a conductor. The electric field does not
penetrate into the conducting medium, and therefore in formulas (7)—(9) one
must put 𝜀 → ∞.

The results of the analysis carried out also apply to the stability of the interface
between ferromagnetic and ordinary liquids; it is only necessary everywhere to
replace the electric field 𝐸 by the magnetic field 𝐻, and the dielectric permit-
tivity 𝜀 by the magnetic permeability 𝜇.

An experimental study of the stability of the interface between media with
𝜇 < 𝜇∗ was carried out in work (3). Although the amplitude of the perturbations
of the plane surface of the ferromagnetic suspension was not measured in these
experiments, from the results presented in (3) it is clear that a soft instability
occurred there. A hard instability of the water—air interface in an electric field
was observed in the experiments (5).

Perm State University
named after A. M. Gorky
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