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ON A CERTAIN TRANSFER THEOREM

A large number of mathematical and applied problems lead to the necessity of
summing independent random variables in a random number and of studying
limit distributions for such sums. After the papers (}2) this topic attracted the
attention of many researchers. Here we shall note only the works (37°). In (%)
there is a fairly complete bibliography.

Consider a sequence of integer-valued random variables {v,} and an array of
random variables &, with two entries. We shall assume that for each n the vari-
ables ;. are identically distributed and independent in the aggregate. Suppose
further that, for each n, the variable v, is independent of the variables of the

sequence {&,;.}.

Theorem. If there exists a sequence {k, } such that, as n — oo:

a)

ko
P {Zgnk < x} — ®(z);
k=1

b) with a suitable choice of constants c,,

p{=he ol i),

n

where ®(z) and A(x) are distribution functions;
c) ¢, /k, =1 (0<r<o0),

then the distributions of the sums

Sun = Enl + gn? +..t gnun

as n — oo converge to a limit ¥(z). The characteristic function 1 (t) of the
limiting distribution is equal to
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wit) = [ el da'ca),
0
where ¢(t) is the characteristic function of the distribution ®(x), and A*(z) =

Aly —1/r).

Proof. The characteristic function of the sum S, " is equal to

%M=§meﬂ
where
by =Pl =h L0 = [ etanw,
Put
A () = Ply, <),

It is obvious that

%@Z F2(t)dA, ().

Let now
a Vp — kn
Au(y) =P === <y = Ay (coy + k)
In this notation
*° — *° yen /kp+1 —
o= [ pret@dd,w = [ o) d, )
—kn/cn —kn/cn

According to the assumptions of the theorem and the known assumptions on
passing to the limit under the integral sign, in every finite interval of ¢

n—oo

w0 = Jm 0= [ o0 dAw)

If now we denote z = ry + 1, then we arrive at the assertion of the theorem.
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Since, according to a well-known theorem of A. Ya. Khinchin ((6), p. 197), ¢(t)
is the characteristic function of an infinitely divisible distribution and, with a
suitable choice of F(x) and {k, }, one can obtain any infinitely divisible charac-
teristic function, then

(p(t) = v ’

where v is an arbitrary real constant, G(x) is a nondecreasing function of
bounded variation, and

S . 2
v(t)=i7t+/ {e“’”—1— itz }l—l-:c iCla).

14 22 2

Since

() = / i0) A% (y) = a(—iv(t)),

where
a(t) = / it dA* (x),
0

we conclude that if a(t) is the characteristic function of a random variable taking
only nonnegative values, and v(t) is the logarithm of the characteristic function
of an infinitely divisible distribution, then the function

P(t) = a(—iv(t))

is characteristic. Moreover, according to a remark of W. Feller ((7), p. 646), if
the function A*(y) is infinitely divisible, then (¢) is the characteristic function
of an infinitely divisible distribution.

Example 1. If v,, has a geometric distribution, then
A*(z)=1—e* (z>0).

The functions

e 1
= [ et g— 1
(t) / = oo

according to what has been proved, are characteristic and infinitely divisible,
since the distribution 1 — e~* is infinitely divisible.
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Example 2. Characteristic and at the same time infinitely divisible are all
functions

B 1
L+ cft|e {1+ iBhuw(t,a) } +ivt’

Y(t)
where the constants ¢ >0, —1 < <1, 0<a <2, —00 <7< o0, and

tg ga, for a # 1,
w(t,a) =

—In|t|, for a=1.

7r

The proof that the functions

1

Y(t) = T

0<a<?2,

are characteristic was given in the work of Yu. V. Linnik (). Our example
supplements this result in two directions.

o= (1)

where « > 0, and v(t) is the logarithm of the characteristic function of an
infinitely divisible distribution, are characteristic and at the same time infinitely
divisible.

Example 3. All functions

For the proof it suffices to take

A*(z) = /0 F(a)ejm dz (z>0).

Example 4. If v, is uniformly distributed on the interval (0;2k,,), then as
n — 0o

B} 0, for x < —0.5,
P {V"2k no< 1:} — <052, for —0.5<2<0.5,
1, for > 0.5.

n

Thus, all functions
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1 o(t) _ 1
e
P(t) = / e dy = ————
() v(t)

where v(t) is the logarithm of the characteristic function of an infinitely divisible
distribution, are characteristic (but not necessarily infinitely divisible).

In particular, the functions

1—e "

are characteristic for all constants o, 0 < a < 2.
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