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1. Preliminary remarks. Let, on R} x R¢ x Q@ (Q is a certain angle with
vertex at the origin on the complex plane), there be given a function ay(z, €, q),
homogeneous of degree m in & and ¢, hereafter called the symbol of the operator
A. The pseudodifferential operator A in R™, canonically constructed from the
symbol aq(, &, q), is defined by the expression (1)

Au = F} ag(x,€,9)u(€) = Op(a(z, &, q))u(z), z€ R,

where @(§) = F,_,cu(z) is the Fourier transform of the function u(z), and the

second equality is a notation.

Let {¢,,Q,}3 be a partition of unity of a domain G, bounded by a smooth
(n—1)-dimensional surface I', such that Q, C G, Q, NI £ 0 forv=1,2,..., M,
and, in addition, {p,,Q,}M gives a partition of unity of some neighborhood I
of the boundary I'. Each point « € I, is uniquely determined by a pair (P, p),
where p is the normal to I" drawn through the point = (p > 0, if z € G); P’
is the point of intersection of the normal with I'. As in (?), consider over T,
the tangent bundle of the form T*(T') x R, x R, where T*(T') is the cotangent
bundle of the manifold I", consisting of pairs (P’,{’), ¢’ being a tangent vector
at the point P’; R}) and R% are one-dimensional real spaces (mutually dual with
respect to the Fourier transform). The symbol of the operator A, specified in T’ o
on the indicated tangent bundle, will be written in the form a(P’, p,{’,(, q), and
in each coordinate system x¥ (¥ € R™, v), associated with the neighborhood 2,
for v =1,2,..., M (i.e., the axis ¥ coincides with the direction of the normal
to I, and z¥, = 0 is the equation of Q, NT), in the form a,(z¥, £, £, q), where
T & ..., &% . (Here we put R™? = R"™ and 2° = x.) Taking into account
that the expression Au in R™ was defined above, we shall also denote

Au = Op(a(P’,p, ¢, ¢, q))u(P’, p),
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if suppu C T',,.

As a result of the factorization (*) we shall have

a(P’,p,¢",¢,q) =a (P, p,¢ ¢ qa (P, p, ¢, ¢ q),

where the function a, (P, p,(’,(, q) in the v-th coordinate system is a homoge-
neous function of £” and q of degree », and admits an analytic continuation to
the half-plane Im £ > 0; the function a_(P”’, p, (', {, ¢) has analogous properties
with » replaced by m — » and Im¢&? by —Im¢r.

Below we use the Sobolev-Slobodetskii spaces of functions H (G) and H,.(T'),
as well as the space HS of functions belonging to H,(G) and extended by zero
outside the domain G. Along with the usual norms, in these spaces we use
norms depending on a parameter. In the half-space R? (z, > 0), for example,
such a norm has the form

s = (1€, —iv/I€'1 + lg1?)*1u(€)) o,

where suppu, C Ez; IT* is the Fourier image (in the generalized sense) of the
operator of multiplication by the function 6% (z,,), equal to zero for z,, <0 and
to one for z,, > 0; lu(x) is a smooth extension (*) of the function u, (z) to R™.
In the domain G an analogous norm

o |

is defined in the known way by means of the norm in R"” (and in R™) and a
partition of unity. The basic property of the indicated norm

lulls—1,4(G) < (C/laDlulls,4(G)

(C does not depend on u or q) is established in the same way as in (%).

2. Existence and uniqueness theorem
Consider in G the Dirichlet problem
P(Au+Tu) = f(x), xz €@, (1)

Pp(07u/0p?) =g;(P’), Pel, 7=01,....,x—1, (2)

where P is the restriction operator to G; Prv = Puv|p; T is the lower-order part
of the operator; u(x) = 0 outside G.

We formulate the conditions imposed on the symbol of the operator A:
1. Homogeneity:
110(:13, tf, tQ> = thLO(:L’, ga Q>> t > Oa

m is an arbitrary complex number.
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2. Smoothness and stabilization in x: the function ay(z,§,q) is infinitely
differentiable in x and does not depend on x for sufficiently large values
of |z|, uniformly with respect to & and q.

3. Smoothness in  and ¢: DPay(x,&,q)
(D2 = (—i)PlgPr /928" ... 9P /O2h,  p an arbitrary multi-index)
has continuous derivatives of any order with respect to £ and q for |£|+]|q| #
0.
4. Ellipticity (with parameter): for every x,

aO(z7€7Q) #0
if £ is real, ¢ € Q, and |€| + |q| # 0.

5. Smoothness in the domain (cf. 3): it is required that for allv = 1,2,..., M,
for any o and B («a a multi-index), the relations

9g (0°/9¢7)a, (x,0,1,0) = (=1)lBeimm gg (87 /9¢%)a, (x¥,0,-1,0)

hold
(350‘; = 8“1/651‘/’11 ...3%,1/35%4 )

v,n—1

It follows from condition 5 that the factorization index x is an integer.
Below the case is considered in which, moreover, y > 0.

The following theorem is a generalization of the corresponding result of M. S.
Agranovich and M. I. Vishik (#) on the solvability of elliptic boundary-value
problems for differential equations.

Theorem 1. Let conditions 1-5 be satisfied. Then for any functions f(x) €
H G) and g;(P’) € Hs_j_%(F), with s > x, and for sufficiently large val-

—m(

sS—m

ues of |q|, there exists a unique solution u(z) € HS of problem (1), (2), and,
moreover, the a priori estimate

lulls,(G) <C (IIPAUIIS_m,q(G) + IPF(WU/@pj)Isj;(F)) 3)

=0
s valid.

Let us make some remarks concerning the proof of this theorem. Writing u(x)
in the form of a sum

u(@) = uD(z) +ul? (2),
defining u(2>(ac) as the solution of the homogeneous polyharmonic equation
(AX + (—1)Xg*>)u® =0,

satisfying conditions (2), and taking into account that the assertion of the theo-
rem (for f(x) = 0) for the function u'? () was established in (*), we obtain that

sovietrxiv.org/items/ru-196901.03211 Machine Translation


https://sovietrxiv.org/items/ru-196901.03211

it is enough to prove the theorem for the Dirichlet problem with homogeneous
boundary conditions:

PAuY = fi(z), xzeq,  fi(z)=f(z) - PAu?) (2); (4)
Pr(07uV) /9p7) = 0, j=0,1,...,x — 1L (5)

The proof of the theorem for problem (4)-(5) in the half-space (G = RY) is
contained in (°). Applying known methods (see, for example, (>%)), it is not
difficult to carry out the proof also for problems in a bounded domain; its basis
consists in the construction of a regularizer and the use of the above property
of norms depending on a parameter. We restrict ourselves

hereby indicating the form of the regularizer of the problem (4), (5):

Rfy = () Op ((15q>> o) fy(@)+

1 1 )
(o) Op <a+(P’,p7£’,£,q>) x(@) Op (a(P’,p,ﬁ’,&q)> LPp),

where ¢y (z) € C§(RE), Yopy = o, Y(p) = Zi\il v, as already noted, is a
function equal to unity in a neighborhood of I'; x(z) is equal to unity for z € G
and zero for x € G; f,(P’,p) is the continuation of the function f,(x) from
I',NnGtol,.

3. Construction of the asymptotic expansion. This part of the note is,
in its conceptual aspect, connected with the works of M. I. Vishik and L. A.
Lyusternik (6) on the study of differential equations with a small parameter
multiplying the highest derivatives.

Consider in G the problem

PA u= f(x), z € G (6)

Pr(07u/0p7) = g;(P’), P el, j=0,1,..,nx—1, (7)

where A, = ™A = Op(aqy(x,e€,w)), e = |g|™", w = q/|q].

Suppose that conditions 1-5 are satisfied, as well as the following additional
conditions:

6. Analyticity of the symbol in a strip: the function a,(x”,£7, &%, q) is ana-

lytic with respect to &) in the strip —Agy < Im¢&}, < pgy, A > 0, p > 0,
la| = gy > 0.
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7. The function f(z), the right-hand side of (6), vanishes on the boundary T’
together with derivatives of sufficiently high order.

Theorem 2. Let conditions 1—7 be satisfied. Then, for sufficiently small values
of e, there exists an asymptotic expansion of the solution of problem (6), (7) of
the form

e = 3 (o) + wioyor (P £)) +2nae); (8)

=0

here the functions w;(x) and v, (P’,p/e) (b(p) is defined above) are determined
explicitly from two iteration processes corresponding to two different expansions
in powers of € of the symbol of the operator A, (see below), while for the re-
mainder term zy,,(x,€), for s >0, the estimates

n—1
|PD 2y 4100(G) < OVl <||f||N1+s(G> +> Ingl,sz(F)) ;
7=0

hold, where Ny and N, ; are certain numbers depending on m,», and N, while
C, does not depend on € and f.

The first iteration process is based on the direct expansion of the symbol
ay(z,e€,w) in powers of €, which leads to the first splitting of the operator A_:

N
A, :a(x)+ZsjAj+sN+1RN+1, (9)

J=1
where a(z) = a(z,0,w), A; = 2\04:3' L%a(x,0,w)D™ (the derivatives 0 are
taken with respect to the second argument), and Ry, is a certain bounded

pseudodifferential operator. If the solution of problem (6)—(7) is sought in the
form wy(x) + ew, (x) + -+, then from (6), (9) we obtain

!
wo(z) = f(z),  wi(2) = —Awy(@), ..., wlw)=-=> A (),
k=1

however, the sum El]io elw, (x) will not, generally speaking, satisfy the boundary
conditions (7). Therefore, making in (6) the substitution p — r = p/e (with
¢ = 7 = €€) and expanding the symbol a(P’ er,e(,7,w) in &, we obtain a
second splitting of the operator A, of the form

N
A, =By+ Y &/B;+eN Ry, ;. (10)
j=1
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Unlike (9), all the operators in (10) are pseudodifferential; for example, B, =
Op(a(P’,0,0,7,w)). Next, using (10), we seek a solution of the homogeneous
equation corresponding to (6), with boundary conditions (7), in the form of the
sum vo(P’,7) + evy (P’,r) + ---, which leads to a second iterative process for
constructing the asymptotics. To determine vy(P’,r) we obtain the following
problem:

PByv, =0, Pp(87u/0p”) = g;(P"), j=0,1,...,%2—1.

The solution of this problem can be written explicitly if one takes into account
that, upon passing to local coordinates, we obtain an equation with constant
symbol (P’ plays the role of a parameter) in the half-space (3,%). The remain-
ing functions v;(P’,r), I = 1,2, ..., N, are determined analogously, as solutions
of nonhomogeneous equations with homogeneous boundary conditions. Since
v, (P’,r) have meaning only in ', in (8) the smoothing function (p) is used.
Following (6), we shall call the functions v;(P’, p/¢) functions of boundary-layer
type. In the case under consideration, v;(P’,p/e) do not, generally speaking,
have the form C,(P’")(p/e)* exp(—Ap/c), ReA > 0 (as in (6)); however, they
retain the property of exponential decay in p/e, which is ensured by condition
6.

The estimate of the remainder 2z, (x, ) in (8) is based on the a priori estimate
(3) and on the properties of operators smooth in G (see condition 5).

We note that, in considering asymptotic methods, it apparently is not possible
to weaken condition 7 (in contrast to the case of differential equations), as is
indicated by the following simple example of an operator on the half-line with
symbol of the form a_(£) = i(e€ +4)~!. Indeed, we have

a.(§) =1+e(i&) + -+ N (€)Y + eV (i) N (1 —deg)
Denoting Ry,; = Op((i&)N(1 — ief)™!), we obtain that the quantity
IRy 1fliy000) has, as e — 0, order e NtE=1/2 if f0(0) = 0 for
i=0,1,...,k—1,and f*(0)#0.

The author expresses deep gratitude to Prof. M. I. Vishik for his attention to
this work.
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