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FUNCTIONS
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In works (1−6) various asymptotic formulas were proved for sums of multiplica-
tive functions, based on information about the behavior of these functions at
prime numbers. In the present note we formulate several new results of this
type and their applications in probabilistic number theory.

A modification of the method of work (6) leads to the following theorem.

Theorem 1. Let 𝑓(𝑛) be a multiplicative function,

∑
𝑝≤𝑥

|𝑓(𝑝)| = 𝑂 ( 𝑥
ln 𝑥) , 𝑓(𝑝𝑟) = 𝑂((2𝑝)𝑟𝛾) (𝑟 ≥ 2, 𝛾 < 1/2), (1)

∑
𝑝≤𝑥

𝑓(𝑝) ln 𝑝
𝑝 ∼ 𝜏 ln 𝑥. (2)

If there exists a numerical sequence {𝑎𝑝} such that

∑
𝑝≤𝑥

|𝑎𝑝| = 𝑂 ( 𝑥
ln 𝑥) , ∑

𝑝≤𝑥
𝑎𝑝 ∼ 𝜎 𝑥

ln 𝑥, 𝜎 = const; (3)

lim
𝑦→∞

∑
𝑦<𝑝≤𝑦2

|𝑓(𝑝)| − |𝑓(𝑝) − 𝑎𝑝|
𝑝 > 0, (4)

then

∑
𝑛≤𝑥

𝑓(𝑛) = 𝑒−𝐶𝜏

Γ(𝜏)
𝑥

ln 𝑥 ∏
𝑝≤𝑥

(1 +
∞

∑
𝑟=1

𝑓(𝑝𝑟)
𝑝𝑟 ) + 𝑜 ( 𝑥

ln 𝑥 ∏
𝑝≤𝑥

(1 +
∞

∑
𝑟=1

|𝑓(𝑝𝑟)|
𝑝𝑟 )) ,

(5)

where 𝐶 is Euler’s constant.
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It is known (1) that formula (5) does not follow from conditions (1) and (2)
alone. Various additional restrictions in place of (4) were considered in works
(2,6). The following results are consequences of Theorem 1.

Theorem 2. Let 𝑓(𝑛) satisfy conditions (1) and (2) of the preceding theorem,
and let 𝐸 be a certain set of prime numbers such that

∑
𝑝≤𝑥
𝑝∈𝐸

1 ∼ 𝛿 𝑥
ln 𝑥, 𝛿 > 0. (6)

Then, if the values 𝑓(𝑝) for 𝑝 ∈ 𝐸 lie inside the angle

| arg(𝑧/𝑧0 − 1)| ≤ 𝜋/2 − 𝜀, 𝜀 > 0, (7)

with vertex at the point 𝑧0 ≠ 0, then (5) holds.

In particular, formula (5) is valid if, for 𝑝 ∈ 𝐸, 𝑓(𝑝) ≥ 𝑐1 > 0.

Theorem 3. If 𝑓(𝑛) satisfies conditions (1) and (2) and, moreover,

lim𝑝→∞|𝑓(𝑝)| − lim
𝑝→∞

|𝑓(𝑝)| < 2(𝜏), (8)

then (5) holds.

For condition (8) to hold, it is clearly sufficient that |𝑓(𝑝)| = const and 𝑡 ≠ 0,
or that

lim
𝑝→∞

|𝑓(𝑝)| < 2|𝜏|. (9)

For applications to probabilistic number theory, the following special case of
Theorem 3 is important.

Theorem 4. Let 𝜓(𝑛) be a real additive function such that, as 𝑥 → ∞,

1
ln 𝑥 ∑

𝑝≤𝑥
𝜓(𝑝)<𝑤

ln 𝑝
𝑝 → 𝐹(𝑤). (10)

where 𝐹(𝑤) is a distribution function (in the sense of weak convergence). Then

∑
𝑛≤𝑥

𝑒𝑖𝜉𝜓(𝑛) = 𝑒−𝐶𝜏(𝜉)

Γ(𝜏(𝜉))
𝑥

ln 𝑥 ∏
𝑝≤𝑥

(1 +
∞

∑
𝑟=1

𝑒𝑖𝜉𝜓(𝑝𝑟)

𝑝𝑟 ) + 𝑜(𝑥) (11)
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uniformly in 𝜉 in any finite interval, where 𝜏(𝜉) is the characteristic function of
the distribution 𝐹(𝑤).
Previously, (11) could be obtained only from the stronger assumption

𝑁(𝑝 ≤ 𝑥, 𝜓(𝑝) < 𝑤) ∼ 𝐹(𝑤)𝑥/ ln 𝑥.

An immediate consequence of (10) is the well-known Erdős–Delange theorem
(5) on the distribution of values of additive functions.

In (3) Delange proved that if 𝑓(𝑛) is multiplicative, |𝑓(𝑛)| ≤ 1, and the series
∑𝑝

𝑓(𝑝)−1
𝑝 converges, then the mean value

lim
𝑥→∞

1
𝑥 ∑

𝑛≤𝑥
𝑓(𝑛)

exists. From Theorem 3 the following generalization of Delange’s theorem
follows immediately.

Theorem 5. If 𝑓(𝑛) is multiplicative, 𝜏 > 0, |𝑓(𝑝)| ≤ 𝜏 for all 𝑝, 𝑓(𝑝𝑟) =
𝑂((2𝑝)𝑟𝛾) for 𝑟 ≥ 2, 𝛾 < 1/2, and the series

∑
𝑝

𝑓(𝑝) − 𝜏
𝑝

converges, then, as 𝑥 → ∞,

∑
𝑛≤𝑥

𝑓(𝑛) ∼ 𝐴𝑥(ln 𝑥)𝜏−1, 𝐴 = const.

For applications to questions of the uniform distribution of fractional parts of
additive functions, the following theorem is of interest.

Theorem 6. If 𝑓(𝑛) is multiplicative, |𝑓(𝑛)| ≤ 1, 𝐸 is a set of prime numbers
such that

∑
𝑝≤𝑥
𝑝∈𝐸

ln 𝑝
𝑝 ∼ 𝛿 ln 𝑥, 𝛿 > 0,

∑
𝑝≤𝑥
𝑝∈𝐸

𝑓(𝑝) ∼ 𝜏 𝑥
ln 𝑥,

and 𝜏 ≠ 𝛿, then
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∑
𝑛≤𝑥

𝑓(𝑛) = 𝑜(𝑥).

In particular, if 𝐸 is the set of all prime numbers, this gives another theorem of
Delange (4). We also note the following fact:

Theorem 7. If the fractional parts of a real additive function 𝜓(𝑚) are uni-
formly distributed when 𝑚 runs through the numbers composed ⋯

of primes belonging to the set 𝐸, then they are uniformly distributed also when
𝑚 runs through all natural numbers.

Starting from Theorem 4 and using the method of paper (7), one can generalize
many results of probabilistic number theory. Thus, for example, the following
holds:

Theorem 8. Let 𝜓(𝑚) be a real additive function, and let 𝑀 be a set of primes
such that

∑
𝑝∈𝑀

1
𝑝 < ∞,

and suppose that there exists at least one 𝑝 ∈ 𝑀 such that 𝜓(𝑝) ≠ 0. Then, if

max
𝑝≤𝑥
𝑝∈𝑀

|𝜓(𝑝)| = 𝑜
⎛⎜⎜⎜
⎝

⎛⎜⎜⎜
⎝

∑
𝑝≤𝑥
𝑝∈𝑀

𝜓2(𝑝)
𝑝

⎞⎟⎟⎟
⎠

1/2
⎞⎟⎟⎟
⎠

,

then

1
𝑛𝑁

⎛⎜⎜⎜
⎝

𝑚 ≤ 𝑛, 𝜓(𝑚) − ∑
𝑝≤𝑛
𝑝∈𝑀

𝜓(𝑝)
𝑝 ≤ 𝑥 ⎛⎜⎜⎜

⎝
∑
𝑝≤𝑛
𝑝∈𝑀

𝜓2(𝑝)
𝑝

⎞⎟⎟⎟
⎠

1/2
⎞⎟⎟⎟
⎠

→ 1√
2𝜋 ∫

𝑥

−∞
𝑒−𝑢2/2 𝑑𝑢.

This theorem generalizes the well-known result of Erdős–Kac (8), which is ob-
tained when 𝑀 is the set of all primes and 𝜓(𝑚) is bounded on the primes.
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