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Academician of the Academy of Sciences of the Ukrainian SSR B. V. GNE-
DENKO, HUSSEIN FAHIM

ON A CERTAIN TRANSFER THEOREM
A large number of mathematical and applied problems lead to the necessity of
summing independent random variables in a random number and of studying
limit distributions for such sums. After the papers (1,2) this topic attracted the
attention of many researchers. Here we shall note only the works (3−5). In (4,5)
there is a fairly complete bibliography.

Consider a sequence of integer-valued random variables {𝜈𝑛} and an array of
random variables 𝜉𝑛𝑘 with two entries. We shall assume that for each 𝑛 the vari-
ables 𝜉𝑛𝑘 are identically distributed and independent in the aggregate. Suppose
further that, for each 𝑛, the variable 𝜈𝑛 is independent of the variables of the
sequence {𝜉𝑛𝑘}.

Theorem. If there exists a sequence {𝑘𝑛} such that, as 𝑛 → ∞:

a)

P
⎧{
⎨{⎩

𝑘𝑛

∑
𝑘=1

𝜉𝑛𝑘 < 𝑥
⎫}
⎬}⎭

→ Φ(𝑥);

b) with a suitable choice of constants 𝑐𝑛

P {𝜈𝑛 − 𝑘𝑛
𝑐𝑛

< 𝑥} → 𝐴(𝑥),

where Φ(𝑥) and 𝐴(𝑥) are distribution functions;

c) 𝑐𝑛/𝑘𝑛 → 𝑟 (0 < 𝑟 < ∞),
then the distributions of the sums

𝑆𝜈𝑛
= 𝜉𝑛1 + 𝜉𝑛2 + … + 𝜉𝑛𝜈𝑛

as 𝑛 → ∞ converge to a limit Ψ(𝑥). The characteristic function 𝜓(𝑡) of the
limiting distribution is equal to
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𝜓(𝑡) = ∫
∞

0
[𝜑(𝑡)]𝑧 𝑑𝐴∗(𝑧),

where 𝜑(𝑡) is the characteristic function of the distribution Φ(𝑥), and 𝐴∗(𝑧) =
𝐴(𝑦 − 1/𝑟).
Proof. The characteristic function of the sum 𝑆𝜈𝑛

is equal to

𝜑𝑛(𝑡) =
∞

∑
𝑗=0

𝑝𝑛𝑗(𝑓𝑛(𝑡))𝑗,

where

𝑝𝑛𝑗 = P{𝜈𝑛 = 𝑗}, 𝑓𝑛(𝑡) = ∫
∞

−∞
𝑒𝑖𝑡𝑥 𝑑𝐹𝑛(𝑥).

Put

𝐴𝑛(𝑥) = P{𝜈𝑛 < 𝑥}.

It is obvious that

𝜑𝑛(𝑡) = ∫
∞

0
𝑓𝑥

𝑛(𝑡) 𝑑𝐴𝑛(𝑥).

Let now

𝐴𝑛(𝑦) = P {𝜈𝑛 − 𝑘𝑛
𝑐𝑛

< 𝑦} = 𝐴𝑛(𝑐𝑛𝑦 + 𝑘𝑛).

In this notation

𝜑𝑛(𝑡) = ∫
∞

−𝑘𝑛/𝑐𝑛

𝑓𝑦𝑐𝑛+𝑘𝑛(𝑡) 𝑑𝐴𝑛(𝑦) = ∫
∞

−𝑘𝑛/𝑐𝑛

[𝑓𝑘𝑛(𝑡)]𝑦𝑐𝑛/𝑘𝑛+1 𝑑𝐴𝑛(𝑦).

According to the assumptions of the theorem and the known assumptions on
passing to the limit under the integral sign, in every finite interval of 𝑡

𝜓(𝑡) = lim
𝑛→∞

𝜑𝑛(𝑡) = ∫
∞

−𝑟−1
𝜑𝑟𝑦+1(𝑡) 𝑑𝐴(𝑦).

If now we denote 𝑧 = 𝑟𝑦 + 1, then we arrive at the assertion of the theorem.
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Since, according to a well-known theorem of A. Ya. Khinchin ((6), p. 197), 𝜑(𝑡)
is the characteristic function of an infinitely divisible distribution and, with a
suitable choice of 𝐹(𝑥) and {𝑘𝑛}, one can obtain any infinitely divisible charac-
teristic function, then

𝜑(𝑡) = 𝑒𝑣(𝑡),

where 𝛾 is an arbitrary real constant, 𝐺(𝑥) is a nondecreasing function of
bounded variation, and

𝑣(𝑡) = 𝑖𝛾𝑡 + ∫
∞

−∞
{𝑒𝑖𝑡𝑥 − 1 − 𝑖𝑡𝑥

1 + 𝑥2 } 1 + 𝑥2

𝑥2 𝑑𝐺(𝑥).

Since

𝜓(𝑡) = ∫
∞

0
𝑒𝑖𝑦(−𝑖𝑣(𝑡)) 𝑑𝐴∗(𝑦) = 𝑎(−𝑖𝑣(𝑡)),

where

𝑎(𝑡) = ∫
∞

0
𝑒𝑖𝑡𝑥 𝑑𝐴∗(𝑥),

we conclude that if 𝑎(𝑡) is the characteristic function of a random variable taking
only nonnegative values, and 𝑣(𝑡) is the logarithm of the characteristic function
of an infinitely divisible distribution, then the function

𝜓(𝑡) = 𝑎(−𝑖𝑣(𝑡))

is characteristic. Moreover, according to a remark of W. Feller ((7), p. 646), if
the function 𝐴∗(𝑦) is infinitely divisible, then 𝜓(𝑡) is the characteristic function
of an infinitely divisible distribution.

Example 1. If 𝜈𝑛 has a geometric distribution, then

𝐴∗(𝑧) = 1 − 𝑒−𝑧 (𝑧 ⩾ 0).

The functions

𝜓(𝑡) = ∫
∞

0
𝑒−𝑧(1−𝑣(𝑡)) 𝑑𝑧 = 1

1 − 𝑣(𝑡) ,

according to what has been proved, are characteristic and infinitely divisible,
since the distribution 1 − 𝑒−𝑧 is infinitely divisible.
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Example 2. Characteristic and at the same time infinitely divisible are all
functions

𝜓(𝑡) = 1
1 + 𝑐|𝑡|𝛼 {1 + 𝑖𝛽 𝑡

|𝑡| 𝜔(𝑡, 𝛼)} + 𝑖𝛾𝑡
,

where the constants 𝑐 > 0, −1 ≤ 𝛽 ≤ 1, 0 < 𝛼 ≤ 2, −∞ < 𝛾 < ∞, and

𝜔(𝑡, 𝛼) =
⎧{
⎨{⎩

tg 𝜋
2 𝛼, for 𝛼 ≠ 1,

2
𝜋 ln |𝑡|, for 𝛼 = 1.

The proof that the functions

𝜓(𝑡) = 1
1 + |𝑡|𝛼 , 0 < 𝛼 ≤ 2,

are characteristic was given in the work of Yu. V. Linnik (8). Our example
supplements this result in two directions.

Example 3. All functions

𝜓(𝑡) = ( 1
1 − 𝑣(𝑡))

𝛼
,

where 𝛼 > 0, and 𝑣(𝑡) is the logarithm of the characteristic function of an
infinitely divisible distribution, are characteristic and at the same time infinitely
divisible.

For the proof it suffices to take

𝐴∗(𝑧) = ∫
𝑧

0

𝑥𝛼−1

Γ(𝛼) 𝑒−𝑥 𝑑𝑥 (𝑧 ≥ 0).

Example 4. If 𝜈𝑛 is uniformly distributed on the interval (0; 2𝑘𝑛), then as
𝑛 → ∞

P {𝜈𝑛 − 𝑘𝑛
2𝑘𝑛

< 𝑥} →
⎧{
⎨{⎩

0, for 𝑥 ≤ −0.5,
0.5𝑥, for − 0.5 ≤ 𝑥 ≤ 0.5,
1, for 𝑥 > 0.5.

Thus, all functions
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𝜓(𝑡) = ∫
1

0
𝑒𝑧𝑣(𝑡) 𝑑𝑧 = 𝑒𝑣(𝑡) − 1

𝑣(𝑡) ,

where 𝑣(𝑡) is the logarithm of the characteristic function of an infinitely divisible
distribution, are characteristic (but not necessarily infinitely divisible).

In particular, the functions

𝜓(𝑡) = 1 − 𝑒−|𝑡|𝛼

|𝑡|𝛼

are characteristic for all constants 𝛼, 0 < 𝛼 ≤ 2.
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