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1. The problem of the stability of a plane-parallel flow of an ideal fluid reduces
to the eigenvalue problem for the equation:

[U(y) —cl(¢” —a?p) = U"(y)p =0 (L1)

with homogeneous boundary conditions of the form ¢(0) =0, ¢(1) = 0.

Here all parameters are determined by the fact that the stream function for
the disturbance is sought in the form ¢ = ¢(y) explias(x — ct)]. The Rayleigh
method consists in replacing the velocity profile of the basic flow by a piecewise-
linear one: U, (y) = U, (k/n)(y —k/n) for k/n <y < (k+1)/n; U,(0) =U(0).
Thus, in equation (1,1) the term @U”(y) is discarded, which makes it possible
to write the general solution

k
@n(y) = Z A, Sha[y - (m - 1)/’”“}

for (k—1)/n <y < k/n. The constants a, are chosen so that the boundary
condition ¢, (1) = 0 and the condition of pressure continuity (V) at y = k/n
(k=1,2,...,n— 1) are satisfied:

a[Un(k/n) - C]k+1a =

k
= {Z a,, shalk/n — (m — 1)/n]} (U (k/n) —U’((k—1)/n)].

For the proof of convergence of the approximate eigenvalues it is convenient to
replace equation (1,1) by the system of equations:
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©'lU(y) —c] — U’ (y) = p(y),

elU(y) —c] =p'(y). (1,2)

Here p(y) is a certain differentiable function. If we denote

g= {90020 = (a0}, £={f.fa) = (. 20},

then (1,2) can be written in the form:

cg+f=L(g). (1,3)
We note that

ag) — gé = Ov (174)

f{_af2zo' (175)

Consider the Hilbert space L,(0,1) of vector-functions g = {g; g5} with com-
ponents g; from L,(0,1). Denote by I'V(0,1) the set of infinitely differentiable
finite on [0; 1] vectors satisfying (1,4), and by I'%(0,1) its closure in the norm
L,(0,1). The orthogonal complement of the subspace I'’(0,1) will be denoted
by G(0,1).

Lemma 1. G(0,1) consists of vector-functions satisfying condition (1,5).

Proof. Let f € G(0,1). Then for any g € I'(0,1)

1
/ (f191 =+ fzgz) dy = 0.
0

/

y y
Since gy = a/ g1 dy and fy, = (/ fa dy) , we have
0 0

1 1 Vg oy v
[ i+ b= [ ngiavs [ ([ fadvea [oian)an-
0 0 0 Y Jo 0
1 Y
=/ {fl—/ fgdy-a]ga‘dyzo.
1 0
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By virtue of the sufficient arbitrariness of gj, we obtain

y
fi— a/ fo dy = const,
0

which was to be proved.

1
It is not difficult to see that the equation g — — f = v defines a bounded linear
c

operator g = Lo(1). Here v is prescribed in Ly(0.1), g is sought in T'°(0.1),
and f is sought in G(0.1). Consequently, solving equation (1.3) is equivalent
to solving the equation g = ¢ 1Ly(Ly(g)) = ¢ 1L(g), since G(0.1) consists of
vectors whose components satisfy equation (1.5). Similarly, the approximate
eigenvalues are determined from the solution of the equation g = ¢ 1L, (g),
where |L — L,,| — 0 as n — oo (L is a bounded linear operator). The proof
of convergence now becomes quite obvious. We formulate the final result as a
theorem.

Theorem 1. If the closed bounded set D, contains no points of the spectrum
of the operator L, then, beginning with some number n, D, contains no points
of the spectrum of the operator L. Conversely, for any eigenvalue X\, of the
operator L that is an isolated point of the spectrum, one can specify a sequence
of approzimate eigenvalues converging to A.

Using the foregoing, it is not difficult to prove the convergence of the modified
Rayleigh method proposed in [2] for solving the problem of the linear develop-
ment of perturbations of a nonstationary plane-parallel flow of an ideal fluid.
The problem under consideration is equivalent to solving the partial differential
equation:

[0/0t +iU][0? ) 0y?* — a?)p —iap 02U JOy? = 0 (1.6)
with boundary conditions ¢(0,t) =0, ¢(1,t) =0, ¢(y,0) = ¢(y). The method

consists in replacing the velocity profile U(y,t) (0 < y < 1) by profiles U, (y)
that are piecewise linear in y:

U, =U,(k/n;t) + [y — k/n)0U (k/n;t) /0y for k/n<y<(k+1)/n.

For k/n < y < (k4 1)/n, the approximate expression for the perturbation
stream function is represented in the form

Y = 0, (y, t) explia(z)],

where
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k

Pulyst) =Y ai(t) shaly—(i—1)/n] for (k—1)/n<y<k/n.
i=1

From the conditions of pressure continuity and the vanishing of the normal

component of the velocity at y = 1, one obtains a system of equations for the

unknowns a;(t). The initial data for a,(¢) are determined from the known

stream function of the initial perturbation distribution.

The proof of convergence is based on the fact that uniform estimates can be ob-
tained for the sequence of approximate solutions, since the approximate ¢,, and
the exact solution ¢ satisfy “almost” the same system of differential equations:

0?0 /0y ot + Uy, t)iadp/dy — i OU |0y = iaP(y,t),

—ia0p/0t + Uy, t)a?p = OP(y,t) /0y (1.7)

and, moreover, the necessary continuity conditions are satisfied. (For an ap-
proximate solution the coefficients U and 9U /9y in system (1.7) are replaced
by U,, and 9U,,/dy.)

Consider the spaces of vector functions Ly (Qr), IV (Qr), T'%(Qr), G(Qr), which
differ from the corresponding spaces introduced earlier only in that all vector
functions now depend on y and on t; 0 <t < T, 0 <y < 1. It is assumed that
for almost all ¢ the elements G(Q) belong to G(0,1) and the elements I'’(Q)
to the space I'°(0,1); Q = [0,T] x [0, 1].

By a generalized solution of problem (1.6) we shall mean a vector function
g € T°(Q7), for which the derivative dg/0t exists and is quadratically summable
over Qp, and g satisfies the conditions g(y,0) = {¢;(y); vpe(y)}, 92ly—0 = 0,
goly—1 = 0, and the identity

T 1
dg . . oU B
/0 /0 (a —l—zUag—nga—y) O(y,t)dydt =0 (1.8)

for all ® € I(Qy) (U = {U(y,1),0}).

If problem (1.6) has a generalized solution, then this solution satisfies equations
(1.7) almost everywhere by Lemma 1. The uniqueness of the generalized solution
is obvious.

Using (1.7) and denoting

Yy
2= / Gt
0
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we obtain dz/dt < const - z, i.e., the uniform boundedness of the sequence of
approximate solutions {g,,}. Similarly, {0g, /Ot} is estimated. Since L,(Q)
is weakly compact, one can select {g,,,} such that {g,,} and {£g,,} converge
weakly to g and g, respectively, and g satisfies (1.8).

2. The stability of a plane rectilinear flow of a viscous incompressible fluid
with respect to infinitesimal disturbances is determined by the eigenvalues
of the following problem:

/ 4 7/ V4 /
(U =e)p' =U'p+ (¢ —a?¢’) = p(y),

1

aRe

2

(U —c)p + (aP@” —atp) =p'(y),

p(0)=0, ¢'(0)=0, (1)=0, ¢ (1)=0. (2.1)

Here V = @ {/ —ap} is the velocity vector of the disturbance, U(y) is
the velocity distribution in the parallel flow, p = p(y) exp[ia(x — ct)] is the pres-
sure variation associated with the disturbance, and Re is the Reynolds number.

The method for the approximate determination of the eigenvalues consists in
replacing the velocity profile U(y) as before by a piecewise-linear* profile U,, (y),
and seeking the approximate solution ¢,, in the form Z?:l a9 (y) for k/m <
y<(k+1)/n, k=0,1,...,n—1, where g;,;(y, @, Re, c) are determined from the
conditions:

"

7
(U, —cllgr; — P gl + —— (gki - 20‘2921 + a4gki> =0,

aRe
j 07 j i — ]-7 .
ggfi)(k/n) = { j 7 Z 7=0,1,2,3. (2.2)
1, j=i-1

* For carrying out direct computations it is convenient to replace U(y) and
U’ (y) by piecewise-constant functions. For the proof of convergence this change
is immaterial.

The conditions of continuity of the pressure, the velocity, the first derivative of
the velocity, and the vanishing of the velocity at y = 1 and y = 0 lead to a
homogeneous system of linear algebraic equations with respect to the constants
ay;- This system has a nontrivial solution if the determinant of the system
A, (a,Re, ) is equal to zero.

Theorem 2. The eigenvalues of problem (2.1) are obtained by passing to the
limit, as n — oo, from the equation A, (a,Re,c) = 0.
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The proof is based on reducing problem (2.1) to the problem of determining the
characteristic numbers A of an equation of the form g = AT'(g) in the Hilbert
space L, (0, 1), where T is a completely continuous operator (the notation was
introduced above).

Consider the equation

g’ —a*g+f=1v, ¥ ={¢,P,} (2.3)

Here g is sought in 1°(0,1), fis in G(0,1), and 9 € L,(0,1). By a generalized
solution of (2.3) is meant a vector function g € I°(0, 1) such that, for every ®
from I(0,1),

1
/ [g'(®") + (a’g+ ¥)®"] dy = 0.
0

If one introduces the space H, obtained by completing 1(0,1) in the norm cor-
responding to the scalar product

U, V] = /0 U/ (VY dy+

—|—a2/UV* dy,

then the preceding condition takes the form [g, ®]. Since —(v, ®) defines a
linear functional on @, there exists a vector g, such that —(¢), ®) = (g, D).
From this the unique solvability of (2.3) follows easily. Thus, equation (2.3)
defines an operator M(v)) = g (since different g’ s correspond to different ¢ s).
If ¢ € Ly(0,1), then g € H(0,1) and

lgl s < const - ¢, (2.4)

From (2.4) it follows that the operator M is completely continuous, since a
bounded set in H is compact in L, (0, 1).

Thus, we have proved
Lemma 2. The operator M, with domain Ly(0,1), is completely continuous.

Rewrite (2.1) in the form

g’ —a’g+f=Re L(g) (f=ia Re{p;p’/a}). (2.5)

Here L is a bounded operator. By a solution of problem (2.5) one may mean a
vector function from I°(0, 1) satisfying the equation
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g =AM(L(g)) = \T'(g). (2.6)

Here A = R, and T is a completely continuous operator in Ly(0,1). If U is
replaced by U,,, and U is a sufficiently smooth function, then T is replaced by
a completely continuous operator T, and |T'— T, | — 0 as n — oo. As is
known, in this case the characteristic numbers A of equation (2.6) are obtained
by passing to the limit, as n — oo, from the characteristic numbers of the
equation g = AT, (g).
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