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MATHEMATICAL PHYSICS

Corresponding Member of the USSR Academy of Sciences L. D. BAKHRAKH,
S. D. KREMENETSKII

THE METHOD OF EIGENFUNCTIONS IN AN
ILL-POSED PROBLEM OF SYNTHESIS OF A
LINEAR RADIATOR
In paper (1) it was shown that the ill-posed problem of synthesis of a linear
radiator with a prescribed radiation pattern 𝑅(𝑢) reduces to solving equation
(1) for the amplitude-phase current distribution 𝐽(𝑥) in the antenna:

𝛼𝐽(𝑥) + 2 ∫
𝜎

−𝜎

sin 𝑢0(𝑥 − 𝜉)
𝑥 − 𝜉 𝐽(𝜉) 𝑑𝜉 − ∫

𝑢0

−𝑢0

𝑅(𝑢) exp{−𝑖𝑢𝑥} 𝑑𝑢 = 0, (1)

where 2𝜎 is the electrical length of the radiator; [−𝑢0, 𝑢0] is the domain on
which 𝑅(𝑢) is prescribed; 𝛼 > 0 is the regularization parameter. Methods for
determining the optimal value of 𝛼 are given in papers (1,2 ).
In paper (1) a method was proposed for solving equation (1) by means of grid
functions (3), but this method determines the currents in discrete radiators lo-
cated on [−𝜎, 𝜎], and consequently, instead of a continuous antenna, an array
of radiators is synthesized. For a large antenna length 2𝜎, such a method of
solving equation (1) may lead to a considerable deviation of the grid function
from the sought current distribution in the antenna. Therefore, at present a
method of successive approximations for determining 𝐽(𝑥) is being developed;
however, in a number of cases the process converges slowly and requires con-
siderable computer time for its implementation. In papers (1,4 ) the possibility
was indicated of determining (for any antenna length 2𝜎) the amplitude-phase
current distribution 𝐽(𝑥) by means of the theory of orthogonal functions. It is
clear that the best implementation of this method from the computational point
of view can be obtained if, as the system of orthogonal functions, one takes the
system of eigenfunctions of the kernel of equation (1).

To determine the eigenfunctions and eigenvalues of the kernel of equation (1),
we shall use the important fact established in (5):

𝜆𝑛𝑆0,𝑛(𝑐, 𝑦) = ∫
1

−1

sin 𝑐(𝑧 − 𝑦)
𝜋(𝑧 − 𝑦) 𝑆0,𝑛(𝑐, 𝑧) 𝑑𝑧; 𝜆𝑛 = 2𝑐

𝜋 [𝑅(1)
0,𝑛(𝑐, 1)]

2
, (2)
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where 𝑆0,𝑛(𝑐, 𝑦) and 𝑅(1)
0,𝑛(𝑐, 𝑦) are, respectively, the angular and radial functions

of the prolate spheroid, 𝑐 is a numerical parameter, and 𝜆𝑛 are the eigenvalues
of the operator (2). Making the change of variables 𝑧 = 𝜉/𝜎, 𝑦 = 𝑥/𝜎, 𝑐 = 𝑢0𝜎,
and carrying out simple calculations, we obtain

𝜋𝜆𝑛𝑆0,𝑛 (𝑢0𝜎, 𝑥
𝜎 ) = ∫

𝜎

−𝜎

sin 𝑢0(𝑥 − 𝜉)
𝑥 − 𝜉 𝑆0,𝑛 (𝑢0𝜎, 𝜉

𝜎 ) 𝑑𝜉. (3)

Thus, the eigenfunctions of the kernel of equation (1) are the functions
𝑆0,𝑛(𝑢0𝜎, 𝑥/𝜎), and the eigenvalues 𝜇𝑛 are as follows:

𝜇𝑛 = 2𝜋𝜆𝑛 = 4𝑢0𝜎 [𝑅(1)
0,𝑛(𝑢0𝜎, 1)]

2
. (4)

From comparison of (2) and (3), the physical meaning of the constant 𝑐 = 𝑢0𝜎
is clear: when considering the radiation pattern 𝑅(𝑢) on the physical inter-

of angles (𝑢0 = 1) 𝑐 = 𝜎, i.e., 𝑐 is one half of the electrical length of the antenna.

Thus, the amplitude–phase current distribution 𝐽(𝑥) (to within a factor 𝛼−1)
has the form

𝐽(𝑥) = 𝐽0(𝑥) − ∑
𝑛

1
𝜇−1𝑛 + 𝛼−1 (𝐽0(𝑥), 𝑆′

0,𝑛 (𝑢0𝜎, 𝑥
𝜎 )) 𝑆0,𝑛 (𝑢0𝜎, 𝑥

𝜎 ) , (5)

where

𝐽0(𝑥) = ∫
𝑢0

−𝑢0

𝑅(𝑢) exp{−𝑖𝑢𝑥} 𝑑𝑢,

and (𝐽0(𝑥), 𝑆′
0,𝑛 (𝑢0𝜎, 𝑥

𝜎 )) is the scalar product of functions in the space 𝐿2. Let
us examine formula (5) in more detail. It is easy to show that, for any 𝑛,

∣(𝐽0(𝑥), 𝑆0,𝑛 (𝑢0𝜎, 𝑥
𝜎 ))∣ < 4𝑢0𝜎,

and, moreover, it decreases rapidly as 𝑛 increases. In addition, it follows from
(4) and from the results of [6] that, for 𝑛 > 2𝑢0𝜎/𝜋 + 1, 𝜇𝑛 < 0.02, and the
𝜇𝑛 decrease by more than an order of magnitude in passing to 𝜇𝑛+1. Therefore
the series (5) must converge rapidly for almost all 𝛼. Incidentally, we note that
choosing 𝑁 ≤ 2𝑢0𝜎/𝜋 + 1 eliminates the phenomenon of superdirectivity [7]. It
is easy to show, using [6], that for 𝑁 ≤ [𝑢0𝜎/2 + 1] and 𝑢0𝜎 ≥ 25, with an
accuracy no worse than 0.3%, one may take 𝜇𝑛 = 2𝜋 (𝑛 = 1, 2, … , 𝑁).
For practical computations, an analytic or tabular specification of the functions
𝑆0,𝑛(𝑐, 𝑥′) is necessary. At present the functions 𝑆0,𝑛(𝑐, 𝑥′) have been tabulated
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only for 𝑐 ≤ 8, and they can be used for calculating antennas of electrical length
2𝜎 ≤ 1.6. However, judging from the direction of works [6, 8], the functions
𝑆0,𝑛(𝑐, 𝑥′) will soon be tabulated for 8 < 𝑐 < 100. The basis for this is the
asymptotic formulas for 𝑆0,𝑛(𝑐, 𝑥′) obtained in [8]. Taking into account the
results of this work and relation (3), the functions 𝑆0,𝑛(𝑢0𝜎, 𝑥/𝜎) have the form
(𝑛 ≤ 𝑢0𝜎; in practice these formulas may be used for 𝑛 ≤ 𝑢0𝜎/2):

𝑆0,𝑛 (𝑢0𝜎, 𝑥
𝜎 ) =

⎧{
⎨{⎩

𝑆(1)
0,𝑛(𝑥), 0 ≤ 𝑥 ≤ 𝑢−1

0 ,
𝑘2𝑆(2)

0,𝑛(𝑥), 𝑢−1
0 ≤ 𝑥 ≤ 𝜎 − 𝑢−1

0 ,
𝑘3𝑆(3)

0,𝑛(𝑥), 𝜎 − 𝑢−1
0 ≤ 𝑥 ≤ 𝜎;

(6)

𝑘2 = 𝑒−𝑢0𝜎(𝑢0𝜎)𝑛/22(3𝑛+1)/2𝑃(𝑢0𝜎); 𝑘3 = 𝑘2(2𝜋𝑢0𝜎)1/2; (7)

𝑆(1)
0,𝑛(𝑥) = 𝐷𝑛 (𝑥√2𝑢0

𝜎 ) + ∑
𝑗=1

( 1
2𝑢0𝜎 )

𝑗 2𝑗
∑

𝑘=−2𝑗
𝐴𝑗

𝑘𝐷𝑛+2𝑘 (𝑥√2𝑢0
𝜎 ) ;

𝑆(2)
0,𝑛(𝑥) = 𝑒𝑢0𝜎𝑡(1 − 𝑡)𝑛/2

𝑡1/2(1 + 𝑡)(𝑛+1)/2 [1 + ∑
𝑗=1

( 1
2𝑢0𝜎 )

𝑗 𝑗
∑
𝑘=1

(𝐷𝑗
𝑘

𝑡𝑘 + 𝐸𝑗
𝑘

(1 + 𝑡)𝑘 + 𝐹 𝑗
𝑘

(1 − 𝑡)𝑘 )] ;

𝑆(3)
0,𝑛(𝑥) = 𝐼0(𝑢0𝜎𝑡) + ∑

𝑗=1
( 1

2𝑢0𝜎 )
𝑗 𝑗
∑
𝑘=1

𝐵𝑗
𝑘[𝑢0𝜎𝑡]𝑘𝐼𝑘(𝑢0𝜎𝑡),

𝑡 = √1 − (𝑥/𝜎)2;

𝐴𝑗
𝑘, 𝐷𝑗

𝑘, 𝐸𝑗
𝑘, 𝐹 𝑗

𝑘 , 𝐵𝑗
𝑘, 𝑃 (𝑢0𝜎) are numerical coefficients of polynomial form depend-

ing only on 𝑛; their expressions are given in [8]; 𝐷𝑛(𝑥√2𝑢0/𝜎) is a Weber
function; 𝐼𝑘(𝑢0𝜎𝑡) is a modified Bessel function.

From examination of formulas (6)—(8) it is clear that, for computations with
a large electrical length of the antenna, it is sufficient to restrict oneself to the
value 𝑗 = 2, 3. This substantially simplifies the computation of the function
𝑆0,𝑛(𝑢0𝜎, 𝑥/𝜎).
Finally, we note that by the methods of ill-posed problems one can also solve
the classical synthesis problem for a given coefficien-

of superdirectivity 𝑄 (7). In this case it is not difficult to show, using the results
of work (1), that it is necessary to solve the equation

𝑎𝐽(𝑥) + 2(1 − 𝛼𝑄) ∫
𝜎

−𝜎

sin(𝑥 − 𝜉)
𝑥 − 𝜉 𝐽(𝜉) 𝑑𝜉 − ∫

1

−1
𝑅(𝑢) exp{−𝑖𝑢𝑥} 𝑑𝑢 = 0,
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and 𝐽(𝑥) can be found by means of the method described above.
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