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THEORY OF ELASTICITY
V. V. MOSKVITIN

VARIABLE PLASTICITY AND ACCUMULA-
TION OF DAMAGEABILITY

(Presented by Academician Yu. N. Rabotnov on 28 V 1968)

Existing methods for estimating variable loading in the presence of finite regions
of plastic deformation have a certain limitation. This limitation consists in the
fact that the corresponding equations of state for a given medium contain, as
a rule, only one parameter—the number of loadings. Meanwhile, the elastic-
plastic properties of the material will also depend on the amplitudes of the
stresses and strains of the preceding variable loadings. On the other hand,
the degree of accumulation of damageability, developing in media under their
variable loading and leading to loss of strength, must also depend on the stress
amplitude. This circumstance naturally suggests the use of a damageability
function for estimating the elastic-plastic properties of a material subjected to
variable loadings and for establishing a condition of cyclic strength.

Below a model is constructed of an elastic-plastic medium whose physicomechan-
ical properties depend on the degree of accumulated damageability. Equations
of the type of the deformation theory and of the flow theory are used. A system
of experiments is presented for determining the material functions.

§ 1. Statement of the problem. Denote by O',E?) and EE? the components
of the stress and strain tensors under the n-th loading, and let the beginning
of the n-th half-cycle coincide with the beginning of the (n — 1)-st unloading.
Introduce the differences

= ) _ 0 _
(27]_172733 nz 1, Uij —07 Eij —0)

(n n)

The quantities o; ) and EEJ have the following property: at the beginning of
the n-th loading they are equal to zero.

Let us first use the laws of the theory of small elastic-plastic strains (1) to
establish the relation between stresses and strains under variable loadings (?)
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In order that the system of equations relating stresses and strains be closed, one
must also introduce a function relating the invariant quantities 7" and EL"). In
contrast to the approaches that have been developed up to now, we shall assume
that Esf‘) is a universal function of EEL") and also of some function 0 < w < 1,

characterizing the degree of damageability of the material,

7 =0, wn-1)], &> Fr=3csl, &<z
(1.3)

The concept of a damage function was introduced in the literature in connection
with the study of creep and long-term strength by L. M. Kachanov (>%), Yu. N.
Rabotnov (°~7), A. A. Tlyushin (%), and others. Without dwelling here on the
physical essence of the function w, we introduce the kinetic equations

Ow/On = f(w, o), (1,4)

u

w= / F(n—m) p(a'™) dm, (1,5)
0

where either equation (1,4) or equation (1,5) holds. By the quantities Eﬁﬁ
entering equations (1,4) and (1,5), we shall understand their maximum values
under the n-th loading. Failure corresponds to the value w(n,) = 1, where ny, is
the number of loadings until the limiting state is reached.

The functions ® and f, or ®, F, and ¢, are determined experimentally. Their
choice makes it possible to describe various experimental observations. Exam-
ples of determining these functions are given in § 2.

Equations (1,2), (1,3), and (1,4), or (1,5), completely determine the relation
between stresses and strains; they take into account the influence of the degree

of damage on the elastic-plastic properties of the material and contain within
(k) =(k)
€
1] ) 1]

E?) are determined

themselves a strength criterion under variable loadings. If & are known

(n)

for any k = 2,3,4, ..., the desired stresses o;;" and strains e

by the formulas

o =a + Y (1, =D S nEl. (1)
k=2
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The equations given above are constructed within the framework of the defor-

mation theory. We shall now use the simplest flow theory (°~!!) and write the
(n)

relation between the stresses o;;” and strains 52}1) for the n-th loading:

dsy’
48 = G+ s, o) = 3K
ij

fo= (S — H, el (S — H,el") — k2 = 0. (1,7)

In contrast to existing approaches, we shall assume that the quantities H,, and
k,, are experimental functions of the degree of accumulated damage w. Methods
for determining these functions are given in § 2.

In analogous fashion, other variants of flow theory (!>!3) and the equations of

the general mathematical theory of plasticity (}*) may also be used, with the
introduction of an additional argument for the parameters and functions of the
invariants. To the equations relating stresses and strains there is added a kinetic
equation of the form (1,4) or (1,5).

Finally, equations of type (1,2) or (1,7) must be supplemented by the differential
equations of equilibrium, the equations of strain compatibility, and boundary
conditions.

In conclusion, let us note the following. In the formulation presented above
it was assumed that the elastic constants do not change their values in the
process of variable plastic deformation. However, this change can be taken into
account if the matrix of elastic constants is regarded as a function of the degree
of accumulated damage w.

§ 2. Determination of material functions. We present a system of experi-
ments for determining the functions introduced in § 1.

Let us first consider equation (1,4) and represent the function f in the form

f =A@/ (1 —w)?, (2,1)

where A, a, 3, are material constants. From (1.4) it follows that

1—(1—~qw)ft = Ay(B+1) /n (678”))(1 dn. (2.2)
0

Here it has been taken into account that at n =0, w = 0.

Let an experiment be carried out with cyclic loading of specimens (tension—
compression) with a stress amplitude o, independent of the number of loadings

n. Since in this case 51" = o, = const, from (2.2) it follows that
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(1 —yw)? =1—Ay(B+ 1)a7%n. (2.3)

Since at n = n;, w = 1, from relation (2.3) we obtain

mof =B, B=[1—(1-9"]/AyB+1), (2.4)

which coincides exactly with the experimental data available in the literature
(see, for example, 1°). Thus, from the experiment two constants o and B become
known. If one takes v = 1 and 8 = «, then function (2.1) becomes known, since
in this case AB(av+ 1) = 1. In this case from (2.3) it follows that

(1—w)* =1—5%n/B. (2.5)

It is clear that, in the general case as well, no experiments on cyclic strength
can make it possible to determine any constants other than o and B.

Let us now consider equation (1.5), and let us assume that the constants a and
B in relations (2.4) are known from experiment. Since, as before, o = o =

const, from (1.5) and (2.4), under the condition ¢(7,) = ¢, it follows that

d

d " N
(n—m)~ttdle, w= 704Bd/0‘/ (n—m)~tHd/ (5’18 )) dm.
0
(2.6)

The unknown constant d can be determined from an additional experiment,
for example, an experiment with cyclic loading with an amplitude increasing
proportionally to the number of loadings, 5(1m) = k%m. In this case the equation

for determining the value d will be
ny
aBY* = dk2/ (ny, —m) " emddm,
0

Let us note that from relation (2.6), for o = o1, we have

wBd* = gindle, (2.7)

Finally, let us consider the question of determining function (1.3). Suppose that,

as a result of experiments (cyclic tension—compression) at O'YL) = 0, = const, the

amplitudes of deformation E(1n> (o), the stresses a (¢1), and the strains 5% ()

corresponding to the yield limit have been found, and, in addition, the strains
égj)(&l) corresponding to the stresses ;07 > o 0<a; <1,i=1,2,...) have
been found.
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For definiteness, let us represent function (1.3) in the form of a polynomial of
p-th order

_(n) P )\ " P

Gu_ _ Eu -1 28

6_(n) _Zak("‘)vn) E ’ Zak_ . ( : )
s k=0 s k=0

Hence, for the experiment indicated above, in the case of incompressibility,

0, I~ (6
Oy > (W) (0<a; <1). (2.9)
o5 (01) k=0 (01)

Es Ul

Equations (2.9) contain the only unknown coefficients a;, which may be deter-
mined, for example, by approximating functions by the method of least squares.
The quantities a;, will now be known functions of the stress o; and of the num-
bers n, i.e. a; = a;(d,,n). Having determined, in turn, ¢, from equation (2.5)
or from equation (2.7), replacing n by n — 1, and substituting the value of &,
thus found into the expression ay, we find the desired coefficients a;, = a;(w,n).

In the case of linear hardening,

o\ = 60" (w)a(w,n) + 3G[1 — a(w, n)Y",

where, until the appearance of plastic strains, a(w,n) = 0.

From this it is easy to pass to the determination of the parameter H,, appearing
in the relations of the flow theory (1.7):

H,(w) =2G[1 — a(w,n)]/alw,n). (2.10)

As for the parameter k,,, it is easy to see that it is equal to 1/6k, = o (w).

For the case of the particular model of a linearly hardening medium recently

proposed in paper ‘6,

n _ 1
a=A= const, a'g ) = afo(l + 041)05 + 0 (1 _ _;al 0[1172) .

In this case, taking (2.5) into account,

n 1
a0 =Xl 2(1 4 ay)o, + A (1 - %af*) [B— B(1 — w)+e]l/ax
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x(n—1)"Yo £ 3G(1 — A,

= 1—A
H, = QGT = const,

= _ 1
\/6k, = al" P (1+ay)0,+ (1 — zo‘la{b*) [B— B(1—w)+e|Ve(n—1)"t/a,
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