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ON THE THEORY OF SOLVABLE LINEAR
GROUPS

§ 1. Let A be an arbitrary field, and let G be a maximal irreducible primitive
solvable subgroup of GL(n,A). The structure of the group G is conveniently
studied by means of the invariant series

GOV 2DADFDl(e), (1)

where F' is a maximal Abelian normal divisor of the group G; V is the centralizer
of Fin G; A/F is a maximal subgroup among the Abelian invariant subgroups
of G/F contained in V/F.

Below we shall need the following known properties of the series (1).
1) G has a unique maximal Abelian normal divisor F (49).

2) F is the multiplicative group 3* of some extension ¥ of the field A, and
the degree m = ¥ : A divides the number n, while char A does not divide
the number r = n/m (%).

3) The order of the group A/F is equal to 72; the Sylow subgroups of A/F are
elementary Abelian groups; the linear A-envelope of the group A coincides
with the algebra X, (34).

4) If aF is an element of order § of the factor group A/F, then the index
of the centralizer of the element a in A is equal to § (*). If B is such a
subgroup of A that B D F, then the rank of the linear -envelope of the
group B over X coincides with the order of B/F (%).

5) Let p be a prime divisor of the number r, and let B/F be a p-subgroup of
A/F, invariant in G/F. Then

B =(c))(dy) ... (c,)(d,)F,

(C' d) = dejcjildfl =1 .7: 13 sy Vs
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(ciy) = (dd) =15 i ] = (cndy) =1, 2)

17 7] (2] (2]
where 7 is an element of order p in F. The order of B/F is equal to p? ().

6) Let r = pll1 pi’“ be the canonical decomposition of the number r, and
let P;/F be the Sylow p;-subgroup of A/F. Then for i # j the mutual

commutator (P, P;) is equal to 1. Obviously, the order of P;/F is equal

to p?l", and P; is a normal divisor of G. On solvable linear groups see also
(126). On the properties of A see (7).

In the present paper it is proved that, for an arbitrary field A, the group A
of the series (1) is uniquely determined by the group G. For an algebraically
closed field it is shown that the description of maximal irreducible primitive
solvable subgroups of GL(n, 2) reduces to the case when n is a power of a prime
number. A one-to-one correspondence is established between the conjugacy
classes of maximal irreducible primitive solvable subgroups of GL(p',Q) (p a
prime number # char()) and the conjugacy classes of maximal s-irreducible
(see the definition below) solvable subgroups of the symplectic group Sp(2l, p).

§ 2. Lemma 1. Let P/F be a p-subgroup of a Sylow group of A/F, and let
B/F be a subgroup of the group P/F. Then the index of the centralizer of B
in P is equal to the order of the group B/F.

Lemma 2. Let B/F be a normal divisor of G/F contained in P/F, where P/F
is a Sylow p-subgroup of A/F. Then the group P/F is representable

in the form of a direct product P/F = B/F - C/F, where C/F is a normal
divisor of G/F such that (B,C) = 1.

Proof. Let C be the centralizer of B in P. Since B and P are normal divisors
of G, C is also a normal divisor of G. The center of the group B coincides with
F; hence BNC = F,ie. BJFNC/F =F/F. By Lemma 1, P: C =B : F.
Since P: F = (P :C)(C : F), we have (B: F)(C: F) = P : F. It follows from
this and from the preceding that P/F is the direct product of its subgroups
B/F and C/F.

§ 3. Theorem 1. In the group G there is only one subgroup A such that:
(I) A/F is an abelian normal divisor of G/F; (II) A/F C V/F; (IIl) A/F is
maximal among the subgroups of G/F having properties (I) and (II).

Proof. Let A and B be such subgroups of G that A/F and B/F have properties
(I), (II), (IIT). We shall show that A = B. Let p be an arbitrary prime divisor of
the number r, let P/F be a Sylow p-subgroup of A/F, and let Q/F be a Sylow
p-subgroup of B/F. Put D/F = P/FNQ/F. Since D/F is a normal divisor of
G/F, by Lemma 2 P/F = D/F -U/F, Q/F = D/F - W /F, where the direct
factors U/F and W /F are normal divisors of G/F, and (D,U) = (D,W) = 1.
Consequently, UW /F' is an abelian normal divisor of G/F. D/F -UW/F =
C/F is also an abelian normal divisor of G/F, and C/F C V/F. Obviously,

sovietrxiv.org/items/ru-196901.05208 Machine Translation


https://sovietrxiv.org/items/ru-196901.05208

C/F2P/F, C/F2Q/F. Inview of (IIT), C/F = P/F, C/F = Q/F. Hence
P =@, A= B. The theorem is proved.

Theorem 2. Let A be a group from the series (1); let 91 be the normalizer of
A in GL(n,A); and let G, be a subgroup of GL(n,A) such that A<]G,. If G,
is conjugate to G in GL(n,A), then it is conjugate to G in 0.

Proof. Let G; = dGd ', d € GL(n,A). Since F is the center of A and A<]G},
F is an abelian normal divisor of Gy, and d~'Fd is an abelian normal divisor
of G. By property 1) of the series (1), d"'Fd C F. Since F = ¥*, where &

is an extension of degree m of the field A, we have d'¥d = ¥, d"'Fd = F.

Consequently, F' is a maximal abelian normal divisor of G;. Since A : F = 72,

A/F is maximal among the abelian invariant subgroups of G;/F contained in
V, /F, where V; is the centralizer of F in G;. The group dAd~!/F has the same
properties. By Theorem 1, dAd~' = A, i.e. d € 91. The theorem is proved.

§ 4. We now turn to the subgroups P; of the group A (see 6)). The group A

and its subgroups P, will be regarded as subgroups of GL(r,¥) (see property

Lemma 3. The irreducible components of the group P; are pairwise equivalent

and absolutely irreducible; their degrees are equal to the number péj (see 6)).

Lemma 4. In a suitable basis of the space 3", the matrices a of the group A
take the form
a =y X X Uy, (3)

1 . .
GL(ij , %), isomorphic to the group P;, and x denotes the Kronecker product
of matrices. P; consists of matrices of the form

Eplllx X uj X XEPL"" u; € P (4)

Lemma 5. Let H be the normalizer of A in GL(r,%), and H; the normalizer
of P; in GL(p;j ,2). Then H consists of all matrices of the form

h=hy X% h, (5)

where hj IS Hj.

Proof. Since P; is a normal divisor of the group H, for u; € Pi. h € H, by
virtue of (4) we have

X e -1 _ v
h (Epz11 X XUy X e X Ep;k) h Epzll X e XU X e X Epi.,’“
where u}; € PJ. Obviously, the mapping

u; — (6)

sovietrxiv.org/items/ru-196901.05208 Machine Translation


https://sovietrxiv.org/items/ru-196901.05208

is an automorphism of the group P7. If ¢,d € P;, A € X, then h(c + d)h™! =
heh™ + hdh™t, hAch™' = Mhch™!. Consequently, the mapping (6) can be
extended to an automorphism ¢; of the linear X-envelope [P] of the group P7.

By Lemma 3, [P’] coincides with the algebra Z;’]ﬂ Hence

@;(u;) = hyuh;t, b€ GL(p".%), h; € H;.

Thus, for any h € H there are hq, ..., hj, where h; € H;, such that
hxh™' = grg™, g=hy x - x hy
for every x € A. It follows that
hlg=feF, h=ochy xxh, o€&X"
Obviously, ch, € H;.
Theorem 3. Let 2 be an algebraically closed field, and let

Lol

n=py Py

be the canonical factorization of the number n, with char not dividing the
number n. Then every maximal irreducible primitive solvable subgroup G of
the group GL(n, ), in a suitable basis of Q", is representable in the form

G =G, X x Gy,

where G is a maximal irreducible primitive solvable subgroup of

GL(P?,Q), j=1,...k,
and X denotes the Kronecker-product sign.

§ 5. Let now A = €, and let n = p!, where (2 is an algebraically closed field and
p is a prime number (p # char Q). Then, in a suitable basis of 2", the group A
of the series (1) has the form (4)

A= (ay)(by) (@) (b)) F, (7)

aj:Equ chEpl—j, bj:Epj—l deEpl—j7 j: 1,...,[,

where
¢ =diag[l,n,..,n""" '], neQ, =1, n#l,

00...01
10...00
d= {01...00
00...10
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Consider the normalizer 9t of the group A in GL(p', ). For z € N,

-1 _ s _ Xy PV
Tag; = aj = A\;a, a; by b,
1 B Bij,01; 815
wby, = b = pyay a7 by by (8)

Aty € QX5 i, By Yigs 65 € GF(p),

and a; and b, satisfy the conditions

(a;, b)) =m (a5a,)=1; (by,b,) =1 i#p=(a;b,)=1 (9)

19 Y (2 Ra 72 17 (2"

By virtue of (8), a

; and b;- satisfy the same conditions:

(@i, b)) =m; (aja,) =1 (b5, b,) =1; i# p=(ajb,) =1 (10)

(R (2Rl 7} (2R (2
Put
aqq - aqByy - By
Qg 0By - By
T) = , T €N 11
V@) Y11 - Y1011 - Oy (1)
Vit - Yl - Oy
Conditions (10) are equivalent to the following equalities:
!
1. Z(apiapi - 5pﬁpi) =1
p=1
l
2. Zmpﬂpu - amﬂpi> =0. (12)
p=1
3.
l
Z(ﬁﬂi(spu - Bpudpi) =0. (12)
p=1
4. p#i=
l
Z(O‘Pi(;pu — BouYpi) = 0.
p=1
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We introduce the symplectic group Sp(2l,p) over GF(p) in the following way.
Let
_| 0 K
3 [_ El 0] .
The symplectic group Sp(2l,p) will be the group of all matrices h in GL(2l,p)

satisfying the condition
th(I)lh == (bl, (13)

where th is the transpose of h.

Lemma 6. The elements of the matrix

over GF(p) satisfy conditions (12) if and only if » € Sp(2[,p).
Lemma 7. Sp(2l,p) >~ R/ A, for the mapping

¥ R — Sp(2L,p),

defined by formula (11), is an epimorphism whose kernel is the group A.

Lemma 8. Let G; and G, be such maximal irreducible primitive solvable
subgroups of GL(p', Q) that A<]G;, A<]G,. Then G, and G, are conjugate in
GL(p!, Q) if and only if H; = ¢(G;) and H, = ¥(G,) are conjugate in Sp(2l,p).

A subgroup H of the group Sp(2l, p) will be called s-reducible if there exist an
integer v, 1 < v < [, and a matrix t € Sp(2l,p) such that the matrices of the
group ¢t~ ' Ht have the form

In the opposite case the subgroup H of the group Sp(2l, p) is called s-irreducible.
The following is true.

Lemma 9. Let H be a subgroup of Sp(2l,p). The subgroup 1 ~1(H) of the
group GL(p!, Q) is primitive if and only if H is irreducible.

From the last two lemmas it follows:
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Theorem 4. Let H,,...,H, be maximal solvable s-irreducible subgroups of
Sp(21,p), and let every maximal solvable s-irreducible subgroup of Sp(2l,p) be
conjugate in Sp(2l, p) with one and only one H;. Then

YU HY), T (H )

are maximal solvable irreducible primitive subgroups of GL(p',Q), and every
maximal solvable irreducible primitive subgroup of GL(p', Q) is conjugate with
one and only one ¢ (H,).
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