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Abstract
Full Text
MATHEMATICAL PHYSICS
V. A. BABESHKO

ASYMPTOTIC PROPERTIES OF SOLU-
TIONS OF ONE CLASS OF INTEGRAL EQUA-
TIONS ARISING IN ELASTICITY THEORY
AND MATHEMATICAL PHYSICS
(Presented by Academician N. I. Muskhelishvili, December 4, 1968)

The study of the integral equation

𝐾𝑞 ≡ ∫
𝑎

−𝑎
𝑘(𝑥 − 𝜉)𝑞(𝜉) 𝑑𝜉 = 2𝜋𝑓(𝑥), |𝑥| ≤ 𝑎, (1)

under various assumptions concerning the properties of the kernel 𝑘(𝑡) has been
the subject of numerous works (1−7, etc.).

It has been established (5) that if 𝐾(𝑧)—the Fourier transform of the function
𝑘(𝑡)—is a rational function, then (1), generally speaking, is solvable in closed
form. In applications the most frequent cases are those in which 𝑘(𝑡) has a
logarithmic singularity at zero and decreases exponentially at infinity. In (3)
a general method is given for constructing an asymptotic solution of equation
(1) as 𝑎 → 0. In the author’s papers (8,9) an asymptotic expansion of the
solution of equation (1) is constructed under the assumption that 𝐾(𝑧) is a
meromorphic function. The method of these papers suggests the asymptotic
form of the solution of equation (1) for more general kernels arising in mixed
problems of elasticity theory and mathematical physics.

In the present note a theorem is presented which answers a number of general
questions concerning the properties of the solution of equation (1) for large
𝑎. An analytic form of the solution is given and the domain of its existence
and uniqueness is indicated. The manner in which the theorem is applied is
illustrated by an example.

1. We shall assume that the function 𝐾(𝑧) is even, real on the real axis,
regular in the domain Ω: |𝜎| ≤ ∞, |𝜏 | ≤ 𝛼(𝜎); 𝑧 = 𝜎 + 𝑖𝜏 ; 𝛼(𝜎) is an
even piecewise-smooth function possessing the properties 𝛼(𝜎) ≥ 𝜇 > 0,
𝛼(𝜎) = 𝑂(𝜎𝜀), 𝜎 → ∞, 𝜀 > 0. It is assumed that in Ω the function 𝐾(𝑧)
has no zeros, and that the asymptotic estimate holds
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𝐾(𝑧) = 𝑐2𝑧−1[1+𝑂(𝑧−1)], 𝑧 ∈ Ω, |𝑧| → ∞ (𝑘(𝑡) = ∫
∞

−∞
𝐾(𝑧)𝑒𝑖𝑧𝑡 𝑑𝑧) .

(2)

In this case the representation

𝐾(𝑧) = 𝐾+(𝑧)𝐾−(𝑧), (3)

is valid, where 𝐾+(𝑧) is regular in the domain Ω ∪ Im 𝑧 > 0, and 𝐾−(𝑧), respec-
tively, in Ω ∪ Im 𝑧 < 0, and, moreover,

𝐾+(𝑧) ∼ 𝑐𝑧−0.5, 𝑧 ∈ Ω, |𝑧| → ∞. (4)

Let us denote by 𝐴 the set of functions 𝜑(𝑧) regular in the domain Im 𝑧 ≤ −𝛿
and admitting in 𝑆 = Ω ∩ Im 𝑧 ≤ −𝛿 the representation

𝜑(𝑧) = 𝜓(𝑧)𝑧−1, max
𝑧∈𝑆

|𝜓(𝑧)| < ∞, 𝛿 < 𝜇 (5)

(𝛿 > 0 is an arbitrarily small fixed number).

If in 𝐴 one introduces the norm by the relation

‖𝜑‖𝐴 = max
𝑧∈𝑆

|𝜓(𝑧)|,

then 𝐴 becomes a Banach space.

Introduce for consideration the operator

𝐹(𝑎, 𝑧)𝜑 ≡ 1
2𝜋𝑖 ∫

Γ

𝐾−(𝑡)𝑒−2𝑎𝑖𝑡𝜑(𝑡) 𝑑𝑡
𝐾+(𝑡)(𝑡 + 𝑧) , 𝜑(𝑡) ∈ 𝐴, Im 𝑧 < 0. (6)

Here Γ is a contour that is the boundary of the domain Ω in the lower half-plane.
It is not difficult to see that 𝐹(𝑎, 𝑧) acts continuously in 𝐴.

By 𝐸 denote the set of piecewise-smooth contours 𝛾, lying in the domain 𝑆, for
which the condition is satisfied

𝐹(𝑎, 𝑧)𝜑 ≡ ∫
𝛾

𝐾−(𝑡)𝑒−2𝑎𝑖𝑡𝜑(𝑡) 𝑑𝑡
𝐾+(𝑡)(𝑡 + 𝑧)2𝜋𝑖 , 𝜑(𝑡) ∈ 𝐴, Im 𝑧 < 0, (7)

and put
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inf
𝑡∈𝛾

| Im 𝑡| = 𝜇𝛾, 𝛾 ∈ 𝐸. (8)

Since in (6) the integrand is regular in 𝑆, the contour Γ may be deformed, i.e. 𝐸
is nonempty.

Theorem. The unique solution in 𝐿𝑝(−𝑎, 𝑎) (𝑝 > 1) of the integral equation
(1) with right-hand side 𝑓(𝑥) ∈ 𝐶𝜆

1 (−𝑎, 𝑎) (𝜆 > 0.5) for values 𝑎 > 𝑎0 is given
by the relation

𝑞(𝑥) = ∫
∞

−∞

Φ(𝜂)
𝐾(𝜂)𝑒𝑖𝜂𝑥𝑑𝜂 −

∞
∑
𝑘=0

(−1)𝑘[𝑆(𝑎 + 𝑥)𝐹 𝑘(𝑎, 𝑧)𝜓𝑘+

+𝑆(𝑎 − 𝑥)𝐹 𝑘(𝑎, 𝑧)𝜓𝑘+1]; (9)

𝑎0 is the greatest root of the equation

1 = inf
𝛾∈𝐸

max
𝑧∈𝛾

𝑒−2𝑎0𝜇𝛾

2𝜋 ∫
𝛾

∣ 𝑧𝐾−(𝑡)𝑒−2𝑎0(𝑖𝑡−𝜇𝛾)

(𝑧 + 𝑡)𝐾+(𝑡)𝑡 ∣ |𝑑𝑡|. (10)

Moreover, the representation

𝑞(𝑥) = 𝜔(𝑥)(𝑎2 − 𝑥2)−0.5, 𝜔(𝑥) ∈ 𝐶(−𝑎, 𝑎), (11)

is valid, and for 𝑞𝑛(𝑥)

𝑞𝑛(𝑥) = ∫
∞

−∞

Φ(𝜂)
𝐾(𝜂)𝑒𝑖𝜂𝑥𝑑𝜂 −

𝑛
∑
𝑘=0

(−1)𝑘[𝑆(𝑎 + 𝑥)𝐹 𝑘(𝑎, 𝑧)𝜓𝑘+

+𝑆(𝑎 − 𝑥)𝐹 𝑘(𝑎, 𝑧)𝜓𝑘+1]

the asymptotic estimate holds

[𝑞(𝑥)−𝑞𝑛(𝑥)](𝑎2−𝑥2)0.5 = 𝑂(exp[−2𝑎(𝜇−𝜀)(𝑛+1)]), 𝑥 ∈ [−𝑎, 𝑎], 𝑎 → ∞;
(12)

𝜀 > 0 is an arbitrarily small fixed number.

Here the following notation has been introduced:

𝜓𝑘(𝑡) = ∫
∞

−∞
Φ(𝜂)𝜓[𝑡, 𝜂(−1)𝑘] 𝑑𝜂, 𝜓(𝑡, 𝜂) = exp(−𝑖𝜂𝑎)

𝐾+(𝜂)(𝑡 + 𝜂) , (13)

sovietrxiv.org/items/ru-196901.04642 Machine Translation

https://sovietrxiv.org/items/ru-196901.04642


𝑆(𝑥)𝑓 ≡ 1
2𝜋𝑖 ∫

∞−𝑖𝜀

−∞−𝑖𝜀

𝑓(𝑡)𝑒−𝑖𝑡𝑥 𝑑𝑡
𝐾+(𝑡) , 𝑓(𝑥) = ∫

∞

−∞
Φ(𝜂)𝑒𝑖𝜂𝑥𝑑𝜂;

0 < 𝜀 < 𝜇, 𝐹 𝑘(𝑎, 𝑧) is the 𝑘-th iteration of the operator 𝐹(𝑎, 𝑧); (14)

𝐶𝜆
1 (−𝑎, 𝑎) is the set of functions whose first derivative satisfies a Hölder condi-

tion with exponent 𝜆 on [−𝑎, 𝑎]; 𝐶(−𝑎, 𝑎) is the set of functions continuous on
[−𝑎, 𝑎].
The proof of the theorem essentially uses the results of the works (10,11).
Remark. In relation (10) the contour 𝛾 must be chosen in such a way that the
sign of the modulus over the function under the integral becomes immaterial.

2. As an example, consider the case occurring in the theory of elasticity (4)
and mathematical physics (1,6), when 𝑘(𝑡) ≡ 2𝐾0(𝑏𝑡) is the Macdonald
function. Put 𝑓(𝑥) ≡ exp 𝑖𝜂𝑥, Im 𝜂 = 0. Obviously, 𝑓(𝑥) ∈ 𝐶𝜆

1 (−𝑎, 𝑎).
For the given case the values 𝐾(𝑧), 𝐾+(𝑧), 𝐾−(𝑧) have the form

𝐾(𝑧) = (𝑧2 + 𝑏2)−0.5, 𝐾+(𝑧) = (𝑏 − 𝑖𝑧)−0.5, 𝐾−(𝑧) = (𝑏 + 𝑖𝑧)−0.5. (15)

The function 𝐾(𝑧) is regular in the complex plane with a cut joining the branch
points 𝑖𝑏, −𝑖𝑏 along the imaginary axis through the point at infinity. Similarly,
𝐾+(𝑧) and 𝐾−(𝑧) are regular in the complex plane with cuts from −𝑖𝑏 to −𝑖∞
and from 𝑖𝑏 to 𝑖∞, respectively. The branches of the functions are chosen from
the conditions as 𝑧 → ∞:

𝐾(𝑧) → 𝑧−1, 𝐾+(𝑧) → 𝑧−0.5 exp(𝑖𝜋/4), 𝐾−(𝑧) → 𝑧−0.5 exp(𝑖𝜋/4).
(16)

Obviously, Φ(𝑥) = 𝛿(𝑥 − 𝜂), the Dirac delta function, and from (13) it follows
that

𝜓2𝑘−1 = 𝑒𝑖𝜂𝑎√𝑏 + 𝑖𝜂 (𝑡 − 𝜂)−1, 𝜓2𝑘 = 𝑒−𝑖𝜂𝑎√𝑏 − 𝑖𝜂 (𝑡 + 𝜂)−1. (17)

As the contour Γ one may take a contour lying on the left and right banks of
the cut joining the points −𝑖𝑏, −𝑖∞. The domain 𝑆 will be the entire lower
half-plane with a cut.

Relation (6) for 𝐹(𝑎, 𝑧)𝜑, taking into account the chosen contour Γ, can be
represented in the form
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𝐹(𝑎, 𝑧)𝜑 = 𝑒−2𝑎𝑏

𝜋𝑖 ∫
∞

0

√𝜏 𝜑[−𝑖(𝜏 + 𝑏)] 𝑒−2𝑎𝜏 𝑑𝜏√
2𝑏 + 𝜏 (𝜏 + 𝑏 + 𝑖𝑧) . (18)

Substituting relation (17) into (18), we obtain

𝐹(𝑎, 𝑡)𝜓2𝑘−1 = 𝑒𝑖𝜂𝑎√𝑏 + 𝑖𝜂
𝜋 ∫

∞

0

√𝜏 𝑒−2𝑎𝜏 𝑑𝜏√
2𝑏 + 𝜏 (𝜏 + 𝑏 + 𝑖𝑡)(𝜏 + 𝑏 − 𝑖𝜂) . (19)

The value 𝐹(𝑎, 𝑡)𝜓2𝑘 is given by relation (19), in which it is necessary to replace
𝜂 by −𝜂.

To construct 𝐹 2(𝑎, 𝑧)𝜓𝑘, it is necessary to apply operation (18) again to (19),
and so on.

The solution of the integral equation can be represented in the form

𝑞(𝑥) = [erf √(𝑏 + 𝑖𝜂)(𝑎 + 𝑥) + erf √(𝑏 − 𝑖𝜂)(𝑎 − 𝑥) − 1] 𝐾−1(𝜂) exp 𝑖𝜂𝑥

+
√𝑏 − 𝑖𝜂

√𝜋(𝑎 + 𝑥)
exp[−𝑏(𝑎 + 𝑥) − 𝑖𝜂𝑎] +

√𝑏 + 𝑖𝜂
√𝜋(𝑎 − 𝑥)

exp[−𝑏(𝑎 − 𝑥) + 𝑖𝜂𝑎]

−
∞

∑
𝑘=1

(−1)𝑘 [𝑆(𝑎 + 𝑥)𝐹 𝑘(𝑎, 𝑧)𝜓𝑘 + 𝑆(𝑎 − 𝑥)𝐹 𝑘(𝑎, 𝑧)𝜓𝑘+1] , erf 𝑥 = 2√𝜋 ∫
∞

0
𝑒−𝑡2 𝑑𝑡.

The expression standing outside the summation sign represents the zero term
of the asymptotic expansion of the solution as 𝑎 → ∞. It was first obtained by
V. M. Aleksandrov (4).
From property (12) it follows that the order of the remainder term is
𝑂(exp[2𝑎(𝑏 − 𝜀)]) (𝑎 → ∞). This circumstance also explains the high effective-
ness of the zero term of the asymptotics in contact problems.

To determine 𝑎0 it is necessary to solve equation (10). Let us find an approxi-
mate value 𝑎∗ > 𝑎0 by solving equation (10) for the case when Γ is taken as the
contour 𝛾. The equation for 𝑎∗ takes the form

1 = max
𝑧∈[0,∞]

𝑒−2𝑎∗𝑏

𝜋 ∫
∞

0

√𝜏 𝑧𝑒−2𝑎∗𝜏 𝑑𝜏√
2𝑏 + 𝜏 |𝜏 + 𝑏 + 𝑖𝑧|(𝜏 + 𝑏) . (20)

From (20) one obtains an equation for 𝑎1 > 𝑎∗ of the form

𝜋 = − Ei(−2𝑎1𝑏), Ei(−𝑥) = − ∫
∞

𝑥

𝑒−𝑡

𝑡 𝑑𝑡. (21)

With the aid of the tables [12], the following estimate for 𝑎1 is determined:
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𝑎1 < 0.015𝑏−1. (22)

Thus, the series (9) represents the solution of the integral equation (1) for
0.015𝑏−1 ≤ 𝑎 ≤ ∞.

In contact problems of the theory of elasticity [4] the value is 𝑏 = 2, and the
series indicated above represents the solution on the interval

0.0075 ≤ 𝑎 ≤ ∞. (23)

Rostov State University
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