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MATHEMATICS

E. V. RADKEVICH

A PRIORI ESTIMATES AND HYPOELLIPTIC
OPERATORS WITH MULTIPLE CHARAC-
TERISTICS
(Presented by Academician I. G. Petrovskii on February 7, 1969)

In the paper (1) L. Hörmander, for a second-order differential operator of the
form

𝑃𝑢 =
𝑁

∑
𝑗=1

𝑋2
𝑗 𝑢 + 𝑖𝑋0𝑢 + 𝛾(𝑥)𝑢, (1)

where 𝑋𝑗(𝑥, 𝐷) (𝑗 = 0, 1, … , 𝑁) are first-order differential operators with in-
finitely differentiable coefficients, obtained sufficient conditions for the existence
of estimates

𝑁
∑
𝑗=1

‖𝑋𝑗𝑢‖2
(𝜀) + ‖𝑢‖2

(2𝜀) ≤ 𝐶(𝐾){‖𝑃𝑢‖2
(0) + ‖𝑢‖2

(0)}, 𝑢 ∈ 𝐶∞
0 (𝐾), (2)

where 𝐾 is any compact set in the domain Ω ⊂ 𝑅𝑛 and the constant 𝜀 = 𝜀(𝐾) >
0 (see (2)); it can be shown that Hörmander’s conditions are also necessary in
the class of operators of the form (1) for the existence of the estimate (2) with
some 𝜀(𝐾) > 0 (𝐷𝑗 = −𝑖𝜕/𝜕𝑥𝑗, 𝑗 = 1, … , 𝑛; 𝑖2 = −1). In the paper (2) a
simple proof of Hörmander’s theorem was obtained. Using the same method,
we shall consider the general case of second-order differential operators with
nonnegative characteristic form, namely:

𝐿𝑢 ≡
𝑛

∑
𝑘,𝑗=1

𝑎𝑘𝑗(𝑥)𝐷𝑘𝐷𝑗𝑢 + 𝑖𝑋0(𝑥, 𝐷)𝑢 + 𝛾(𝑥)𝑢, (3)

where 𝑎𝑘𝑗(𝑥)𝜉𝑘𝜉𝑗 ≥ 0 for any point (𝑥, 𝜉) ∈ Ω × 𝑆𝑛−1.

The question of global smoothness of generalized solutions of boundary-value
problems for equation (3) was considered in the papers (3−6). We shall give
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sufficient conditions for local smoothness of generalized solutions of equation
(3).

In the domain Ω ⊂ 𝑅𝑛 consider the system of differential operators

{𝐿0(𝑗), 𝑗 = 1, … , 𝑛; 𝐿0
(𝑗), 𝑗 = 1, … , 𝑛; 𝑋0 + 𝐿0(𝑗)

(𝑗) },

where

𝐿0(𝑗)(𝑥, 𝐷) ≡ ∑
𝑘

𝑎𝑘𝑗(𝑥)𝐷𝑘 (𝑗 = 1, … , 𝑛);

𝐿0
(𝑠)(𝑥, 𝐷) ≡ ∑

𝑘,𝑗

𝜕𝑎𝑘𝑗(𝑥)
𝜕𝑥𝑠

𝐷𝑘𝐷𝑗 (𝑠 = 1, … , 𝑛); 𝐿0(𝑗)
(𝑗) ≡ ∑

𝑘,𝑗

𝜕𝑎𝑘𝑗

𝜕𝑥𝑗
𝐷𝑘.

For any multi-index 𝐼 = (𝛼1, … , 𝛼𝑘) (𝑘 ≥ 1), where 𝛼𝑠 = 0, 1, … , 2𝑛, for any
𝑠 = 1, … , 𝑘 put: |𝐼| = ∑𝑘

𝑠=1 𝜆𝑠, where 𝜆𝑠 = 2 if 𝛼𝑠 = 0, and 𝜆𝑠 = 1 if
𝛼𝑠 = 1, … , 2𝑛, and let

𝐴𝐼(𝑥, 𝐷) ≡ ad 𝐴𝛼1
⋯ ad 𝐴𝛼𝑘−1

𝐴𝛼𝑘
,

where 𝐴𝑠(𝑥, 𝐷) ≡ 𝐿0(𝑠)(𝑥, 𝐷) (𝑠 = 1, … , 𝑛); 𝐴𝑠+𝑛(𝑥, 𝐷) ≡ 𝐿0
(𝑠)(𝑥, 𝐷) (𝑠 =

1, … , 𝑛); 𝐴0(𝑥, 𝐷) ≡ 𝑋0+𝐿0(𝑗)
(𝑗) and ad 𝐴𝐵 = 𝐴𝐵−𝐵𝐴 for any pseudodifferential

operators 𝐴, 𝐵 (see, for example, (7)).
Definition. The system of operators (𝐴0, … , 𝐴2𝑛) has at the point 𝑥0 ∈ Ω rank
𝑅(𝐴0,…,𝐴2𝑛)(𝑥0) = 𝑘, if

∑
|𝐼|≤𝑘−1

∣𝐴0
𝐼(𝑥0, 𝜉)∣ = 0 for some 𝜉 ∈ 𝑆𝑛−1; (4)

∑
|𝐼|≤𝑘

∣𝐴0
𝐼(𝑥0, 𝜉)∣ ≠ 0 for every 𝜉 ∈ 𝑆𝑛−1, (5)

where 𝐴0
𝐼 is the principal part of the symbol 𝜎(𝐴𝐼)(𝑥, 𝜉) of the operator 𝐴𝐼 (see,

for example, (7)), 𝑆𝑛−1 = {𝜉 ∈ 𝑅𝑛 ∶ ∑ 𝜉2
𝑗 = 1}.

Remark. It is easy to show that the definition of 𝑅(𝐴0,…,𝐴2𝑛)(𝑥) is invariant
under infinitely differentiable changes of independent variables; moreover, if
𝑅(𝐴0,…,𝐴2𝑛)(𝑥) < ∞ for every point 𝑥 ∈ Ω, then

𝑅𝐿(𝐾) = sup
𝐾

𝑅(𝐴0,…,𝐴2𝑛)(𝑥) = 𝑘(𝐾) < ∞
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for every compact set 𝐾 ⊂ Ω.

Theorem 1. If 𝑅𝐿(𝑥) < ∞ for every point 𝑥 ∈ Ω, then for every compact
𝐾 ⊂ Ω there exists a constant 𝐶(𝐾) such that the inequality

𝑛
∑
𝑗=1

(∥𝐿0(𝑗)𝑢∥2
(𝜀(𝐾)) + ∥𝐿0

(𝑗)𝑢∥2

(𝜀(𝐾)−1)
) + ‖𝑢‖2

(𝜀(𝐾)+21−𝑅𝐿(𝐾)) ≤

≤ 𝐶(𝐾) (‖𝑃𝑢‖2
(0) + ‖𝑢‖2

(0)) , 𝑢 ∈ 𝐶∞
0 (𝐾), (6)

holds, where

𝜀(𝐾) = min (1, 21−𝑅(𝐾) (2𝑅(𝐾)−1 − 1)−1) .

Theorem 2. If 𝑅𝐿(𝑥) < ∞ for every point 𝑥 ∈ Ω, then for every compact
𝐾 ⊂ Ω, every 𝑠 ∈ 𝑅1, there exists a constant 𝐶(𝐾, 𝑠) such that for every
function 𝑢 ∈ 𝐷′(Ω) such that 𝐿𝑢 ∈ 𝐻 loc

(𝑠) , an estimate of the form

‖𝜑𝑢‖2
(𝑠+𝜀(𝐾)+21−𝑅𝐿(𝐾)) ≤ 𝐶(𝐾, 𝑠) (‖𝜑1𝑃𝑢‖2

(𝑠) + ‖𝜑1𝑢‖2
(𝛾)) , (7)

holds, where the functions 𝜑, 𝜑1 ∈ 𝐶∞
0 (𝐾) and 𝜑1 ≡ 1 in a neighborhood of

supp 𝜑, 𝛾 = const < 𝑠 + 𝜀(𝐾) + 21−𝑅𝐿(𝐾).

Theorem 3. If 𝑅𝐿(𝑥) < ∞ for every point 𝑥 of the manifold 𝑀 , where 𝐿 is a
second-order differential operator with nonnegative characteristic form, defined
on 𝑀 , then 𝐿 is a hypoelliptic operator.

The proof of Theorem 1, from which Theorems 2 and 3 can be obtained by
known methods (see, for example, (10)), is based on the following auxiliary
assertions.

Lemma 1 (energy estimate). For every compact 𝐾 ⊂ Ω and every 𝑠 ≥ 0 there
exists a constant 𝐶(𝐾, 𝑠) such that for every 𝜇 (0 < 𝜇 < 1) the inequality

𝑛
∑
𝑗=1

(∥𝐿0(𝑗)𝑢∥2
(𝑠) + ∥𝐿0

(𝑗)𝑢∥2

(𝑠−1)
) + ∥(𝑋0 + 𝐿0(𝑗)

(𝑗) ) 𝑢∥
2

(𝑠−1/2)
≤

≤ 𝐶(𝐾, 𝑠) { 1
𝜇‖𝐿𝑢‖2

(0) + 𝜇‖𝑢‖2
(2𝑠) + 𝐶𝜇‖𝑢‖2

(0)} , 𝑢 ∈ 𝐶∞
0 (𝐾). (8)

For every 𝑠 ∈ 𝑅1 in the domain Ω introduce the pseudodifferential operator ℰ(𝑠)
with symbol

𝜎(ℰ(𝑠))(𝑥, 𝜉) = 𝜑(𝑥)(1 + |𝜉|2)𝑠/2,
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where the function 𝜑(𝑥) ∈ 𝐶∞
0 (Ω) and 𝜑 ≡ 1 in a neighborhood of the compact

set 𝐾.

Consider the system (𝑄0, … , 𝑄2𝑛) of first-order pseudodifferential operators,
where 𝑄𝑗 = 𝐿0(𝑗) (𝑗 = 1, … , 𝑛); 𝑄0 = 𝑋0 + 𝐿0(𝑗)

(𝑗) , 𝑄𝑛+𝑗 = 𝐿0
(𝑗)ℰ(−1) (𝑗 = 1, … , 𝑛).

Lemma 2. For every compact 𝐾 ⊂ Ω, every integer 𝑘 ≥ 1, and every 𝑠
(0 ≤ 𝑠 < 1/2𝑘−1) there exists a constant 𝐶(𝐾, 𝑘, 𝑠) such that for

for any 𝜇 (0 < 𝜇 < 1) the inequality

∑
|𝐼|=𝑘

‖𝑄𝐼𝑢‖2
(𝑠−1+21−𝑘) ≤ 𝐶(𝐾, 𝑘, 𝑠)×

× { 1
𝜇‖𝐿𝑢‖2

(0) + 𝜇‖𝑢‖2
(2𝑠) + 𝜇‖𝑢‖2

(2𝑘−1𝑠) + 𝐶𝜇‖𝑢‖2
(0)} , 𝑢 ∈ 𝐶∞

0 (𝐾). (9)

From the condition 𝑅𝐿(𝐾) < ∞ it follows that there exists a neighborhood
𝑂𝑥 ⊂ Ω of the point 𝑥 and a finite system of operators (𝑄𝐼1

, … , 𝑄𝐼𝑙
), (|𝐼𝑗| ≤ 𝑅

for any 𝑗 ≤ 𝑙), which is elliptic in the domain 𝑈𝑥. Therefore the following is
valid.

Lemma 3. If 𝑅𝐿(𝑥) < ∞, then there exists a neighborhood 𝑈𝑥 ⊂ Ω of the
point 𝑥 such that an estimate of the form

‖𝑢‖2
(𝑠+21−𝑅𝐿(𝑥)) ≤ 𝐶1

⎧{
⎨{⎩

∑
|𝐼|≤𝑅𝐿(𝑥)

‖𝑄𝐼𝑢‖2
(𝑠−1+21−|𝐼|) + ‖𝑢‖2

(𝑠)
⎫}
⎬}⎭

, 𝑢 ∈ 𝐶∞
0 (𝑂𝑥). (10)

From Lemmas 1–3 follows the proof of Theorem 1.

In papers (8,9 ), for a scalar pseudodifferential operator 𝑃 and any compact
set 𝐾 ⊂ Ω, algebraic necessary and sufficient conditions were obtained for the
existence of estimates of the form:

‖𝑢‖2
(𝑚−𝛿) ≤ 𝐶(𝐾){‖𝑃𝑢‖2

(0) + ‖𝑢‖2
(0)}, 𝑢 ∈ 𝐶∞

0 (𝐾), (11)

where 𝑚 is the order of the operator 𝑃 and 0 ≤ 𝛿 < 3/4.

We shall consider the class of pseudodifferential operators 𝑃 of order 𝑚, satis-
fying the following conditions:

1. 𝑝0(𝑥, 𝜉) ≥ 0 for any point (𝑥, 𝜉) ∈ Ω × 𝑆𝑛−1.

2. 𝑝1(𝑥, 𝜉) = −𝑝1(𝑥, 𝜉) for any point (𝑥, 𝜉) ∈ 𝑁 , where

𝑁 = {(𝑥, 𝜉) ∈ Ω × 𝑆𝑛−1; 𝑝0(𝑥, 𝜉) = 0},

and 𝑝𝜈(𝑥, 𝜉) are the terms homogeneous of order 𝑚 − 𝜈 in the asymptotic
expansion in 𝜉 of the symbol 𝜎(𝑃)(𝑥, 𝜉) of the operator 𝑃 as 𝜉 → ∞ (see,
for example, (7)).
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Applying the method of localization of pseudodifferential operators proposed in
paper (8), we obtain algebraic necessary and sufficient conditions for the exis-
tence, for any compact set 𝐾 ⊂ Ω, in the class of operators satisfying conditions
1, 2, of estimates of the form

‖𝜑𝑢‖2
(𝑚+𝑠−1) ≤ 𝐶(𝐾, 𝑠){‖𝜑1𝑃𝑢‖2

(𝑠) + ‖𝜑1𝑢‖2
(𝛾)} (12)

for any function 𝑢 ∈ 𝐷′(Ω) such that 𝑃𝑢 ∈ 𝐻 loc
(𝑠) , where the functions 𝜑, 𝜑1 ∈

𝐶∞
0 (𝐾); 𝜑1 ≡ 1 in a neighborhood of supp 𝜑; 𝛾 = const < 𝑚 + 𝑠 − 1.

For any point (𝑥, 𝜂) of the characteristic manifold 𝑁 , consider the symmetric
matrix

𝔄(𝑥, 𝜂) = (𝑝0(𝑘𝑗)(𝑥, 𝜂) 𝑝0(𝑘)
(𝑗) (𝑥, 𝜂)

𝑝0(𝑗)
(𝑘) (𝑥, 𝜂) 𝑝0

(𝑘𝑗)(𝑥, 𝜂)) (𝑘, 𝑗 = 1, … , 𝑛),

where for any multiindices 𝛼, 𝛽 (|𝛼| + |𝛽| = 2)

𝑝𝜈(𝛼)
(𝛽) (𝑥, 𝜉) = 𝜕𝛽

𝑥 𝜕𝛼
𝜉 𝑝𝜈(𝑥, 𝜉).

By virtue of condition 1 the matrix 𝔄(𝑥, 𝜂) is positive semidefinite at any point
(𝑥, 𝜂) ∈ 𝑁 . Let

{𝑌𝑗 = (𝑎𝑗
1, … , 𝑎𝑗

𝑛, 𝑏𝑗
1, … , 𝑏𝑗

𝑛), 𝑗 = 1, … , 2𝑛}

be an orthonormal system of eigenvectors of the matrix 𝔄(𝑥, 𝜂), and let

{𝑌 +
𝑗 , 𝑗 ≤ 𝑠(𝑥, 𝜂)}

be the set of eigenvectors corresponding to the positive eigenvalues of this ma-
trix;

𝐼(𝑥, 𝜂) ≡ ∣𝑝0(𝑗)
(𝑗) (𝑥, 𝜂) − 𝑖𝑝1(𝑥, 𝜂)∣ +

𝑆(𝑥,𝜂)
∑
𝑗,𝑘

∣
𝑛

∑
𝑙=1

(𝑎𝑗
𝑙 𝑏𝑘

𝑙 − 𝑎𝑘
𝑙 𝑏𝑗

𝑙 )∣ .

Theorem 4. A necessary and sufficient condition for the existence, for the
operator 𝑃 with conditions 1, 2, for every compact 𝐾 ⊂ Ω, of the estimate

‖𝑢‖2
(𝑚−1) ≤ 𝐶(𝐾){‖𝑃𝑢‖2

(0) + ‖𝑢‖2
(0)}, 𝑢 ∈ 𝐶∞

0 (𝐾), (13)

is the fulfillment of the inequality

𝐼(𝑥, 𝜂) > 0 for every point (𝑥, 𝜂) ∈ 𝑁. (14)

Theorem 5. If the pseudodifferential operator 𝑃 satisfies conditions 1, 2 and
(14), then for every compact 𝐾 ⊂ Ω there exists a constant 𝐶(𝐾) such that the
inequality
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‖𝑢‖2
(𝑚−1) +

𝑛
∑
𝑠=1

‖𝑃 (𝑠)𝑢‖2
(1/2) + ‖𝑃(𝑠)𝑢‖2

(−1/2) ≤

≤ 𝐶(𝐾){‖𝑃𝑢‖2
(0) + ‖𝑢‖2

(0)}, 𝑢 ∈ 𝐶∞
0 (𝐾). (15)

From estimate (15) (see, for example, 10) it follows:

Theorem 6. If the differential operator 𝑃 with infinitely differentiable coeffi-
cients satisfies conditions 1, 2 and (14), then for every compact 𝐾 ⊂ Ω and every
𝑠 ∈ 𝑅1 there exists a constant 𝐶(𝐾, 𝑠) such that for any function 𝑢 ∈ 𝐷′(Ω)
such that 𝑃𝑢 ∈ 𝐻 loc

(𝑠) , the estimate

‖𝜑𝑢‖2
(𝑠+𝑚−1) ≤ 𝐶(𝐾, 𝑠){‖𝜑1𝑃𝑢‖2

(𝑠) + ‖𝜑1𝑢‖2
(𝛾)},

holds, where the functions 𝜑, 𝜑1 ∈ 𝐶∞
0 (𝐾) and 𝜑1 ≡ 1 on supp 𝜑; 𝛾 = const <

𝑠 + 𝑚 − 1.

Theorem 7. A differential operator 𝑃 satisfying conditions 1, 2 and (14) is
hypoelliptic in Ω.

Remark. For a differential operator 𝑃 of second order of the form (1), condition
(14) is equivalent to the following inequality:

|𝑋0(𝑥, 𝜉)| +
𝑁

∑
𝑗,𝑘=1

|[𝑋𝑗, 𝑋𝑘](𝑥, 𝜉)| > 0 for every point (𝑥, 𝜉) ∈ 𝑁.

In conclusion I take this opportunity to express my gratitude to Prof. O. A.
Oleinik for her constant attention to my work.

Moscow State University
named after M. V. Lomonosov
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