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MATHEMATICS

Z. I. KOZLOVA

THE PRINCIPLE OF COMPARISON OF
INDICES AND SEPARATION LAWS IN CER-
TAIN CLASSES OF SETS OF TOPOLOGICAL
SPACES OF WEIGHT 𝜏
(Presented by Academician L. V. Kantorovich, 27 IX 1968)

A. A. Lyapunov (1) obtained a principle of comparison of indices for stabiliz-
ing iterations of set-theoretic (s.-t.) transformations as applied to an arbitrary
space of indices. Hence there immediately follows the principle of comparison of
indices for 𝑍-operations with chain depth 𝜔. Pseudomonotone and contracting
s.-t. transformations will be called regular.

Theorem 1. If 𝑍{𝑁𝑖} and 𝑍{𝑀𝑗} are regular s.-t. transformations, (𝐸𝑖)𝑖 and
(𝐻𝑗)𝑗 are arbitrary families of sets of the basic space 𝔛,

𝑈𝑖𝑗 = 𝐸𝑖 ∪ 𝐶𝐻𝑗, Ψ𝑄𝑖𝑗
{𝑈𝑖𝑗} = 𝑈𝑖1

∩ Ψ𝑗′, 𝑀𝑐
𝑗
{Ψ𝑖′, 𝑁𝑖

{𝑈𝑖′𝑗′}},

then

𝑍{𝑄𝑖𝑗}{𝑈𝑖𝑗} = [𝑍{𝑁𝑖} Ind(𝑥 ∣ {𝐸𝑖}) ≥ 𝑍{𝑀𝑗} Ind(𝑥 ∣ {𝐻𝑗})],

in particular,

𝑇{𝑄𝑖𝑗}{𝑈𝑖𝑗} = [𝑇{𝑁𝑖} Ind(𝑥 ∣ {𝐸𝑖}) ≥ 𝑇{𝑀𝑗} Ind(𝑥 ∣ {𝐻𝑗})].

Let the space of indices 𝐼 have cardinality 𝜏 = ℵ𝜈, where 𝜏 is a strongly inacces-
sible cardinal number (2). In view of the equivalence of 𝑄- and 𝑅-operations to
𝑍- and 𝑇 -operations without hooks, the principle of comparison of indices also
holds for 𝑄- and 𝑅-operations.

Let

𝔐1 = (𝑁𝑖) ∪ (𝑁(𝑖𝛼)𝛾
) and 𝔐2 = (𝑀𝑗) ∪ (𝑀(𝑗𝛼)𝛾

)
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be bases of (𝜐)𝑇 -operations, 𝜐 = 𝜔 ⋅ 𝜆 ≤ 𝜔𝜈. If we put

𝑈𝑖𝑗 = 𝐸𝑖 ∪ 𝐶𝐻𝑗, Φ𝑄𝑖𝑗
{𝑈𝑖𝑗} = Φ𝑗′, 𝑀𝑐

𝑗
{Φ𝑖′, 𝑁𝑖

{𝑈𝑖′𝑗′}},

Φ𝐿𝜐′
𝑖𝑗

{𝑈𝑖𝑗} = Φ𝑗′, 𝑀𝜐′𝑐
𝑗

{Φ𝑖′, 𝑁𝜐′
𝑖

{𝑈𝑖′𝑗′}}, 𝜐′ = 𝜔 ⋅ 𝜆′ < 𝜐,

then the 𝑅-iteration of s.-t. transformations with variable bases (𝑄𝑖𝑗)𝑖,𝑗,
(𝐿𝜐′

𝑖𝑗 )𝑖,𝑗,𝜐, performed over the family of sets (𝑈𝑖𝑗)𝑖,𝑗, gives

𝑈𝛼
𝑖𝑗 = ⋂

𝛽<𝛼
(𝐸𝛽

𝑖 ∪ 𝐶𝐻𝛽
𝑗 )

for any 𝛼 < 𝜉(𝜐). Hence we obtain:

Theorem 2. If

𝔐1 = (𝑁𝑗) ∪ (𝑁(𝑗𝛼)𝛾
), 𝔐2 = (𝑀𝑗) ∪ (𝑀(𝑗𝛼)𝛾

)

are families of bases of ΔΣ-operations, where 𝑖, 𝑗 ∈ 𝐼 , (𝑗𝛼)𝛾 are all possible
coordinated sequences of indices of type 𝛾 < 𝜐 = 𝜔 ⋅ 𝜆 ≤ 𝜔𝜈, (𝐸𝑖)𝑖, (𝐻𝑗)𝑗 are
arbitrary families of sets of the basic space,

𝑈𝑖𝑗 = 𝐸𝑖 ∪ 𝐶𝐻𝑗,

Φ𝑄𝑖𝑗
{𝑈𝑖′𝑗′} = Φ𝑗′, 𝑀𝑐

𝑗
{Φ𝑖′, 𝑁𝑖

{𝑈𝑖′𝑗′}}, Φ𝐿𝜐′
𝑖𝑗

{𝑈𝑖𝑗} = Φ𝑗′, 𝑀𝜐′𝑐
𝑗

{Φ𝑖′, 𝑁𝜐′
𝑖

{𝑈𝑖′𝑗′}}

with 𝜐′ = 𝜔 ⋅ 𝜆′ < 𝜐,

Ω = (𝑄𝑖𝑗) ∪ (𝐿𝜐′
𝑖𝑗 ),

then

(𝜐)𝑇{𝑖𝑗}Ω{𝑈𝑖𝑗} = 𝑈𝜉(𝜐)
𝜔 = [(𝜐)𝑇𝔐1

Ind(𝑥 ∣ {𝐸𝑖}) ≥ (𝜐)𝑇𝔐2
Ind(𝑥 ∣ {𝐻𝑗})].

Let 𝑀 be a base of the ΔΣ-operation satisfying the following conditions:

1∘. (𝜐)𝑇𝑀 ≻ ⋃𝜏 , (𝜐)𝑇𝑀 ≻ ⋂𝜏 , (𝜐)𝑇𝑀 ≻ Φ𝑀𝑐 and (𝜐)𝑇𝑀 ≻ Φ𝑀𝜔⋅𝜆′ , (𝜐)𝑇𝑀 ≻
Φ𝑀𝜔⋅𝜆′;𝑐 ; 𝜔 ⋅ 𝜆′ < 𝜐.

2∘. (Φ𝑀 , 𝑑) ≻ Φ𝑀 , (Φ𝑀𝑐 , 𝑑) ≻ Φ𝑀𝑐 .
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Denote by (𝜐)𝔅𝑀 the class of ΔΣ-operations constructed as follows: 1) the
trivial operations, the operations ⋂𝜏 , ⋃𝜏 , Φ𝑀 , Φ𝑀𝑐 , Φ𝑀𝜔⋅𝜆′ , Φ𝑀𝜔⋅𝜆′;𝑐 with
𝜔 ⋅ 𝜆′ < 𝜐 belong to the class (𝜐)𝔅𝑀 ; 2) if Φ𝐿 ∈ (𝜐)𝔅𝑀 , Φ𝑀𝑖

∈ (𝜐)𝔅𝑀 for
𝑖 ∈ 𝐼 , then Φ𝐿{Φ𝑀𝑖

}𝑖 ∈ (𝜐)𝔅𝑀 ; 3) the class (𝜐)𝔅𝑀 is invariant with respect to
shifts of bases; 4) (𝜐)𝔅𝑀 is the smallest class of sets satisfying conditions 1)—3).
The operations belonging to the class (𝜐)𝔅𝑀 are no stronger than operations of
type (𝜐)𝑇𝑀 . Denote by (𝜐)𝑇 𝔅𝑀 the class of 𝜐-extensions of the ΔΣ-operations
of the class (𝜐)𝔅𝑀 . The operations belonging to the class (𝜐)𝑇 𝔅𝑀 are no
stronger than operations of type (𝜐)𝑇𝑇𝑀

, and hence also than operations of
type (𝜐)𝑇𝑀 .

Theorem 3. If 𝔐 = (𝑊𝑖) ∪ (𝑊(𝑖𝛼)𝛾
), 𝔈 = (𝑆𝑖) ∪ (𝑆(𝑖𝛼)𝛾

) are bases of ΔΣ-
operations of the class (𝜔𝜐)𝔅𝑀 , where 𝑖 ∈ 𝐼, (𝑖𝛼)𝛾 are all possible compatible
sequences of indices of type 𝛾 < 𝜔𝜐, (𝐸𝑖𝑗)𝑖,𝑗, (ℰ𝑖𝑗)𝑖,𝑗 are arbitrary families of
sets of the class 𝐾𝑐 ⊇ ∅, 𝔐𝑥, such that the class 𝐾𝑐 ⊂ 𝔐𝑥𝑦0…𝑦 is projective,
for any 𝑖 ∈ 𝐼, with respect to the class 𝐾𝑐 ⊂ 𝔐𝑥 with base 𝐿(𝑦0, … , 𝑦𝑖) = {𝜂},
where 𝜂 ∈ 𝑁 , Φ𝑁 ≡ (𝜔𝜐)𝑇{𝑀}, and 𝐾 ∪ 𝐾𝑐 ⊂ Φ𝑄(𝐾𝑐), where Φ𝑄 ≺ (𝜔𝜐)𝑇𝑀 ,
(𝜔𝜐)𝑃𝑁̂;𝑀𝑇

≺ (𝜔𝜐)𝑇{𝑀},

𝑁 = ⋃
(𝑦0,…,𝑦𝑖)∈𝔐𝑦0…𝑦𝑖

𝐿(𝑦0, … , 𝑦𝑖),

𝛽1(𝑥) = (𝜔𝜐)𝑃 𝑐
𝑁̂;𝔐 Ind(𝑥/{𝐸𝑖𝑗}), 𝛽2(𝑥) = (𝜔𝜐)𝑃 ̂

𝑁̂ ;𝔈 Ind(𝑥/{ℰ𝑖𝑗}),

then

[𝛽1(𝑥) ⩾ 𝛽2(𝑥)] ∈ (𝜔𝜐)𝑃 𝑐
𝑁̂𝑀(𝐾𝑐).

For 𝜏 = ℵ0, we have P. S. Novikov’s principle of comparison of indices (4).
Theorem 4. Let (𝐸𝑖)𝑖, (ℰ𝑖)𝑖 be arbitrary families of sets of class 𝐾, invariant
with respect to the operations of complementation and union of finite families
of sets, and suppose 𝐸𝑖 ⊃ 𝐸𝑖+1, ℰ𝑖 ⊃ ℰ𝑖+1 for 𝑖 ∈ 𝐼. Then, for an arbitrary
cardinal number 𝜏 ,

[⋂
𝜏

Ind(𝑥/{𝐸𝑖}) > ⋂
𝜏

Ind(𝑥/{ℰ𝑖})] ∈ Φ⋃𝜏
(𝐾).

Consider some rearrangements of the operations 𝑍{𝑁𝑗}{𝐸𝑖}, leading to a change
in the indices of the given operation. Construct a quasi-shift of bases 𝑓(𝑗) = 𝑗+𝑛,
i.e. put

𝑀𝑗+𝑛 = ⋃
𝜂∈𝑁𝑗

⋂
𝑖∈𝑓(𝜂)

𝐸𝑖 ∩ ⋂
𝑖∈𝑓(𝐼)∖𝑓(𝜂)

𝐶𝐸𝑖.
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In addition, let 𝑀𝛾 = 𝐸𝛾,𝛾+1, 𝑀𝛾+1 = 𝐸𝛾+1,𝛾+2, …, 𝑀𝛾+𝑛−1 = 𝐸𝛾+𝑛−1,𝛾+𝑛. Put
𝐻𝛾 = 𝐻𝛾+1 = ⋯ = 𝐻𝛾+𝑛 = 𝐸𝛾, 𝐻𝑖+𝑛 = 𝐸𝑖, if 𝑖 ≠ 𝛾, where 𝛾 < 𝜔𝜐 is a limit
ordinal. Then Ψ𝑀𝑗+𝑛

{𝐻𝑖} = Ψ𝑁𝑗
{𝐸𝑖} for 𝑗 ∈ 𝐼 , 𝑍{𝑀𝑗}{𝐻𝑖} = 𝑍{𝑁𝑗}{𝐸𝑖}, while

at the same time

𝑍{𝑀𝑗} Ind(𝑥/{𝐻𝑖}) = 𝑍{𝑁𝑗} Ind(𝑥/{𝐸𝑖}) + 𝑛,

if

𝑥 ∈ 𝐶𝐸𝜔𝜐+1
0 = 𝐶𝑍{𝑁𝑗}{𝐸𝑖} (∃ ≡ Φ𝐼 = 𝐸[𝜂 ⊂ 𝐼]) .

If we construct a new family of sets 𝐻𝑛𝑖 = 𝐻𝑛𝑖+1 = ⋯ = 𝐻𝑛𝑖+𝑛−1 = 𝐸𝑖 for
𝑖 ∈ 𝐼 and a new family of bases 𝑀𝑛𝑖+𝑘 = 𝐸𝑛𝑖+𝑘, 𝑛𝑖+𝑘+1 for 𝑘 ≤ 𝑛 − 2, putting
𝑓(𝑖) = 𝑛𝑖, then we obtain

𝑀𝑛𝑖+𝑛−1 = ⋃
𝜂∈𝑁𝑗; 𝑖∈𝑓(𝜂)∪{𝑛𝑖+𝑛−1}

⋂
𝑖∈𝑓(𝐼)∖𝑓(𝜂)

𝐸𝑖 ∩ 𝐶𝐸𝑖.

Then

Ψ𝑀𝑛𝑖+𝑛−1
{𝐻𝑖} = 𝐻𝑛𝑖+(𝑛−1) ∩ ⋂

𝑖
Ψ𝑁𝑖

{𝐻𝑛𝑖},

Ψ𝑀𝑛𝑖+𝑘
{𝐻𝑖} = 𝐻𝑛𝑖+𝑘 ∩ 𝐻𝑛𝑖+𝑘+1, 𝑘 ≤ 𝑛 − 2,

𝑍{𝑀𝑗}{𝐻𝑗} = 𝑍{𝑁𝑗}{𝐸𝑖}.

At the same time, if

𝛽(𝑥) = 𝑍{𝑁𝑗} Ind(𝑥/{𝐸𝑖}), 𝛽1(𝑥) =

= 𝑍{𝑀𝑖} Ind(𝑥 ∣ {𝐻𝑖}),
and 𝛽(𝑥) = 𝛼∗ + 𝑘, where 𝛼∗ is a limit ordinal, 𝑘 < 𝜔, then

𝛽1(𝑥) = 𝛼∗ + 𝑛𝑘 for 𝑥 ∈ 𝐶𝑍{𝑁𝑗}{𝐸𝑖}.

Analogously one can carry out rearrangements of 𝑇 -operations with chains of
arbitrary depth, using the shift of bases 𝑓(𝑖) = 𝑖+𝑛 when the index is increased
by 𝑛 units, and 𝑓(𝑖) = 𝑛𝑖 when an 𝑛-fold index is obtained.
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Let Λ = (𝛽(𝑥)) be a class of transfinite indices. Denote by 𝐾(Λ) the class of
all sets representable in the form [𝛽(𝑥) = 𝜔𝜈+1] ([𝛽(𝑥) = 𝜁(𝜔𝜈)]). The class Λ is
said to be regular if [𝛽1(𝑥) ≥ 𝛽2(𝑥)] ∈ 𝐾(Λ) for all functions 𝛽1(𝑥), 𝛽2(𝑥) ∈ Λ,
and completely regular if, in addition,

(∀𝐸1, 𝐸2 ∈ 𝐾(Λ))(∃𝛽1(𝑥), 𝛽2(𝑥) ∈ Λ) [𝑥 ∈ 𝐸1 ∩ 𝐸2 ≡ 𝛽1(𝑥) = 𝛽2(𝑥)].

From the principles of comparison of indices and rearrangement of operations
leading to a change of indices, there follows the complete regularity of the fol-
lowing classes of transfinite indices:

1) The class of external indices of the operation ⋂𝜏 with respect to the class
of sets Φ𝜂(𝐾), if the class 𝐾 is invariant with respect to the operations of
complementation and union of sets in number < 𝜏 .

2) The class of external indices (𝜔𝜈) of a 𝑇 -operation (of 𝑇 -operations) with
bases of operations of the class (𝜔𝜈)𝔅𝑁(𝔅𝑁), if 𝐾 ⊃ 𝔄 is invariant with
respect to the operations of complementation and union of sets of any
finite family.

3) The class of external indices of the operation (𝜔𝜈)𝑃 𝑐
𝑁̃𝔐, where the bases

of the family
𝔐 = (𝑀𝑖) ∪ (𝑀(𝑖𝛼)𝛾)

belong to operations of the class (𝜔𝜈)𝔅𝑀 , if the class 𝐾 ⊃ ∅, 𝔄 is such
that

𝐾𝑐 ∈ 𝔓𝔐𝑥𝑦0…𝑦𝑖

for 𝑖 ∈ 𝐼 is projective with respect to the class 𝐾𝑐 ∈ 𝔓𝔐𝑥 with base

𝐿(𝑦0, … , 𝑦𝑖) = {𝜂},

where 𝜂 ∈ 𝑁 , Φ𝑁 = (𝜔𝜈)𝑇{𝑀}, and, moreover,

𝑁 = ⋃
(𝑦0,…,𝑦𝑖)∈𝔄𝑦0…𝑦𝑖

𝐿(𝑦0, … , 𝑦𝑖), 𝐾 ∪ 𝐾𝑐 ⊂ Φ𝑄(𝐾𝑐), Φ𝑄 ≺ (𝜔𝜈)𝑇𝑀 ,

(𝜔𝜈)𝑃𝑁̃𝑀𝑇
≺ (𝜔𝜈)𝑇𝑀 , 𝑃𝑁̃𝑀𝑇

≡ Φ𝑁̃𝐿̃, Φ𝐿 = (𝜔𝜈)𝑇{𝑀}.

At the basis of the theory of multiple separability, together with the principle
of comparison of indices, lies the following fundamental lemma:

Lemma 1. Let Λ = (𝛽𝑖(𝑥)) be a family of transfinite functions, Φ𝑁 some
ΔΣ-operation, and

𝐸𝑖 = [𝛽𝑖(𝑥) = 𝜉(𝜈)],
where 𝜈 = 𝜔 ⋅ 𝜆 ≤ 𝜔𝜈,

𝑄𝑖𝑗 = [𝛽𝑖(𝑥) ≤ 𝛽𝑗(𝑥)], 𝐻𝑖 = 𝐶Φ𝑁𝑖{𝑄𝑖𝑗}.
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Then
𝐻𝑖 ⊃ 𝐸𝑖 ∖ Φ𝑁𝑖{𝐸𝑗}, Φ𝑁{𝐻𝑖} = ∅.

For 𝜏 = ℵ0 the lemma was proved by A. A. Lyapunov (3). For general t.-m.
operations there is the following more restricted lemma:

Lemma 2. Let Λ = (𝛽𝑖(𝑥)) be a family of transfinite indices, Ψ𝑁 some t.-m.
operation,

𝐸𝑖 = [𝛽𝑖(𝑥) = 𝜉(𝜈)], 𝑄𝑖𝑗 = [𝛽𝑖(𝑥) ≤ 𝛽𝑗(𝑥)], 𝐻𝑖 = 𝐶Ψ𝑁𝑖{𝑄𝑖𝑗}.

Then
𝐻𝑖 ⊃ 𝐸𝑖 ∖ Ψ𝑁𝑖{𝐸𝑗}.

Hence, on the basis of the general theory of separability developed by A. A.
Lyapunov (3,5), we obtain the following assertions:

1. For the classes of sets 𝐹 , 𝐹 𝛼+2 of 𝜏 -spaces 𝐽𝜔, 𝐷𝜔 for 𝛼 < 𝜔𝜈+1, 𝐹 𝛼+2

for 𝛼 ≥ 𝜔, 𝐹 𝛼+3 for 𝛼 < 𝜔 of the spaces 𝐽𝜏 , 𝐷𝜏 , the first and second
separability theorems hold, as do the first and second theorems on mul-
tiple separability with respect to the operation ⋂𝜏′ for 𝜏 ′ ≤ 𝜏 ; the third
separability theorem and the third theorem on multiple separability with
respect to the operations ⋂𝜏 , lim do not hold. For the class 𝐹 of the spaces
𝐽𝜏 , 𝐷𝜏 for 𝜏 > ℵ0, the first separability theorem holds, as does the first
theorem on multiple separability with respect to the operation of finite
intersection, and the second separability theorem and the second theorem
on multiple separability with respect to ⋯

with respect to the same operation. For the classes 𝐺, 𝐺𝛼+2 of 𝜏 -spaces 𝐽𝜔𝜈 , 𝐷𝜔𝜈

for 𝛼 < 𝜔𝜈+1, the class 𝐺𝛼+2 for 𝛼 ≥ 𝜔, and 𝐺𝛼+3 for 𝛼 < 𝜔 of the spaces 𝐽𝜏 , 𝐷𝜏 ,
the third separation theorem and the third theorem on multiple separation
with respect to the operation of finite intersection hold; the first and second
separation theorems with respect to the operations ∩, lim do not hold. For the
class 𝐺 of the spaces 𝐽𝜏 , 𝐷𝜏 , when 𝜏 < ℵ0, the second and third separation
theorems and the third theorem on multiple separation with respect to the
operation of finite intersection do not hold.

2. For the class of (𝜔𝜈)𝐴-sets obtained by the 𝐴-operation with complete
depth of chains 𝜔𝜈, when 𝜏 > ℵ0, the separation laws in the spaces under
study 𝐽𝜔𝜈 , 𝐷𝜔𝜈 , 𝐽𝜏 , 𝐷𝜏 are analogous to the separation laws for the class
of 𝐴-sets of the Baire space 𝐽 . The same holds for higher classes of (𝜔𝜈)𝑅-
sets.

3. For the second class of projective sets of the space 𝐽𝜔𝜈 , when 𝜏 > ℵ0, we
obtain separation laws converse to the separation laws in the first class of
projective sets of this space (in the class of (𝜔𝜈)𝐴-sets).
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Note: Figure translations are in progress. See original paper for figures.
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