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In the paper (}) L. Hérmander, for a second-order differential operator of the
form

N
Pu=) Xiu+iXou+y(z)u, (1)
j=1

where X;(z,D) (j = 0,1,...,N) are first-order differential operators with in-
finitely differentiable coefficients, obtained sufficient conditions for the existence
of estimates

N
S IXull, + k., < CHOUPul, + luly ), we CF(F), ()
j=1

where K is any compact set in the domain @ C R™ and the constant ¢ = ¢(K) >
0 (see (?)); it can be shown that Hérmander’ s conditions are also necessary in
the class of operators of the form (1) for the existence of the estimate (2) with
some e(K) > 0 (D; = —id/dx;, j = 1,...,n; i* = —1). In the paper (%) a
simple proof of Hérmander’ s theorem was obtained. Using the same method,
we shall consider the general case of second-order differential operators with
nonnegative characteristic form, namely:

Lu= Y a"(z)Dypju+iX,(x, D)u+y(z)u, (3)
k,j=1

where a*(x)£,€; > 0 for any point (z,£) € 2 x 5™,

The question of global smoothness of generalized solutions of boundary-value
problems for equation (3) was considered in the papers (37¢). We shall give
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sufficient conditions for local smoothness of generalized solutions of equation
(3).

In the domain 2 C R™ consider the system of differential operators

{L°9), j=1,..,n; L?

. . 0(5)
Gy J = 1,...,m; Xo—i—L(j) 1,

where

For any multi-index I = (ay,...,q;) (k > 1), where oy, = 0,1,...,2n, for any
s = 1,...,k put: |I| = Zlex\s, where \, = 2 if a, = 0, and A\, = 1 if
o, =1,...,2n, and let

Af(z,D)=adA, -~ad4, A

Qp o)

where A (z,D) = L°®)(2,D) (s = 1,...,n); A,,,(z,D) L?S>(z,D) (s =
1,...,n); Ay(z, D) = XO—i-L?;)j) and ad AB = AB— BA for any pseudodifferential
operators A, B (see, for example, (7)).

Definition. The system of operators (A, ..., A,,) has at the point z, € Q rank
Ria,,...a,,)(T0) =k, if

Z ‘A?(xmg)‘ =0 for some £ € Snfl; (4)
[T]<k—1

Z |A9(x07€)‘ #+0 for every £ € s, (5)
[I|<k

where AY is the principal part of the symbol o(A;)(z, &) of the operator A; (see,
for example, (7)), S" ! ={£ € R": 2532 =1}.

Remark. It is easy to show that the definition of R, 4, )(z) is invariant
under infinitely differentiable changes of independent variables; moreover, if
R4, ... a,,)(x) < oo for every point z € €, then

R (K) = Sup Ria,,..a,,)(@) = k(K) < o0
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for every compact set K C Q.

Theorem 1. If R, (x) < oo for every point z € €, then for every compact
K C Q there exists a constant C'(K) such that the inequality

- L2 2
Zl (HLO(J)UH(E(K)) + HL(()J)UH(E(K),U) + ||u“(2€(K)+21*RL<K)) <

< C(K) (I1Pullly) + [uly)) . u € C§°(K), (6)

holds, where
e(K) = min (1, 21700 (2R0)-1 1))

Theorem 2. If R, (x) < oo for every point z € €, then for every compact
K C Q, every s € R!, there exists a constant C(K,s) such that for every
function v € D’ () such that Lu € H%;C, an estimate of the form

H‘Pu”(25+5<}()+21—RL(K>) < C(K7 S) (H‘PlPu”(Qs) + H<p1u||(27>) ’ (7)

holds, where the functions ¢, p; € C3°(K) and ¢; = 1 in a neighborhood of
supp o, v = const < s + &(K) + 91—R(K),

Theorem 3. If R; (z) < oo for every point = of the manifold M, where L is a
second-order differential operator with nonnegative characteristic form, defined
on M, then L is a hypoelliptic operator.

The proof of Theorem 1, from which Theorems 2 and 3 can be obtained by
known methods (see, for example, (10)), is based on the following auxiliary
assertions.

Lemma 1 (energy estimate). For every compact K C Q and every s > 0 there
exists a constant C'(K, s) such that for every u (0 < p < 1) the inequality

=~ (117006). (2 o |2 ) o |12
; (”L |+ L u 1) +[[(Xo + L35 ) w 1z S
1
< O o) { Ll + wlulyy + Culllly b we G, (9

For every s € R! in the domain ) introduce the pseudodifferential operator & (s)
with symbol

a(E)(x,€) = plz)(1+[¢*)*/2,
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where the function ¢(z) € C§°(£2) and ¢ =1 in a neighborhood of the compact
set K.

Consider the system (Q, ..., @, ) of first- order pseudodifferential operators,

where Q; = L% (j=1,..,n); Q, = X0+L , Qnﬂ L(j)é’ y (G=1,...,n).

Lemma 2. For every compact K C £}, every integer £k > 1, and every s
(0 < s < 1/2%1) there exists a constant C(K, k, s) such that for

for any p (0 < p < 1) the inequality

Z ”Qlu“ (s—1421-k) = (K k‘ S)

=
1
o { Sl + el + il + Cullly . we CRUO. )

From the condition R;(K) < oo it follows that there exists a neighborhood
O, C § of the point x and a finite system of operators (Q; ,...,Qy ), (|I;| < R
for any j < I), which is elliptic in the domain U,. Therefore the following is
valid.

Lemma 3. If R, (z) < oo, then there exists a neighborhood U, C € of the
point z such that an estimate of the form

lul?,g1-rpen < Co { Y Qi + ||u||<25>}» ue Cg°(0,). (10)

[I|I<Rp ()

From Lemmas 1-3 follows the proof of Theorem 1.

In papers (8,), for a scalar pseudodifferential operator P and any compact

set K C 1, algebraic necessary and sufficient conditions were obtained for the
existence of estimates of the form:

[ul,_s) < COOIPulZy + luly}, e G2 (K), (11)

where m is the order of the operator P and 0 < ¢ < 3/4.

We shall consider the class of pseudodifferential operators P of order m, satis-
fying the following conditions:

1. p°(x,&) > 0 for any point (z,£) € Q x S"~L.
2. pl(z,&) = —pt(x, &) for any point (z,€) € N, where
N ={(z,6) € @ x S"1; p°(z,€) = 0},

and p¥(z, &) are the terms homogeneous of order m — v in the asymptotic
expansion in & of the symbol o(P)(z,§) of the operator P as £ — oo (see,
for example, (7)).
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Applying the method of localization of pseudodifferential operators proposed in
paper (%), we obtain algebraic necessary and sufficient conditions for the exis-
tence, for any compact set K C ), in the class of operators satisfying conditions
1, 2, of estimates of the form

leul? s s—1) < CE, s){ller Pullly) + leyul?,)} (12)

for any function v € D’(Q) such that Pu € H(lgc, where the functions ¢, ¢, €
C§°(K); ¢; =1 in a neighborhood of supp ¢; v = const < m + s — 1.

For any point (x,7) of the characteristic manifold N, consider the symmetric
(k)

matrix
0(kj)
p?" () py (n) .
Ql(x»ﬂ) = ( 0(4) ) (ka] = 1; ,TL),
D) (z,n) p(kj)(mﬂ])

[}

=Xy

where for any multiindices «, 8 (Jo| + |8 = 2)
Pl (,€) = 020¢p" (2,€).

By virtue of condition 1 the matrix 2A(z,n) is positive semidefinite at any point
(x,n) € N. Let

{¥; = (@] ey, by, . Bh), G=1,...,2n)

be an orthonormal system of eigenvectors of the matrix 2(x,n), and let

{Y;", j<s(xn)}

be the set of eigenvectors corresponding to the positive eigenvalues of this ma-
trix;

" S(x,m)

I(w,n) = () (@,m) —ipt(z,m)| + >

J»

n

Z (a{bf — afb{) .

=1

Theorem 4. A necessary and sufficient condition for the existence, for the
operator P with conditions 1, 2, for every compact K C €2, of the estimate

ul, ) < CAEWIPuly + [ulfy)}.  we CR(K), (13)

is the fulfillment of the inequality

I(x,n) >0 for every point (x,n) € N. (14)

Theorem 5. If the pseudodifferential operator P satisfies conditions 1, 2 and
(14), then for every compact K C € there exists a constant C'(K) such that the
inequality
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Hu”(qu) + Z ||P(s)u”(21/2) + HP(S)U||(271/2) <
s=1

< CUE{IPully) + ulfy},  u e C(K). (15)

From estimate (15) (see, for example, 19) it follows:

Theorem 6. If the differential operator P with infinitely differentiable coeffi-
cients satisfies conditions 1, 2 and (14), then for every compact K C 2 and every
s € R! there exists a constant C(K,s) such that for any function u € D'(Q)
such that Pu € H (1;’;37 the estimate

HSDUH(QS-Hn—l) < C(K, 5){||<,01PUH%S) + ”(,0111,”(2,‘{)}7

holds, where the functions ¢, p; € C§°(K) and ¢, = 1 on supp ¢; v = const <
s+m—1.

Theorem 7. A differential operator P satisfying conditions 1, 2 and (14) is
hypoelliptic in €.

Remark. For a differential operator P of second order of the form (1), condition
(14) is equivalent to the following inequality:

N

[ Xo(z, Ol + D 11X, X )(2,€)] >0 for every point (x,£) € N.
3,k=1

In conclusion I take this opportunity to express my gratitude to Prof. O. A.
Oleinik for her constant attention to my work.
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