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MATHEMATICS

P. P. ZABREIKO, A. V. ZAFIEVSKII

ON A CERTAIN CLASS OF SEMIGROUPS
(Presented by Academician I. G. Petrovskii on 5 V 1969)

In the present article an attempt is made to construct a general theory of the
class 𝐿 of strongly continuous on (0, ∞) semigroups 𝑇 (𝑡) of bounded linear
operators in a Banach space 𝑋, for which the functions 𝑇 (𝑡)𝑥 (𝑥 ∈ 𝑋) have a
summable singularity at zero (the precise definition of the class 𝐿 is given below).
Conditions are clarified under which a semigroup 𝑇 (𝑡) from 𝐿 has a generator,
and the properties of this generator are investigated. The main result consists
of necessary and sufficient conditions under which a linear operator 𝑈 is the
generator of a semigroup of class 𝐿. The class 𝐿 naturally decomposes into
narrower classes 𝐸 of semigroups 𝑇 (𝑡), for which the functions 𝑇 (𝑡)𝑥 (𝑥 ∈ 𝑋)
are not only summable but also belong to a certain ideal space of functions 𝐸
(for example, 𝐿𝑝, Orlicz, Lorentz, etc.); the conditions found for membership of
the semigroup 𝑇 (𝑡) in the class 𝐸 in particular cases turn into known theorems
on generators (see (1−3), where a detailed bibliography is given).

1. Let 𝑇 (𝑡) be a semigroup of bounded linear operators in a Banach space 𝑋,
strongly continuous on (0, ∞). Recall that for every such semigroup there exists
the limit

𝜔0 = lim
𝑡→∞

ln ‖𝑇 (𝑡)‖
𝑡 , (1)

called the type of the semigroup. The equality

𝐴0𝑥 = lim
𝑡→0

𝑇 (𝑡)𝑥 − 𝑥
𝑡 (2)

defines the infinitesimal operator 𝐴0 of the semigroup; if the operator 𝐴0
admits a closure, then one says that the semigroup has the generator 𝐴 = 𝐴0.

We shall say that the semigroup 𝑇 (𝑡) belongs to the class 𝐿 if the following
conditions are satisfied:

a) The subspace
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𝐸0 = ⋃
0<𝑡<∞

𝑅[𝑇 (𝑡)] (3)

(𝑅(𝐶) is the range of the operator 𝐶) is dense in 𝑋.

b) For every 𝑥 ∈ 𝑋 the function 𝑇 (𝑡)𝑥 is summable on every finite interval.

For every semigroup 𝑇 (𝑡) of class 𝐿, the domain 𝐷(𝐴0) of the infinitesimal
operator 𝐴0 is dense in 𝑋. Thus the subspace 𝐻0 of elements 𝑥 ∈ 𝑋 for which

lim
𝑡→∞

1
𝑡 ∫

𝑡

0
𝑇 (𝑠)𝑥 𝑑𝑠 = 𝑥. (4)

is also dense in 𝑋.

Let 𝑇 (𝑡) be a semigroup of class 𝐿, and let 𝜔0 be its type. Then for Re 𝜆 > 𝜔0
a linear continuous operator is defined in 𝑋 by

𝑅(𝜆)𝑥 = ∫
∞

0
𝑒−𝜆𝑡𝑇 (𝑡)𝑥 𝑑𝑡. (5)

Lemma 1. The following equalities hold

𝑅(𝜆) − 𝑅(𝜇) = (𝜇 − 𝜆)𝑅(𝜆)𝑅(𝜇) (Re 𝜆, Re 𝜇 > 𝜔0); (6)

(𝜆𝐼 − 𝐴0)𝑅(𝜆)𝑥 = 𝑥 (𝑥 ∈ 𝐻0, Re 𝜆 > 𝜔0); (7)

𝑅(𝜆)(𝜆𝐼 − 𝐴0)𝑥 = 𝑥 (𝑥 ∈ 𝐷(𝐴0), Re 𝜆 > 𝜔0). (8)

It is natural to make the supposition that 𝑅(𝜆) is the resolvent of the generating
operator 𝐴 of the semigroup 𝑇 (𝑡). Indeed, the following is true.

Theorem 1. A semigroup 𝑇 (𝑡) of class 𝐿 has a generating operator if and only
if 𝑇 (𝑡)𝑥 = 0 (0 < 𝑡 < ∞) implies 𝑥 = 0. If 𝑇 (𝑡) has generating operator 𝐴, then
𝑅(𝜆, 𝐴) = 𝑅(𝜆) for Re 𝜆 > 𝜔0.

The property of a semigroup 𝑇 (𝑡) of class 𝐿 that“from 𝑇 (𝑡)𝑥 = 0 (0 < 𝑡 < ∞)
it follows that 𝑥 = 0”is equivalent to the fact that, for some 𝜆0 (Re 𝜆0 > 𝜔0),
from 𝑅(𝜆0)𝑥 = 0 it follows that 𝑥 = 0.

Theorem 2. Let 𝑇 (𝑡) be a semigroup of class 𝐿 with generating operator 𝐴.
Then:

a) If 𝑥 ∈ 𝐷(𝐴), then
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𝑇 (𝑡)𝑥 − 𝑥 = ∫
𝑡

0
𝑇 (𝑠)𝐴𝑥 𝑑𝑥, (9)

and, consequently, the function 𝑇 (𝑡)𝑥 is continuous on [0, ∞).
b) If

𝑇 (𝑡)𝑥 − 𝑥 = ∫
𝑡

0
𝑇 (𝑠)𝑧 𝑑𝑠, (10)

then 𝑥 ∈ 𝐷(𝐴) and 𝐴𝑥 = 𝑧.

c) 𝐷(𝐴2) ⊆ 𝐷(𝐴0).
It is of interest to determine when the infinitesimal operator 𝐴0 of a semigroup
𝑇 (𝑡) of class 𝐿 is closed, i.e., when it coincides with the generating operator 𝐴
of the semigroup.

Theorem 3. Let 𝑇 (𝑡) be a semigroup of class 𝐿. Then 𝐴0 = 𝐴 if and only if
𝑋 = 𝐻0.

2. We now pass to the question of what conditions a given operator 𝑈 must
satisfy in order to be the generating operator of a semigroup of class 𝐿.
Naturally, it is necessary to consider only closed operators with domain
dense in 𝑋.

Theorem 4. In order that a linear closed operator 𝑈 with domain dense in
𝑋 be the generating operator of a semigroup 𝑇 (𝑡) of class 𝐿 of type 𝜔0, it is
necessary and sufficient that, for some 𝜔 (𝜔 > 𝜔0), the following conditions hold:

a) ‖𝑅(𝜆, 𝑈)‖ ≤ 𝑀 for Re 𝜆 > 𝜔;

b) there exist a nonnegative function 𝜑(𝑡, 𝑥) (0 < 𝑡 < ∞, 𝑥 ∈ 𝑋), continuous
in the aggregate of variables, and a nonnegative function 𝜑(𝑡) (0 < 𝑡 < ∞),
satisfying the conditions

𝜑(𝑡1𝑡2) ≤ 𝜑(𝑡1)𝜑(𝑡2), lim
𝑡→∞

ln 𝜑(𝑡)
𝑡 < 𝜔, (11)

such that

𝜑(𝑡, 𝑥) ⩽ 𝜑(𝑡)‖𝑥‖, ∫
∞

0
𝜑(𝑡, 𝑥)𝑒𝜔𝑡 𝑑𝑡 < ∞ (𝑥 ∈ 𝑋), (12)

‖𝑅(𝑛)(𝜆, 𝑈)𝑥‖ ⩽ ∫
∞

0
𝑒−𝜆𝑡𝑡𝑛𝜑(𝑡, 𝑥) 𝑑𝑡 (𝑥 ∈ 𝑋, Re 𝜆 > 𝜔; 𝑛 = 0, 1, …). (13)
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Moreover,

‖𝑇 (𝑡)𝑥‖ ⩽ 𝜑(𝑡, 𝑥) (𝑥 ∈ 𝑋), ‖𝑇 (𝑡)‖ ⩽ 𝜑(𝑡). (14)

3. A semigroup of class 𝐿 will be called a semigroup of class 𝐿0 if the function
𝑇 (𝑡) is also summable on every finite interval.

Theorem 5. In order that a linear closed operator 𝑈 with domain dense in
𝑋 be the generating operator of a semigroup 𝑇 (𝑡) of class 𝐿0 of type 𝜔0, it
is necessary and sufficient that, for some 𝜔 (𝜔 > 𝜔0) and for some continuous
nonnegative function 𝜑(𝑡) (0 < 𝑡 < ∞) satisfying conditions (11), such that

∫
∞

0
𝜑(𝑡)𝑒𝜔𝑡 𝑑𝑡 < ∞, (15)

the inequalities

‖𝑅(𝑛)(𝜆, 𝑈)‖ ⩽ ∫
∞

0
𝑒−𝜆𝑡𝑡𝑛𝜑(𝑡) 𝑑𝑡 (𝜆 > 𝜔; 𝑛 = 0, 1, …). (16)

hold. Moreover,

‖𝑇 (𝑡)‖ ⩽ 𝜑(𝑡). (17)

Semigroups of class 𝐿0 were considered, in another connection, by P. E.
Sobolevskii (4).

4. Let 𝐸 be an ideal space of functions 𝜉(𝑡) defined on [0, ∞); suppose that
𝐸 contains all bounded functions that vanish outside some interval [0, 𝑎],
and that each function from 𝐸 is summable on any interval [0, 𝑎]. By 𝐸𝜔
(𝜔 a real number) we denote the ideal space of functions 𝜉(𝑡) for which
𝑒𝜔𝑡𝜉(𝑡) ∈ 𝐸, with norm

‖𝜉‖𝜔 = ‖𝑒𝜔𝑡𝜉(𝑡)‖.
A semigroup 𝑇 (𝑡) of class 𝐿 (class 𝐿0) will be called a semigroup of class 𝐸 (class
𝐸0) if ‖𝑇 (𝑡)𝑥‖ ∈ 𝐸𝜔 (𝑥 ∈ 𝑋) (if ‖𝑇 (𝑡)‖ ∈ 𝐸𝜔) for some 𝜔. In the case 𝐸 = 𝐿1,
the class 𝐸 (𝐸0) coincides with the whole class 𝐿 (𝐿0). In the case 𝐸 = 𝐿∞,
the classes 𝐸 and 𝐸0 coincide with the class 𝐶0 of semigroups bounded at zero
and, consequently, strongly continuous on [0, ∞).
Theorems 4 and 5 make it possible to formulate conditions under which a given
linear operator is the generating operator of some semigroup of class 𝐸 or class
𝐸0.

Theorem 6. In order that a linear closed operator 𝑈 with domain dense in
𝑋 be the generating operator of a semigroup of class 𝐸 (𝐸0), it is necessary
and sufficient that conditions a) and b) of Theorem 4 (Theorem 5) be satisfied;

sovietrxiv.org/items/ru-196901.05884 Machine Translation

https://sovietrxiv.org/items/ru-196901.05884


moreover, the function 𝜑(𝑡, 𝑥) (the function 𝜑(𝑡)) can be chosen so that 𝜑(𝑡, 𝑥) ∈
𝐸𝜔 for 𝑥 ∈ 𝑋 (𝜑(𝑡) ∈ 𝐸𝜔).
Let us consider, in particular, the case where 𝐸 is the space 𝐶𝛼 of all measurable
functions on [0, ∞) for which the norm

‖𝜉(𝑡)‖ = sup
0<𝑡<∞

|𝑡𝛼𝜉(𝑡)|;

here 0 ≤ 𝛼 < 1. From the principle of uniform boundedness it follows that the
classes 𝐶𝛼 and (𝐶𝛼)0 coincide; in the case under consideration, as the function
𝜑(𝑡) one may always take the function 𝜑(𝑡) = 𝑀𝑡−𝛼𝑒𝜔1𝑡, where 𝑀 and 𝜔1
(𝜔1 < 𝜔) are certain constants. For this function 𝜑(𝑡), the condition of Theorem
5, in view of

∫
∞

0
𝑒−𝜆𝑡𝑡𝑛𝜑(𝑡) 𝑑𝑡 = 𝑀Γ(𝑛 − 𝛼 + 1)

(𝜆 − 𝜔1)𝑛−𝛼+1 ,

takes the quite simple form:

∥𝑅(𝑛)(𝜆, 𝑈)∥ = 𝑀Γ(𝑛 − 𝛼 + 1)/(𝜆 + 𝜔)𝑛−𝛼+1 (𝜆 > 𝜔; 𝑛 = 0, 1, …). (18)

Thus we arrive at the following assertion: a linear closed operator 𝑈 with domain
dense in 𝑋 is the generating operator of a semigroup 𝑇 (𝑡) of class 𝐶𝛼 of type
𝜔0 if and only if, for some 𝑀 and 𝜔 (𝜔 > 𝜔0), the inequalities (18) hold. For
𝛼 = 0 this assertion coincides with the assertion of the classical Hille—Phillips—
Miyadera theorem; for 𝛼 > 0 a close assertion was proved by P. E. Sobolevskii.

In conclusion we note that already for semigroups of class 𝐶𝛼 (𝛼 > 0) the
“positivity”inequality

lim
𝜆→∞

‖𝜆𝑅(𝜆)‖ < ∞,

generally speaking, does not hold.

The authors express their gratitude to M. A. Krasnosel’skii for a detailed dis-
cussion of the results of the work.
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