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MATHEMATICS

Yu. P. KRIVENKOV

ON A CERTAIN FORM OF OPTIMALITY
CONDITIONS
(Presented by Academician S. L. Sobolev, 27 I 1969)

The use of the mathematical theory of optimal processes in economic studies
is hindered by its insufficient adaptability to the solution of large multidimen-
sional problems and of problems involving constraints on phase coordinates (see
(1, 2)). Pursuing the aim of bringing it to such a degree of formalism as would
be sufficiently convenient for machine analysis and for the solution of multi-
dimensional dynamic problems of mathematical economics, the present paper
describes a certain form of optimality conditions.

To prove the necessity of these conditions, in the course of developing a general-
ized variational calculus (see (3, 4)), a special apparatus was developed, called
the generalized Lagrange method, which makes it possible to write down the
totality of optimality conditions with greater completeness. This apparatus, ap-
plied to the proof of the existence of a system of adjoint functions for a certain
fairly general problem in the theory of optimal processes, made it possible, first,
to note new properties of these functions and, second, to formulate a form of
the optimality principle which may be useful by virtue of its convenience for ma-
chine implementation, since it is written only in terms of relations of inequality
type.

The sufficiency of the optimality principle for the problem posed in the theory
of optimal processes is proved by a method which, despite certain limitations,
is suitable for nonlocalized problems, can be applied without special allowance
for unconditional boundaries arising from phase constraints, and also without
the restrictive consideration of time as a phase coordinate.

I. Problem A. In a space ℨ of type 𝐵, determine an element 𝑧 ensuring the
condition

max{𝑓(𝑧) ∶ 𝑟(𝑧) = 0, 𝜓(𝑧) ⩾ 0},

in which 𝑓(𝑧) is a functional, and 𝑟(𝑧) and 𝜓(𝑧) are abstract functions belonging
to the classes (𝑧 → ℜ) and (𝑧 → 𝔓), where ℜ and 𝔓 are spaces of type 𝐵. The
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space 𝔓 is partially ordered by means of a certain convex cone ℭ ⊂ 𝔓. The
notation 𝜓′ ⩾ 𝜓″ is used for any 𝜓′, 𝜓″ ∈ 𝔓 satisfying the condition 𝜓′ −𝜓″ ∈ ℭ.

Variations. The difference 𝑧 − 𝑧0 + ̄𝑧, where 𝑧, 𝑧0 ∈ ℨ and 𝑧0 is an admissible
element of the problem, will be called a variation of the element 𝑧0. For
variations ̄𝑧 of the element 𝑧0, we distinguish the following sets: a) the set 𝔏 of
variations admissible with respect to the equality-type constraint, if 𝑟(𝑧0 +𝜀 ̄𝑧) =
𝑜(𝜀), where 𝜀 is small; b) the set ℭ of variations admissible with respect to the
inequality-type constraint, if for all sufficiently small 𝑧 ∈ ℨ and small 𝜀 > 0 the
inequality 𝜓(𝑧0 + 𝜀( ̂𝑧 + ̄𝑧)) > 0 holds.

Assumptions. 𝐴1. A solution of Problem A exists.

𝐴2. The abstract functions 𝑓(𝑧), 𝑟(𝑧), and 𝜓(𝑧) on ℨ have Gateaux derivatives,
which are linear operators on variations of the argument (see (5), p. 54).

A3. The set 𝔏 is a subspace of the space ℨ, and ℭ is a convex cone. Moreover,
the intersection 𝔏 ∩ ℭ is nonempty.

We note that the subspace 𝔏 is defined by the equality

𝜕
𝜕𝑧 𝑟(𝑧0) ̄𝑧 = 0,

and sufficiently small variations ̄𝑧 satisfying the inequality

𝜕
𝜕𝑧 𝑝(𝑧0) ̄𝑧 + 𝑝(𝑧0) > 0

belong to the cone ℭ.

An arbitrary 𝑧 ∈ ℨ, representable in the form 𝑧 = 𝑧0 + ̄𝑧, where ̄𝑧 ∈ 𝔏 ∩ ℭ, will
be called an admissible tested value of the element 𝑧0.

Lemma 1. A necessary condition for a maximum of ̄𝑓(𝑧) at the element 𝑧0
among admissible elements belonging to a neighborhood of 𝑧0 is that 𝑓(𝑧) have
a maximum at the element 𝑧0 among any sufficiently small neighborhood of its
admissible tested values.

Incompatibility. We shall use the notation 𝜓′ > 𝜓″ if 𝜓′ ≥ 𝜓″ and 𝜓′ − 𝜓″

does not coincide with the vertex of ℭ. In the product

𝜎 = 𝐸1 × ℜ × 𝔓,

where 𝐸1 is the one-dimensional real space, for the admissible element 𝑧0 and
for some neighborhood ℨ∗ of zero in the space ℨ, consider the convex sets:

𝜎̄ = {𝔷0, 𝔷1, 𝔷2 ∶ 𝔷0 > 0, 𝔷1 = 0, 𝔷2 > 0},

𝜎∗(𝑧0, ℨ∗) = {𝔷0, 𝔷1, 𝔷2 ∶ 𝔷0 ≤ 𝜕
𝜕𝑧 𝑓(𝑧0) ̄𝑧, 𝔷1 = 𝜕

𝜕𝑧 𝑟(𝑧0) ̄𝑧,

𝔷2 ≤ 𝜕
𝜕𝑧 𝑝(𝑧0) ̄𝑧 + 𝑝(𝑧0), ̄𝑧 ∈ ℨ∗} .
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Lemma 2. A necessary condition for a maximum of 𝑓(𝑧) at the element 𝑧0
among the admissible elements of the problem is the incompatibility condition
for the sets 𝜎̄ and 𝜎∗(𝑧0, ℨ∗), i.e. 𝜎̄ ∩ 𝜎∗(𝑧0, ℨ∗) = ∅ for some ℨ∗ ⊂ ℨ.

Lemma 3. There exists a functional 𝜆(𝔷) defined on 𝜎 which is strictly positive
on 𝜎̄ and positive on 𝜎∗(𝑧0, ℨ∗). Sets of type 𝐵 of linear continuous functionals
𝜌 = ⟨𝜌, 𝑟⟩, and 𝜋 = ⟨𝜋, 𝜓⟩, defined respectively on ℜ and 𝔓, will be denoted by
𝑃 and Π.

We shall call the functional 𝜋 nonnegative if it is nonnegative on ℭ, and strictly
positive if it is positive on the cone ℭ except at its vertex.

Theorem 1. For problem A, a necessary condition for optimality of the el-
ement 𝑧0 among some neighborhood is the existence of such linear continuous
functionals 𝜌 ∈ 𝑃 and 𝜋 ∈ Π, of which 𝜋 is strictly positive, that ⟨𝜋, 𝜓(𝑧0)⟩ = 0
and, for all 𝑧,

𝜕
𝜕𝑧 ℱ(𝑧0, 𝜌, 𝜋) ̄𝑧 = 0, where ℱ(𝑧, 𝜌, 𝜋) = 𝑓(𝑧) + ⟨𝜌, 𝑟(𝑧)⟩ + ⟨𝜋, 𝑝(𝑧)⟩.

Proof. The general expressions for linear continuous functionals defined on 𝜎
and strictly positive on 𝜎̄ and nonnegative on 𝜎∗(𝑧0, ℨ∗) have, respectively, the
form:

𝛼𝔷0 + ⟨𝛾, 𝔷1⟩ + ⟨𝜗, 𝔷2⟩,

𝛽𝔷0 + 𝛽 𝜕
𝜕𝑧 𝑓(𝑧0) ̄𝑧 + ⟨𝜇, 𝔷1 − 𝜕𝑟

𝜕𝑧 (𝑧0) ̄𝑧⟩ + ⟨𝛿, 𝔷2 − 𝜕
𝜕𝑧 𝑝(𝑧0) ̄𝑧 − 𝑝(𝑧0)⟩ ,

where 𝛼 > 0, 𝛽 ≥ 0, and 𝛾, 𝜇, 𝜗, 𝛿 are linear continuous functionals, of which 𝜗
is strictly positive and 𝛿 is positive.

Thus, the functional 𝜆(𝔷), which exists according to Lemma 3, has two repre-
sentations. Consequently, successively putting ̄𝑧 = 0, 𝔷0 = 0, 𝔷1 = 0, 𝔷2 = 0,
we obtain:

𝛼 = 𝛽 > 0, 𝛾 = 𝜇, 𝜗 = 𝛿.
Introducing the notation 𝜇/𝛼 = 𝜌, 𝛿/𝛼 = 𝜋, we obtain what was required by
the theorem.

II. Consider the problem of the theory of optimal processes to which the fol-
lowing reduce: by expanding the vector of phase coordinates—a problem with
parameters—and by the substitution 𝑡 = 𝑡1 +𝜏(𝑡2 −𝑡1)—a problem with movable
endpoints.

Problem B. On the interval [𝑡1, 𝑡2], determine vector-functions 𝑥(𝑡) and 𝑢(𝑡)
that provide

max{𝐺 ∶ 𝑑𝑥/𝑑𝑡 = 𝑓, 𝑔 = 0, ℎ ≥ 0},
where 𝐺 is a functional of 𝑥(𝑡1), 𝑥(𝑡2); 𝑓, 𝑔, ℎ are vector-functions of
𝑥(𝑡), 𝑢(𝑡), 𝑡, 𝑥(𝑡1),
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𝑥(𝑡2). We shall consider the regular case. It is characterized by the fact that,
for any finite 𝑥(𝑡), 𝑡, 𝜉, 𝜂, the set {𝑢 ∶ 𝑔 = 0, ℎ ⩾ 0} is bounded.

We shall seek solutions of problem B in the class of absolutely continuous 𝑥(𝑡)
and bounded measurable 𝑢(𝑡).
Let us make the assumptions:

𝐵1. An optimal solution 𝑥0(𝑡), 𝑢0(𝑡) of problem B exists.

𝐵2. The functional 𝐺(𝜉, 𝜂) is continuously differentiable in a neighborhood of
𝜉0 = 𝑥0(𝑡1), 𝜂0 = 𝑥0(𝑡2).
𝐵3. The functions 𝑓 , 𝑔, ℎ, regarded as functions of 𝑥, 𝑢, 𝑡, 𝜉, 𝜂, for any absolutely
continuous 𝑥(𝑡), bounded measurable 𝑢(𝑡), and any 𝜉 and 𝜂 taken, respectively,
from neighborhoods of 𝑥0(𝑡), 𝑢0(𝑡), 𝑥0(𝑡1), 𝑥0(𝑡2), together with their first-order
derivatives with respect to 𝑥, 𝑢, 𝜉, 𝜂, are summable with respect to 𝑡 on [𝑡1, 𝑡2].
𝐵4. The conditions 𝑔 = 0 and ℎ ⩾ 0 ensure, in a neighborhood of the optimal
solution, a nonempty set of admissible solutions.

Theorem 2. For problem B, under assumptions 𝐵1—𝐵4, there exist vector
functions 𝜓(𝑡), 𝜔(𝑡), and 𝜀(𝑡) defined on [𝑡1, 𝑡2] (of which 𝜓(𝑡) is absolutely
continuous, while 𝜔(𝑡) and 𝜀(𝑡) are measurable and bounded almost everywhere),
satisfying, at the optimal values 𝑥(𝑡), 𝑢(𝑡), the conditions

𝑑𝜓
𝑑𝑡 + 𝜓𝑓 ′

𝑥 + 𝜔𝑔′
𝑥 + 𝜀ℎ′

𝑥 = 0; (1)

𝜓𝑓 ′
𝑢 + 𝜔𝑔′

𝑢 + 𝜀ℎ′
𝑢 = 0; (2)

𝐺′
𝜉 + 𝜓(𝑡1) + ∫

𝑡2

𝑡1

(𝜓𝑓 ′
𝜉 + 𝜔𝑔′

𝜉 + 𝜀ℎ′
𝜉) 𝑑𝑡 = 0; (3)

𝐺′
𝜂 − 𝜓(𝑡2) + ∫

𝑡2

𝑡1

(𝜓𝑓 ′
𝜂 + 𝜔𝑔′

𝜂𝜀ℎ′
𝜂) 𝑑𝑡 = 0; (4)

𝜀(𝑡)ℎ = 0; (5)

𝜀(𝑡) ⩾ 0, (6)

in which the expressions (1), (2), (5), and (6) are fulfilled almost everywhere
on [𝑡1, 𝑡2]; 𝜉 = 𝑥(𝑡1), 𝜂 = 𝑥(𝑡2). The vector quantities 𝑥, 𝑢, 𝑡, 𝑔, ℎ are written
as columns, and 𝜓(𝑡), 𝜔(𝑡), 𝜀(𝑡) as rows. The rule for differentiating a vector
with respect to a vector is the usual one.
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Proof. On the completed space ℨ of sets 𝑧 = (𝑥(𝑡), 𝑢(𝑡)), consider 𝔣(𝑧) = 𝐺;
𝔱(𝑧) = (𝔱1(𝑧), 𝔱2(𝑧)), where 𝔱1(𝑧) = 𝑓 − 𝑑𝑥/𝑑𝑡, 𝔱2(𝑧) = 𝑔, and 𝔭(𝑧) = ℎ. Taking
into account 𝐵1—𝐵4 and the fact that 𝔱1(𝑧), 𝔱2(𝑧), 𝔭(𝑧) are expressed through
summable functions, we note that the spaces conjugate to them are the spaces
of integral functionals 𝜌 = (𝜌1, 𝜌2) and 𝜋 with measurable almost everywhere
bounded kernels 𝜓(𝑡), 𝜔(𝑡), and 𝜀(𝑡) (see (6), p. 190).

Carrying out the variation of the generalized Lagrange function with respect
to 𝑥(𝑡), 𝑢(𝑡), 𝑥(𝑡1), 𝑥(𝑡2), on the basis of theorem 1 we obtain equations (1)—
(4), fulfilled in a generalized sense. At the same time, equation (1) implies the
absolute continuity of 𝜓(𝑡).
The expressions (5), (6), describing the properties of the function, also follow
from the assertions of theorem 1, as was required to prove.

From the theorem proved there follows the existence of adjoint functions and, in
particular, of the continuous function 𝜓(𝑡), first, outside the conception of jump
conditions and, second, both with special consideration and without special
consideration of the unconditional boundary, consisting in replacing explicit or
implicit constraints of the form 𝑙(𝑥, 𝑡) ⩾ 0, which in the case 𝑙(𝑥(𝑡), 𝑡) = 0 form
an unconditional boundary, by the constraint of the form

𝜕𝑙
𝜕𝑥𝑓 + 𝜕𝑙

𝜕𝑡 ⩾ 0

(see (1,2);

III. Let us formulate the content of Theorem 2 in the form of a certain geo-
metric principle.

In the space 𝑍 of column vectors 𝑧, composed of the coordinates of the vectors 𝑥
and 𝑢 corresponding to an admissible solution 𝑥(𝑡) and 𝑢(𝑡) for some 𝑡 ∈ [𝑡1, 𝑡2],
consider the sets 𝐿 = {𝑧 ∶ 𝑔 = 0} and 𝐻 = {𝑧 ∶ ℎ ⩾ 0}. The aggregate of
normals to the hypersurfaces determined by the rows of the vector conditions
𝑔 = 0 and ℎ = 0 will be written in the form of matrix derivatives −𝜕𝑔/𝜕𝑧,
−𝜕ℎ/𝜕𝑧. Here all normals −𝜕ℎ/𝜕𝑧 are directed outward from 𝐻. In 𝑍 consider
the convex cone

𝑘(𝑡) = {−𝜀 𝜕ℎ/𝜕𝑧 − 𝜔 𝜕𝑔/𝜕𝑧 ∶ 𝜀ℎ = 0, 𝜀 ⩾ 0}
and the vector

𝜑(𝑡) = {𝜕𝜓/𝑑𝑡 + 𝜓 𝜕𝑓/𝜕𝑥 ∶ 𝜑 𝜕𝑓/𝜕𝑢},
which we shall call, respectively, the local adjoint cone and the local optimizing
vector for the admissible solution at the point 𝑧. Analogously, in the space 𝑌 of
column vector-functions 𝑦, composed of the coordinates of the vector-functions
𝑥(𝑡) and 𝑢(𝑡), consider the general adjoint cone

𝑘∗ = {− ∫
𝑡2

𝑡1

(𝜀 𝜕ℎ
𝜕𝑦 + 𝜔 𝜕𝑔

𝜕𝑦 ) 𝑑𝑡 ∶ 𝜀(𝑡)ℎ = 0, 𝜀(𝑡) ⩾ 0}
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and the general optimizing vector

𝜒 = {𝜕𝐺
𝜕𝜉 + 𝜓(𝑡1) + ∫

𝑡2

𝑡1

𝜓 𝜕𝑓
𝜕𝜉 𝑑𝑡; 𝜕𝐺

𝜕𝜂 − 𝜓(𝑡2) + ∫
𝑡2

𝑡1

𝜓 𝜕𝑓
𝜕𝜂 𝑑𝑡}

𝜉=𝑥(𝑡1),
𝜂=𝑥(𝑡2)

.

Then the principle of optimality is formulated as follows:

Theorem 3. Under the adopted assumptions, the optimal solution has the
property that, for almost all 𝑡 ∈ [𝑡1, 𝑡2], 𝜑(𝑡) ∈ 𝐾(𝑡) and 𝜒 ∈ 𝐾∗.

IV. Sufficiency of the principle of optimality. Let us additionally assume:

B5. The functions 𝐺, 𝑓, 𝑔, ℎ are polynomial expressions of second order with
respect to 𝑥(𝑡), 𝑢(𝑡), 𝑥(𝑡1), 𝑥(𝑡2), respectively. Moreover, for any absolutely con-
tinuous 𝑥(𝑡) and measurable bounded 𝑢(𝑡), the second derivatives of 𝑓, 𝑔, ℎ are
measurable and almost everywhere bounded in 𝑡 on [𝑡1, 𝑡2].
Theorem 4. Let conditions B1—B5 be fulfilled. Then any admissible solution
𝑥(𝑡), 𝑢(𝑡) of problem B will be optimal if it, together with some aggregate of
vector-functions 𝜓(𝑡), 𝜔(𝑡), and 𝜀(𝑡), satisfies the principle of optimality and the
condition

𝜁 = 𝐷2
𝜉,𝜂𝐺 + ∫

𝑡2

𝑡1

𝐷2
𝑥,𝑦,𝜉,𝜂[𝜓𝑓 + 𝜔𝑔 + 𝜀ℎ] 𝑑𝑡 ⩽ 0,

in which 𝜉 = 𝑥(𝑡1), 𝜂 = 𝑥(𝑡2), and 𝐷2
𝑥,𝑦,…,𝑧 denotes the superposition of the

operators
𝐷𝑥,𝑦,…,𝑧 = 𝜕

𝜕𝑥Δ𝑥 + 𝜕
𝜕𝑦 Δ𝑦 + ⋯ + 𝜕

𝜕𝑧 Δ𝑧.

Corollary 1. In the case when 𝐺, 𝑓, 𝑔, ℎ are linear in 𝑥(𝑡), 𝑢(𝑡), 𝑥(𝑡1), 𝑥(𝑡2), the
condition 𝜁 ⩽ 0 is always fulfilled.

Corollary 2. If 𝑓 and 𝑔 are linear functions of 𝑥(𝑡), 𝑢(𝑡), 𝑥(𝑡1), 𝑥(𝑡2), then, for
the condition 𝜁 ⩽ 0 to be fulfilled, it is sufficient that the functions 𝐺 and ℎ be
concave downward on any subset.
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