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In the work of A. J. Hoffman and J. B. Kruskal (1), requirements are indicated
that are imposed on the conditions of integer linear programming problems,
under which the application of methods of linear programming to the solution
of these problems always leads to an integer solution.

Below we consider a class of integer linear programming problems whose optimal
solution can be obtained by a slightly modified method of successive improve-
ment of the plan (2) for linear programming problems.

Consider a certain closed polyhedron 𝑇 with set of vertices 𝑆 and edges 𝑅 in
𝑛-dimensional Euclidean space.

Definition. A subset of vertices 𝑆′ ⊂ 𝑆 will be called complete if the set of
edges 𝑅′ of the polyhedron 𝑇 ′ = 𝐿(𝑆′) is contained in 𝑅; a subset consisting of
no more than one vertex is complete (here 𝐿(𝑆′) is the convex linear hull of the
set of vertices 𝑆′).

Consider the polyhedron defined by the conditions

𝑛
∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 = 1, 𝑖 = 1, 2, … , 𝑚; (1)

0 ≤ 𝑥𝑗 ≤ 1, 𝑗 = 1, 2, … , 𝑛, (2)

where 𝑎𝑖𝑗 = 0 or 1 are the elements of a given matrix 𝐴.

Theorem. The set of integer vertices of the polyhedron (1), (2) is complete.

The proof follows from two lemmas.
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Lemma 1. If the system (1), (2) has two integer solutions
𝑋1 = {𝑥1

1, 𝑥1
2, … , 𝑥1

𝑛}, 𝑋2 = {𝑥2
1, 𝑥2

2, … , 𝑥2
𝑛} such that

𝑥1
𝑗 + 𝑥2

𝑗 = 1, 𝑗 = 1, 2, … , 𝑛, (3)

then the matrix 𝐴 is totally unimodular (3).
Proof. Condition (3) determines a partition of all columns of the matrix 𝐴
into two disjoint sets. The first consists of the columns 𝑗 for which 𝑥1

𝑗 = 1, the
second of those 𝑗 for which 𝑥2

𝑗 = 1. Consider the vector
𝑋̄ = (𝑋1 +𝑋2)/2 = { ̄𝑥1, ̄𝑥2, … , ̄𝑥𝑛}, a solution of the system (1), (2). From (3),

̄𝑥𝑗 = 1/2, 𝑗 = 1, 2, … , 𝑛. Substituting ̄𝑥 into (1), we obtain

𝑛
∑
𝑗=1

𝑎𝑖𝑗 = 2, 𝑖 = 1, 2, … , 𝑚, (4)

i.e., each row of the matrix 𝐴 contains exactly two unit elements. Thus the
matrix 𝐴 satisfies (up to transposition) the conditions of Theorem 1, Ch. 15 of
(3), which was required to prove.

Lemma 2. If 𝑋1 ≠ 𝑋2 are two integer vertices of the polyhedron (1), (2),
belong to some of its 𝑘-dimensional face (𝑘 ≥ 1), and do not belong to any of its
(𝑘 − 1)-dimensional faces, then all vertices of the indicated 𝑘-dimensional face
are integer.

Proof. Let 𝑥1
𝑗 = 𝑥2

𝑗 , 𝑗 ∈ 𝐽1 ⊂ 𝐽 = {1, 2, … , 𝑛}, for some coordinates 𝑥𝑗 in the
vertices 𝑋1 and 𝑋2. Then

𝑥𝑗 = 𝑥1
𝑗 , 𝑗 ∈ 𝐽1 (5)

for all points of the face under consideration. Otherwise, by adding equations (5)
to the system of equations of the face, one can reduce its dimension. Substituting
(5) into (1) and deleting from 𝐴 the columns corresponding to 𝑗 ∈ 𝐽1, and the
rows that have turned into identities, we see that the remaining variables satisfy
conditions of the form (3). Since 𝑋1 ≠ 𝑋2, the set 𝐽 ∖ 𝐽1 is nonempty. By
Lemma 1, the variables 𝑥𝑗, 𝑗 ∈ 𝐽 ∖ 𝐽1, take integer values at all vertices of the
face. Hence, and from (5), it follows that all variables take integer values at all
vertices of the face under consideration.

Proof of the theorem. It is not difficult to show that all integer points of the
polyhedron (1), (2) are its vertices.

If the polyhedron contains no more than one integer vertex, the validity of the
theorem follows from the definition of completeness. Suppose there are at least
two such vertices. In this case, if the set of integer vertices of the polyhedron
is not complete, then on the convex linear hull of this set there will be an
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edge joining vertices 𝑋1 ≠ 𝑋2 that is not an edge of the original polyhedron.
Consider the face of minimal dimension to which 𝑋1, 𝑋2 belong. By Lemma 2
the set of its vertices is integer and, consequently, the edge [𝑋1𝑋2] is an edge
of the original polyhedron. From the contradiction obtained follows the validity
of the assertion of the theorem.

Consider the problem of finding the optimal integer value of an arbitrary linear
function on the polyhedron (1), (2). To solve it, in the method of successive
improvement of the plan (2) we introduce an additional check: whether the
vertex adjacent to the given one, which is chosen for the transition at the current
iteration with an improvement in the value of the objective function, is integer.
If the answer is affirmative, the transition is made; in the case of a negative
answer a new suitable column of the matrix of the problem (a new suitable
adjacent vertex) is sought. This check is especially simple when using the first
algorithm ((2), pp. 291–301). If 𝜃0 ≠ 0, it is equivalent to checking 𝜃0 = 1.

To construct an initial integer plan, one may use the same techniques as in the
problem of linear programming written in canonical form ((2), pp. 266–275).

In the form of an integer linear programming problem of the kind considered,
many extremal problems of graph theory and scheduling theory are formulated.

Let us list some of them: multistage and multi-index generalizations of the as-
signment problem (see, for example, (4)), determination of the internal stability
number of a graph (3), the simplest production-location problem (5), construc-
tion of an optimal plan for train formation (6), the traveling-salesman problem
(7), colorings of vertices and edges of a graph (3), deliveries (8), and certain
other problems.

The use of the approach described for solving the indicated problems is compa-
rable in efficiency with the method of successive improvement of the plan for
the same problems without restrictions on the integrality of the variables, and is
significantly more efficient than the use, for their solution, of existing methods
for integer linear programming problems.

I take this opportunity to sincerely thank Yu. Yu. Finkelstein, N. Z. Shor, and
A. A. Votyakov for a very useful discussion of this work.
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