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ON THE INTEGRATION OF A SYSTEM OF
EQUATIONS OF ELASTIC EQUILIBRIUM OF
A PLATE

The problem of studying the elastic equilibrium of a plate, following the shell
theory developed in (1+2), leads to the following elliptic system of equations of
the 12th order (approximation of order N = 1):

pAuy + (A + p)06,/0x + Nov/dx = X,
pAuy + (A + )06, /0y + Nov/dy = Xy (0, = Ouy/Ox + duy/dy); (1)
pAU — 12((A + 2p)v + A,) = Xg;

pAvy + (A + p)00,/0x — 12(0u/0x + vy) = Y7,
1AV, + (A + (1)005 /0y — 12u(0u /0y + vy) = Y5,
(05 = Ov, [0z + Dvy/Dy);
pAu+ pby =Y,

(2)

where X, X,, X3,Y],Y,, Y, are prescribed functions; « and y are dimensionless
(Descartes) coordinates; the metric quadratic form on the middle plane has the
form ds? = 4h?(dx? +dy?), where 2h is the thickness of the plate (h is constant).

The functions entering into (1) and (2) have the following kinematic meaning;:
u+twv is the normal deflection, u; +tv; and u, +tv, are tangential displacements
on the plane parallel to the middle plane and at a distance 2ht from it, —1/2 <
t <1/2; u is the deflection of the middle plane, v is the elongation of transverse
fibers. In the classical theory of shells, based on the Kirchhoff-Love hypothesis,
the quantity v is neglected, taking v = 0.

For X, =Y, =0 (i =1,2,3), systems (1) and (2) are integrated in explicit form

(7%

V=X g A (3)
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A x %_8<p* A Ox | Op 0"

- V— - 0@ _r 4
“ A8(AN+p) 0z dx Oy’ Yz 48N+p)dy 9y Oz’ )
u=—w+ ByAw (By = (A+2u)/12u); (5)

vy = Ow/dx — O /Dy, vy = Ow/dy + O/ O, (6)

where y and 1) are arbitrary solutions of the equations™®

Ax =K =0,  Ap—mPp=0 (k=480 +pu)/(\+2p), m? = 12), (7)

p, ©*, w are biharmonic functions, with ¢ and w arbitrary, while ¢* is expressed
in terms of ¢; if, for example, ¢ is written in the form

At2 i 7
wzﬁ(zf+5f—%(fo+fo)>’ (8)
then
A _
o =i B Gz, 0

Here f and f, are arbitrary analytic functions of z = x + iy.

* The equation Ay—m?4p = 0 first occurs in E. Reissner (%), but there m? = 10.
The reason for this discrepancy is indicated in (3).

Let j(vi, Y, (i = 1,2,3) be functions satisfying the equations

(3

AAX, = X;, AAY, =Y, (i=1,2,3). (10)

Differentiating the first equation of system (1) with respect to z, the second
with respect to y, and then adding the results, by virtue of (10) we shall have

(A + 2u) A0, + \Av = AAVe X, (11)

where V< denotes the symbol of the contravariant derivative.

Equation (11) is satisfied by the function

(A +2u)0, + \ = AVX,,. (12)
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Hence we have

A 1

0, = — AVeX, . 13
! /\+2uv+/\+2u ViXa (13)

Substituting this into the third equation of system (1), we obtain

12X
(A + 2p)

Let L, (g) be an operator giving some particular solution of the equation (A —
k*)w = g (k* = const). The operator L, can always be chosen in such a form
that the permutation formulas (in the case of Cartesian coordinates) L, (V,g) =
Vo Li(9) (¢ =1,2) hold.

1~ -
(A—E)v=A (qug + vaxa) . (14)

Representing v by the formula

1~ 122 -
v=AL, (=A%, + V“Xa) 15
g (u 5+ 2p) (13)

and inserting this expression into (13), we obtain

Ou; Ou A ~ A o 12X ~
0, = —L1+=2=A *X, ———L (AX —_— o‘X) .
! 8x+8y (x\—|—2,uV “ u(A42p) "k 3+)\+2uv «

(16)

Differentiating now the first equation of system (1) with respect to y, the second
with respect to x, and then subtracting, we shall have

pAG; = AAPV X, 0F = duy /Dy — du, /O, (17)
where ¢®? is the contravariant discriminant tensor (4). From (17) we have

Ou;  Ouy L s ~)
A R NS 1

Equalities (16) and (18) can be written in the following complex form:

20(uy —iuy)/0z = 0, + 16}

1 ~ A ~ 12X ~ i ~
=A *X, —— L, | AX. *X —cPV X, | .
()\+2uv C u(A+2u) k( ‘5+)\—|—2uv a)—i—uc Vs a)
(19)
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Since A = 40%/0z%, from (19) we have

0 1 o A ~
iy =2 [ veX, - — 2~ 1 (AX
U 0z (x\—|—2,uV “ pu(A42p) "k ( 3t A

12X
+2u

Vaya) - zcaﬂVﬂXO‘) .
Iz
(20)
Formulas (15) and (20) give particular solutions of the nonhomogeneous system
(1).
Let X, X, be the covariant components of a vector, and X a scalar.

Representing now the Laplace operator in the form A = VoV = V2, formulas
(15) and (20) can be written in tensor form:

1y 122 -
v= V2L (V2X ¥ vaxa) , 21
Pl TP u(h+2p) )
1 A ~ 12\ 1 -
=B — Y P —— 2 v - YV
uy, =V (W <>\+2HV ML (v Kot 325,V X7>> +ease V,,XW>,

(22)

where a4 is the covariant metric tensor, and ¢,z is the covariant discriminant
tensor.

With respect to arbitrarily chosen curvilinear coordinates z!,z?, equation (1)
can be written in the form

pV20 — 12((A + 2p)v + AV, ) = X. (23)
Let us now turn to equations (2). Differentiating the first equation with respect

to x, the second with respect to y, and then adding the results, by virtue of the
third equation we obtain

(A4 2u)Ab, = 12AAY; + AAVYY, .

Hence we have

Ov,  0v, 12 ~ 1 ~
=14+ -2 _A Y. Yy |. 24
b2 8:r+6y <)\+2u 3+)\+2uv a) (24)

Differentiating the first equation of system (2) with respect to y, the second
with respect to x, and then subtracting, we shall have
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(A5 —m?03) = APV Y, (05 = dvy /Oy — vy /dx; m? = 12).

Hence we have

Ov,  0Ov, 1 ~
L L By YN R R ) 2
92 ay or <M m (C v,@ a) ( 5)

Equalities (24) and (25) can be written in complex form as follows:

12

9(vy — ivy) . ~ ~ i ~
2————== =0,+its = A Y- *Y,+ —AL BV Y, )
85 2+Z 2 ()‘+2M 3+)‘+2MV o¢+M m<c vﬁ a> )
i.e., we may assume that
0 12 <~ 1 ~ 1 ~
. _ 9 7 a _ 7 a3
vy vy =22 (A+2u 3t eV Ve MALm (c VﬁYa)> (26)

or, in tensor form,

12 o 1 ~ 1 ~
_ 7B - 2 v _
Uy =V (%5 (A+ QNYg + )\+2MV’YYW) - “caﬁv L, (¢ V,,YW)) (a=1,2).
(27)

Now, by virtue of the third equation of system (2) and equality (24), for u we
obtain the formula

1 _,~ 12 1 ~
u=—V2Y; — Y, — vVeY,. 28
W Soox42u N+2u « (28)

Formulas (27) and (28) give particular solutions of the system of equations (2).
This system in tensor form can be written as

VeV g+ (A4 1)VeV¥, —12u(Vgu+v5) =Y, (8=1,2),

pV2u+ uVen, =Y. (29)
Now let us return to the question of constructing particular solutions of the

equations AAw = g and (A —k?)w = g (k* = const). Their particular solutions
can be constructed, respectively, by the formulas

w=Rio) = g [ 12— P iz~ gt m dean (30)
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w=Li(o) = 5 [ Kotk rioemdsdn,  r=le=g. @D

where K|, is the modified Bessel function of the second kind ®. If g has continuous
partial derivatives on the plane E, then it is easy to verify the validity of the
following commutation formulas (with respect to Cartesian coordinates):

Py(Vag) = Vo Fy(9), Ly(Vag) =V,Ly(g) (a=1,2).

Lemma. Let gy, 9, be the covariant components of a vector. Suppose that they
are continuously differentiable in E and vanish outside a circle of sufficiently
large radius. Then there exist scalars u,v, by means of which g,, g5 are expressed
in the form g, = V?(a,5u+ cz,v) (@ =1,2).

As u and v one may take scalars satisfying the equations: VZu = V%g,, Vv =
PV 394 they may be expressed by the formulas

1 1
u= —//ln\z—ﬂvagadgdn, v= —//ln\z—ﬂcaﬁvﬂgad{dn.
27 JJg 27 JJg

On the basis of this lemma it is easily proved that particular solutions of the
equations V2w, = g,, (V2 —k?)w, = g, can be constructed, respectively, by
the formulas

Wy = vﬁ(a’aBP0<u) + cBaPO(U))7 Wy = Vﬁ<aaﬁLk(u) + cﬁaLk(v))'

Obviously, w,, w,y are the components of a covariant vector.

Let g satisfy the equation V2g — p?g = 0, p? = const # 0. Then Py(g) and
L;.(g) can be expressed by the formulas

1
if 2 7& k‘2
1 2-]{32 g, iop 9
Pylg) = 9 Li(g9) = pa
P s if p? = k2.
T

If g satisfies the equation V?"¢g = 0, then

1 1 2 1 2n—2

|
_

g= <Zkfk+5kfk>7
0

>
Il
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1 n—1 B
—P = k+2 Sk+2

where f; are arbitrary analytic functions of z.
Thilisi State University
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