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Let x,, t € T, be a Gaussian random process with zero mean and correlation
function r(s,t). Let E be some Banach space of functions on T'. Below we give
conditions which can often be checked from the function r(s,¢) and which in
most cases make it possible to decide whether the realizations of the process
belong to the space FE.

1. The correlation function r(s,t) determines an embedding T' C H of the
set T into the Hilbert space J of all measurable linear functionals over
the Gaussian process (!). In what follows the separability of # is always
assumed. Consider the linear hull £(T") and on it the norm induced by
the duality (E,£(T)); let K, C £(T) be the unit ball. If E has full
measure, then K is relatively compact in & and the embedding K| C A
is continuous from o(£(T), E). Let K = K;; £(K) C X is Banach and
consists of all linear forms continuous on E and measurable with respect
to the o-algebra generated by the functionals from 7". In what follows the
compact topology is considered on K.

Proposition 1. F consists of linear forms bounded on K, and contains the set
of all linear forms continuous on K.

Proposition 2. Let L be a linear space with Gaussian measure p, and let
L, C L be a measurable linear subspace. Then either uL; =0, or pL; =1 (see
().

The process z, is stochastically continuous with respect to the metric on T
induced from J, and therefore its realizations are measurable. The set K is
restored from T C . In particular, if E is a space of functions with the
uniform norm, then K is the closed convex hull of T'. In any case, we arrive at
the following general scheme. A Banach space E and another normed space E,;
in duality with E are given. On F a separable Gaussian weak distribution (a
generalized random process) is given, i.e., a mapping (which we may regard as
an embedding) of E; into the subspace H of Gaussian-distributed functions of
the space S, of all measurable functions on some set with a separable measure
. This embedding is bounded and continuous from the topology o(E;, E), and
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the unit sphere K; C E; is compact in . The problem is to find, in terms of
K, C H, conditions for the extendability of the weak distribution to a measure
in E.

2. Conditions for the possibility of extending a weak Gaussian distribution
to a measure, close to necessary and sufficient ones, can be given in terms
of the e-entropy of the compact set K C . The entropy type (see, for
example, (%)) of the compact set K is the number

) log H(K; Vi, €)
K)=1 2 v st
pUK) = limsup ===

where H(K;Vy,e) = log N(K;Vy,€) is the e-entropy of K, and Vi, is
the unit ball of 7. Let K = K.

Theorem 1. If p(K) > 2, then the realizations of the process z,, t € K, are
unbounded with probability 1.

Theorem 2. If p(K) < 2, then the realizations of the process z,, t € K, are
bounded with probability 1.

Consider the weak Cauchy distribution whose characteristic functional on an
element h € H is equal to exp(—|h|l4 ). Since

exp(—r) = /0°° exp (—%(TO’)2> (\/2012 exp (—;)) do, (1)

and exp(—3||h]4) is the characteristic functional of our Gaussian distribution,
the stock of linearly measurable sets of full measure for the Cauchy measure »
and the Gaussian measure y is one and the same. The conditional measures (4)
of the measure under a (measurable) partition of the linear space with Gaussian
measure y into rays are d-measures on almost every ray (cf. Shneiberg’s theorem
(), and formula (1) shows that for the Cauchy measure » the conditional

measures have density
0=y7 o0 (5)
POT=\V T 2P\ 7952 )

For any measurable A,

%A:/ u’Ap(o)do,
0

where 117 has characteristic functional exp (—31(|[k[0)?).

Proposition 3 (Shleffli-Slepian theorem 7). Let A, B C 7 and suppose
there exists a mapping ¢ of the set A onto B such that for f,g € A
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(f,9) +1 < (Vf,g) +1
A7+ D)Y2(lgl? + )22 = (o fl2 + D)Y2(Jvgl? + 1)42

Then »A° < uB°, where C° is the set of linear forms from the space with
measure that do not exceed C' in absolute value on C.

Choose an orthonormal basis {e,} in #. By a parallelepiped 7({a,}) with
parameters a; | 0 we shall mean the set

7 ={h:supa;!|(h,e,)| < 1}.
Let 7 be the set of vertices of m. A GB-set is ® a set A C H for which
pu(AA®) > 0 for some A\ > 0.

Proposition 4. In the class of parallelepipeds the condition p(7) < 2 is nec-
essary for the GB-property. Indeed, it can be shown (cf. 1) that H(e) =
H(7({ag}); Vyre) for small € is equivalent to the number of terms of the se-

quence
- 1/2
k=n

greater than €. Therefore 9 the quantity

p(7) = limsup (bgH(a))

log1/e

is equal to the exponent of convergence of this sequence:

p(7) = inf a:ZKiai)UQ] < o0

If now p(7) > 2, then Y na? = oo, and hence > a,, = 00, i.e.  is not a GB-set
(the three-series theorem).

Proof of Theorem 1. Let {hg»k)},j =1,..., M, be a sequence of g -nets K,
for which

log log M,

I
m log1/e

> 2.

For some ¢ = ¢(K), by Proposition 3 we obtain
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nK® < wfcepeq, .. cepens 10

A direct calculation verifies that

0
po{cegey, . cepen, 10— 0

for any o > 0, and then also

0
n{cepeq, ..., cepeny, 1 — 0.

Since # K = 0, it follows that also #£(K°%) = 0 and u£(K°) = 0.
Proof of Theorem 2. Let p(K) < 2. Consider a sequence {h;m},j =
1,...,N(27%), of minimal 2 *-nets of K, and let Ny, = N(27%0) = 1, while
Niy+1 > 1. Let

Hy = —[~log Ny .

Construct a parallelepiped m = 7({a;}), for which the first H, ko+1 terms are

equal to 27%¢, the next gko+2 terms are each equal to 27%"1¢, etc. For this
parallelepiped p(7) = p(K), and there will be found such ¢ = ¢(K) and such
a subset of the set m that for it there exists a “contracting,” in the sense of
Proposition 3, mapping onto the union of all the chosen e-nets. Thus

wK® > ur® >0,
i.e., indeed,

ul(K°) = 1.

3. Proposition 5. If @ is a set measurable with respect to the point O and

1
21 1
q= /0 \/;0'2 exp (_ﬁ) do =~ 0.3174,

then

nQ = (»Q —q)/(1—q).
The proof follows from the formula for conditional Cauchy measures.

Corollary (Dudley’ s theorem (®)). If p(K) < 2, then the space E,(K) of
linear forms continuous on K has full measure.
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Indeed,

A>0 n

where L, is a decreasing sequence of closed subspaces with zero intersection.
For any ), if n is sufficiently large, then »(A(K N L,,)°), as follows from the
proof of Theorem 2, is sufficiently close to 1, and then, by Proposition 4, also
WK N L)

Proposition 6. If the measure of the space Ey(K) of continuous forms is zero,
then for some € > 0 the realizations with probability 1 are not bounded by the
number €.

Indeed, by the zero-one law, 1 (A U, (KN L,)%) is then equal to zero for some
A > 0.

Let us summarize the conclusion from Theorems 1 and 2, Proposition 1, and
the corollary:

Theorem 3. Suppose that in a Banach space E a weak Gaussian distribution is
given by means of a set of linear functionals E;, with a characteristic functional
x(z) = exp (—3A(z,z)) that is continuous in norm on E;. In order that this
weak distribution extend to a measure, it is necessary that the unit ball K; C E,
in the sense of duality (E, E;), have, in the norm |z|3, = A(x,z), entropy type
p(K;) <2, and it is sufficient that it have entropy type p(K;) < 2.

With the aid of this theorem one can obtain, for example, the well-known Hunt-
Belyaev conditions (!!) for continuity of realizations of a stationary Gaussian
process.

4. A necessary and sufficient condition for an ellipsoid K to possess the GB
property is the condition

1
/ e2dH () > —cc.
0

It seems implausible that, in terms of e-entropy, there should exist an exhaustive
answer in the general case. Let, for example, 7 = 7({1/k1lnk}).

Then 7 ¢ GB, but

1
/ e2dH (m; Vg, e) > —o0,
0

therefore, for an ellipsoid with the same growth H (there exists an ellipsoid K
for which H,_(ae) < Hy(e) < H,_(be)) the GB property is satisfied. Passing to
a sequence of finite-dimensional sections also does not improve the situation.
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5. The results of items 2 (Theorems 1 and 2) and 4 were reported by the
author at the International Congress of Mathematicians in 1966. Recently
Dudley’ s paper (®) appeared, in which he notes that Theorem 2 had also
been proved by Strassen (unpublished), and he himself finds a certain
strengthening of this theorem, which can also be obtained by our methods
(a corollary of Proposition 5). The notation for the GB property belongs
to him as well (®).

The author expresses his gratitude to A. M. Vershik, I. A. Ibragimov, and B. M.
Makarov for useful discussions.
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