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MATHEMATICS

I. S. OVCHINNIKOV

METRIC PROPERTIES OF MAPPINGS
THAT LEAVE CERTAIN INTEGRAL FUNC-
TIONALS BOUNDED
(Presented by Academician M. A. Lavrent′ev, January 20, 1969)

1. Let a continuous vector-function 𝑦 = 𝑓(𝑥) with values in a set Δ ⊂ 𝐸𝑚

be given in a domain 𝐷 of 𝑛-dimensional Euclidean space 𝐸𝑛 (𝑛 ≥ 2), where
𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 = (𝑦1, … , 𝑦𝑚), 𝑦𝑖 = 𝑓𝑖(𝑥) (𝑖 = 1, 2, … , 𝑚). Suppose that this
function leaves bounded the functional

𝐼(𝑓, 𝐷, 𝐹) = ∫
𝐷

𝐹 (𝑥, 𝑓, 𝑑𝑓
𝑑𝑥) 𝑑𝑥,

where

𝑑𝑓
𝑑𝑥 = ( 𝜕𝑓𝑖

𝜕𝑥𝑗
)

is a rectangular 𝑛 × 𝑚 matrix whose elements are the partial derivatives, under-
stood in the sense of S. L. Sobolev, and 𝑑𝑥 = 𝑑𝑥1 … 𝑑𝑥𝑛 is the volume element.
With respect to 𝐹(𝑥, 𝑦, 𝑍) we assume that it is a measurable function of its
arguments, and moreover such that the inequality

𝐹(𝑥, 𝑦, 𝑍) ≥ ℎ𝑛(𝑥, 𝑦)‖𝑍‖𝑛

is satisfied, where ℎ(𝑥, 𝑦) is a certain continuous nonnegative function defined
in 𝐷 × Δ; 𝑍 = (𝑧𝑖𝑗) is a rectangular 𝑛 × 𝑚 matrix;

‖𝑍‖ = (
𝑛

∑
𝑖=1

𝑚
∑
𝑗=1

𝑧2
𝑖𝑗)

1/2

.

Consider on the set Δ a non-Euclidean metric with length element 𝑑𝑠 = ℎ 𝑑𝑙,
where 𝑑𝑙 is the length element in 𝐸𝑚; ℎ = ℎ(𝑓−1(𝑦), 𝑦) in the case when 𝑦 = 𝑓(𝑥)
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is a homeomorphism; if, however, 𝑦 = 𝑓(𝑥) is not a homeomorphism, then we
assume that ℎ(𝑥, 𝑦) does not depend on 𝑥, and put ℎ = ℎ(𝑥, 𝑦). We shall call
the metric thus introduced the metric ℎ.

Let {𝑆𝑟} be a family of concentric spheres of radii 𝑟 with center at some point
𝑏 ∈ 𝐸𝑛: 𝑆𝑟 = {𝑥 ∈ 𝐸𝑛 ∶ |𝑥 − 𝑏| = 𝑟}, 𝑟1 ≤ 𝑟 ≤ 𝑟2, 𝑟1 ≠ 𝑟2, and such that
the sets 𝑆′

𝑟 = 𝑆𝑟 ∩ 𝐷 are nonempty for all 𝑟 ∈ [𝑟1, 𝑟2]. Suppose that on each
set 𝑆′

𝑟 an open spherical disk 𝐾𝑟 of spherical radius 𝑅(𝑟) ≤ 𝜋𝑟/2 has been
chosen. Let measurable nonnegative functions Ω(𝑟) and 𝛽(𝑟) be defined on the
segment [𝑟1, 𝑟2], such that Ω(𝑟) ≤ 𝑑ℎ(𝑓(𝐾𝑟)), 𝛽(𝑟) ≥ 2𝑅(𝑟)/𝜋𝑟, where 𝑑ℎ(𝐺) is
the diameter of the set 𝐺 ⊂ Δ in the metric ℎ.

Theorem. Under the assumptions made, the inequality

∫
𝑟2

𝑟1

Ω𝑛(𝑟)
𝑟𝛽(𝑟) 𝑑𝑟 ≤ 𝑀𝑛𝐼(𝑓, 𝐷𝑟1𝑟2

, 𝐹 ), (1)

holds, where 𝐷𝑟1𝑟2
= ⋃𝑟1≤𝑟<𝑟2

𝑆′
𝑟; 𝑀𝑛 is an absolute constant depending only

on 𝑛.

Proof is based on an inequality from paper (1) and is a generalization of the
inequality of paper (2).
Inequality (1) makes it possible to obtain a number of important metric prop-
erties of mappings.

We shall use the following notation: 𝜌(𝑀1, 𝑀2) is the distance between sets in
𝐸𝑛; |𝑥′ − 𝑥″| is the distance between points in 𝐸𝑛; 𝑀 is the closure of the set
𝑀 in 𝐸𝑛; 𝜕𝐷 is the boundary of the domain 𝐷 in 𝐸𝑛; 𝑑(𝑀) is the diameter of
the set 𝑀 in 𝐸𝑛; 𝜌ℎ(𝑀1, 𝑀2) is the distance between sets in the metric ℎ; 𝐸𝑛

is the completion of 𝑛-dimensional space with respect to the spherical metric
̃𝜌(𝑥′, 𝑥″); 𝜕𝐷̃ is the boundary of the domain 𝐷 in 𝐸𝑛.

Below we consider a family {𝑓} of homeomorphic mappings 𝑦 = 𝑓(𝑥), defined
in a domain 𝐷 ⊂ 𝐸𝑛 and with values in a domain Δ ⊂ 𝐸𝑛, 𝑓(𝐷) = Δ𝑓 ⊂ Δ
(in particular, it may be that Δ = 𝐸𝑛). We assume that the boundary of the
domain 𝐷 is connected in 𝐸𝑛.

To consider various normalizations of the family of functions {𝑓}, we introduce
the following classes of mappings. Suppose that 𝑎 is some point of 𝐷, and that
𝑀, 𝛿, 𝛿1, 𝛿2 are arbitrary positive numbers.

Let ∞ ∉ 𝐷 (the domain 𝐷 contains no exterior of any ball in 𝐸𝑛). We shall
say that {𝑓} ⊂ 𝐴1(𝑎, 𝑀, 𝛿) if |𝑓(𝑎)| ≤ 𝑀 , 𝜌(𝑓(𝑎), 𝜕Δ𝑓) ≤ 𝛿 for all 𝑓 ∈ {𝑓};
{𝑓} ⊂ 𝐴2(𝑎, 𝛿) if 𝜌(𝑓(𝑎), 𝜕Δ𝑓) ≥ 𝛿 for all 𝑓 ∈ {𝑓}; {𝑓} ⊂ 𝐴3(𝑎, 𝑀, 𝛿1, 𝛿2) if
|𝑓(𝑎)| ≤ 𝑀 , 𝛿1 ≤ 𝜌(𝑓(𝑎), 𝜕Δ𝑓) ≤ 𝛿2 for all 𝑓 ∈ {𝑓}.

Let ∞ ∈ 𝐷. In this case we shall assume that 𝑓(∞) = ∞ and that the functions
𝑓 are continuous in 𝐸𝑛 at the point 𝑥 = ∞. We shall say that {𝑓} ⊂ 𝐵1(𝑀, 𝛿)
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if 𝜌(𝜕Δ𝑓 , 0) ≤ 𝑀 and 𝑑(𝜕Δ𝑓) ≤ 𝛿 for all 𝑓 ∈ {𝑓}; {𝑓} ⊂ 𝐵2(𝛿) if 𝑑(𝜕Δ𝑓) ≥ 𝛿
for all 𝑓 ∈ {𝑓}; {𝑓} ⊂ 𝐵3(𝑀, 𝛿1, 𝛿2) if 𝜌(𝜕Δ𝑓 , 0) ≤ 𝑀 and 𝛿1 ≤ 𝑑(𝜕Δ𝑓) ≤ 𝛿2
for all 𝑓 ∈ {𝑓}.

2. Order of growth. Let

𝐼(𝑓−1, Δ𝑓 , Φ) = ∫
Δ𝑓

Φ (𝑦, 𝑓−1, 𝑑𝑓−1

𝑑𝑦 ) 𝑑𝑦 ≤ 𝐾, (2)

where 𝐾 does not depend on 𝑓 ∈ {𝑓}, and Φ(𝑦, 𝑥, 𝑍) ≥ ℎ𝑛(𝑥)‖𝑍‖𝑛, with ℎ(𝑥) a
nonnegative continuous function defined in 𝐷.

Let {𝑓} ⊂ 𝐴1(𝑎, 𝑀, 𝛿). Then for every connected compact set 𝐺 ⊂ 𝐷 containing
the point 𝑎, we shall have

|𝑓|𝐺 ≤ 𝑀 + 𝛿 exp [𝑀𝑛𝐾𝜌−𝑛
ℎ (𝐺, 𝜕𝐷)] , (3)

where

|𝑓|𝐺 = sup
𝑥∈𝐺

|𝑓(𝑥)|.

Let now {𝑓} ⊂ 𝐵1(𝑀, 𝛿). Then for every bounded connected set 𝐺 ⊂ 𝐷 such
that the set 𝜕𝐷 ∩ 𝐺 is nonempty, the inequality

|𝑓|𝐺 ≤ 𝑀 + 𝛿 exp [𝑀𝑛𝐾𝑞ℎ−𝑛(𝐺, 𝐷)] , (4)

holds, where 𝑞ℎ(𝐺, 𝐷) = inf 𝑑ℎ(𝑆), and the infimum is taken over all Jordan
surfaces 𝑆 ⊂ 𝐷 such that 𝜕𝐷 is contained inside 𝑆 and the set 𝑆∩𝐺 is nonempty.

Remark 1. Suppose that the set of zeros of the function ℎ(𝑥) is compact in 𝐷.
Then 𝜌ℎ(𝐺, 𝜕𝐷) > 0 for any 𝐺, and inequality (3) shows that the family {𝑓} is
uniformly bounded on compact subsets of the domain 𝐷. Here ℎ(𝑥) may tend
to zero if 𝜌(𝑥, 𝜕𝐷) → 0.

Suppose that the function ℎ(𝑥) is positive in 𝐷, and let there exist a point
𝑏 ∈ 𝜕𝐷 and a positive number 𝛽 such that, in some neighborhood of the point
𝑏, the inequality ℎ(𝑥) ≥ 𝛽 holds. Then 𝑞ℎ(𝐺, 𝐷) > 0 for any 𝐺, and inequality
(4) gives uniform boundedness of the family {𝑓} on every set 𝐺.

Consider an example. Let Φ(𝑦, 𝑥, 𝑍) = ℎ𝑛(𝑥)‖𝑍‖𝑛, where ℎ(𝑥) = 1
1 + |𝑥|2

defines the spherical metric in 𝐸𝑛. Let {𝑓} be a fami-

of 𝑄-quasiconformal mappings. Then 𝐼(𝑓−1, Δ𝑓 , Φ) ≤ 𝑛𝑛/2𝑄𝑛−1𝑚̃𝐷, where by
𝑚̃𝐷 is denoted the spherical volume of the domain 𝐷. In this case we may put
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𝐾 = 𝑛𝑛/2𝑄𝑛−1𝑚̃𝐷, and inequalities (3) and (4) give estimates for the order of
growth for the family of mappings {𝑓}.

3. Estimate from below of the distortion of the distance to the bound-
ary. Let condition (2) be satisfied for the functions 𝑓 ∈ {𝑓}. If {𝑓} ⊂ 𝐴2(𝑎, 𝛿),
then for every connected compact set 𝐺 ⊂ 𝐷 containing the point 𝑎, the in-
equality

𝜌(𝑓(𝐺), 𝜕Δ𝑓) ≥ 𝛿 exp[−𝑀𝑛𝐾𝜌−𝑛
ℎ (𝐺, 𝜕𝐷)]. (5)

holds.

If {𝑓} ∈ 𝐵2(𝛿), then for every connected set 𝐺 ⊂ 𝐷 such that 𝜌(𝐺, 𝜕𝐷) > 0,
inequality (5) also holds.

4. Covering theorem. Suppose that {𝑓} ⊂ 𝐴2(𝑎, 𝛿). Then for every closed
domain 𝐺 ⊂ 𝐷 such that 𝑎 ∈ 𝐺, 𝜌(𝑎, 𝜕𝐺) > 0, we have

𝜌(𝑓(𝑎), 𝜕𝑓(𝐺)) ≥ 𝛿 exp[−𝑀𝑛𝐾𝜑−𝑛
ℎ (𝜌(𝑎, 𝜕𝐺), 𝐷)],

where 𝜑ℎ(𝑎, 𝐷) = inf 𝑑ℎ(𝑆), and the infimum is taken over all Jordan surfaces
𝑆 ⊂ 𝐷 for which the point 𝑎 lies inside 𝑆 and 𝑑(𝑆) ≥ 𝛼.

Remark 2. Let the function ℎ(𝑥) be positive in 𝐷, and let there exist a point
𝑏 ∈ 𝜕𝐷 and positive numbers 𝜀 and 𝛽 such that on the set {𝑥 ∈ 𝐷 ∶ 𝜌(𝑥, 𝑏) ≤ 𝜀}
one has ℎ(𝑥) ≥ 𝛽. Then on the interval (0, 𝑑(𝐷)) the function 𝜑ℎ(𝑎, 𝐷) is
positive.

5. Equicontinuity. Let, for the family {𝑓}, the condition

𝐼(𝑓, 𝐷, 𝐹) ≤ 𝐾1, 𝐼(𝑓−1, Δ𝑓 , Φ) ≤ 𝐾2,

be satisfied, where 𝐹(𝑥, 𝑦, 𝑍) ≥ 𝑢𝑛(𝑥, 𝑦)‖𝑍‖𝑛, Φ(𝑦, 𝑥, 𝑍) ≥ ℎ𝑛(𝑥)‖𝑍‖𝑛, and the
functions 𝑢(𝑥, 𝑦) and ℎ(𝑥) are defined, continuous, and positive in 𝐷 × Δ and
in 𝐷, respectively.

If {𝑓} ⊂ 𝐴3(𝑎, 𝑀, 𝛿1, 𝛿2), then for any two points 𝑥′, 𝑥″ ∈ 𝐺 satisfying the
condition

|𝑥′ − 𝑥″| < 𝜌1/2, 𝜌1 = 𝜌(𝐺, 𝜕𝐷), (6)

the inequality

|𝑓(𝑥′) − 𝑓(𝑥″)| ≤ 1
𝑚1

[𝑀𝑛𝐾1]1/𝑛 ln−1/𝑛 2𝜌1
3|𝑥′ − 𝑥″| (7)
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holds, where 𝐺 is an arbitrary closed bounded domain from 𝐷, with 𝑎 ∈ 𝐺,
𝜌(𝑎, 𝜕𝐺) > 0, and the set 𝜕𝐺 connected; 𝑚1 = min𝑥∈𝐺1,𝑦∈𝐻 𝑢(𝑥, 𝑦), 𝐺1 =
{𝑥 ∈ 𝐷 ∶ 𝜌(𝑥, 𝐺) < 𝜌1/2}, 𝐻 = {𝑦 ∈ Δ ∶ 𝜌(𝑦, 𝜕Δ) > 𝛼, |𝑦| < 𝛾}, 𝛼 =
𝛿1 exp[−𝑀𝑛𝐾2𝜌−𝑛

ℎ (𝐺1, 𝜕𝐷)], 𝛾 = 𝑀 + 𝛿2 exp[𝑀𝑛𝐾2𝜌−𝑛
ℎ (𝐺1, 𝜕𝐷)].

If {𝑓} ⊂ 𝐵3(𝑀, 𝛿1, 𝛿2), then assume additionally that ℎ(𝑥) satisfies the condition
of the remark. Then inequality (7) holds under condition (6), if as the set 𝐺
there is taken a bounded closed domain from 𝐷 such that 𝐷 ∖ 𝐺 consists of two
components, one of which contains ∞ and the boundary of the second contains
the set 𝜕𝐷. In this case 𝑚1 in (7) is defined as before, only another 𝛾 is taken,
namely 𝛾 = 𝑀 + 𝛿2 exp[𝑀𝑛𝐾2𝑞−𝑛

ℎ (𝐺2, 𝐷)], where 𝐺2 = 𝐷 ∖ 𝐺3, and 𝐺3 is the
component of the set 𝐷 ∖ 𝐺 containing ∞.

Corollary 1. Under the conditions of Sec. 5, from the family of mappings {𝑓}
one can choose a sequence which converges uniformly on every compact set of
𝐷 to a continuous vector function defined in the domain 𝐷.

6. Equiopenness. Suppose that the conditions of Sec. 5 are satisfied and,
moreover, the function ℎ(𝑥) satisfies the conditions of Remark 2. Then, in the
case where {𝑓} ⊂ 𝐴3(𝑎, 𝑀, 𝛿1, 𝛿2), for any

two points 𝑥′, 𝑥″ ∈ 𝐺, satisfying the condition

|𝑥′−𝑥″| < 2/3𝜌1 exp {−𝑀𝑛𝐾1 [ 2
𝑚1𝛿1

exp (𝜌−𝑛
ℎ (𝐺, 𝜕𝐺1) + 𝜑−𝑛

ℎ (𝜌(𝑎, 𝜕𝐺1), 𝐷))]
𝑛
} ;

(8)

the inequality

|𝑓(𝑥′)−𝑓(𝑥″)| ≥ 2/3𝛿1 exp {−𝑀𝑛𝐾2 [𝑚−𝑛
2 |𝑥′ − 𝑥″|−𝑛 + 𝜌−𝑛

ℎ (𝐺, 𝜕𝐺1) + 𝜑−𝑛
ℎ (𝜌(𝑎, 𝜕𝐺1), 𝐷)]} ,

(9)

holds, where 𝑚2 = min𝑥∈𝐺′ ℎ(𝑥), and the remaining notation is the same as in
item 5.

In the case {𝑓} ⊂ 𝐵3(𝑀, 𝛿1, 𝛿2), inequality (9) will hold under condition (8), if
in (8) and (9) the term 𝜑−𝑛

ℎ (𝜌(𝑎, 𝜕𝐺1), 𝐷) is omitted.

Corollary 2. Under the conditions of the present item, the family {𝑓} is
uniformly open inside the domain 𝐷, and relations (8) and (9) give the order
of this uniform openness.

Remark 3. Under condition (8), together with inequality (9), inequality (7)
is also satisfied, i.e., for the family {𝑓} there is a two-sided estimate of the
distortion of distances inside the domain 𝐷.

Corollary 3. Let the conditions of item 6 be satisfied for the family {𝑓}.
Consider some sequence of the family {𝑓} converging at the point 𝑎 to the value
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𝑎∗, if ∞ ∉ 𝐷, and an arbitrary sequence from {𝑓}, if ∞ ∈ 𝐷. Then from
this sequence one can choose a subsequence {𝑓 (𝑝)} (𝑝 = 1, 2, …) such that the
sequence of domains {Δ𝑓(𝑝)} will converge to its kernel Δ0 with respect to the
point 𝑎∗ (or with respect to the point 𝑦 = ∞, if ∞ ∈ 𝐷), and the sequence {𝑓 (𝑝)}
will converge uniformly inside 𝐷 to a homeomorphic mapping 𝑦 = 𝑓(𝑥) of the
domain 𝐷 onto the domain Δ1, contained in Δ0. Moreover, 𝜌(𝑓(𝑎), 𝜕Δ1) ≤ 𝛿2
(in the case ∞ ∉ 𝐷), and for the mapping 𝑦 = 𝑓(𝑥) all inequalities that held for
the family of mappings {𝑓} are satisfied, with the exception of inequality (5) in
the case when ∞ ∈ 𝐷, but ∞ ∉ Δ1.

Remark 4. Simple examples show that the domain Δ1 need not coincide with
Δ0. �

We give a sufficient condition for Δ1 = Δ0. Let 𝑢(𝑥, 𝑦) = 𝑢1(𝑥)⋅𝑢2(𝑦). Consider
the set

𝐸 = {𝑐 ∈ 𝜕𝐷̄ ∶ lim
𝜌(𝑥,𝑐)→0

𝑢1(𝑥) = 0} .

Note that the set 𝐸 is compact in 𝐸𝑛. For the case ∞ ∈ 𝐷 we shall assume
that

lim
𝑥→∞

𝑢1(𝑥) > 0.

Let 𝑏 be an arbitrary point of the set 𝜕𝐷̄ ∖ 𝐸. If 𝑏 ≠ ∞, we shall assume that
there exists 𝜀 > 0 such that, for any sphere 𝑆𝑟 of radius 𝑟 < 𝜀 with center at the
point 𝑏, every component of the set 𝑆𝑟 ∩ 𝐷 divides the domain 𝐷 into two parts.
If 𝑏 = ∞, then let spheres of sufficiently large radius with center at the origin of
coordinates have the analogous property. Suppose also that ̃𝜌(𝑓(𝑥), 𝜕Δ𝑓) → 0
uniformly with respect to 𝑓 ∈ {𝑓} if ̃𝜌(𝑥, 𝐸) → 0. Then the domain Δ1 coincides
with the kernel Δ0.
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