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Abstract

Full Text
UDC 519.52
MATHEMATICS
Z. 1. KOZLOVA

THE PRINCIPLE OF COMPARISON OF
INDICES AND SEPARATION LAWS IN CER-
TAIN CLASSES OF SETS OF TOPOLOGICAL
SPACES OF WEIGHT 1

(Presented by Academician L. V. Kantorovich, 27 IX 1968)

A. A. Lyapunov (1) obtained a principle of comparison of indices for stabiliz-
ing iterations of set-theoretic (s.-t.) transformations as applied to an arbitrary
space of indices. Hence there immediately follows the principle of comparison of
indices for Z-operations with chain depth w. Pseudomonotone and contracting
s.-t. transformations will be called regular.

Theorem 1. If Z;y , and Z{M]_} are regular s.-t. transformations, (E;), and

(H;); are arbitrary families of sets of the basic space X,

Uij - Ez U CH], \I/QU{UZ]} == Uil n \I/j/,]\/f;{\lli/,Ni{Ui/j/}}’

then

Z{Qz‘j}{Uij} = {Z{Ni}lnd(x | {Ez}> > Z{JVIJ-} Ind(az | {Hj})}7

in particular,

T{Qij}{Uij} = [T{Ni}Ind(:c {E:}) = T{Mj}lnd(m ‘ {HJ}>]

Let the space of indices I have cardinality 7 = R,,, where 7 is a strongly inacces-
sible cardinal number (2). In view of the equivalence of Q- and R-operations to
Z- and T-operations without hooks, the principle of comparison of indices also
holds for - and R-operations.

Let

My = (N;) U (N(ia)w) and 9, = (M) U (M(ja)w)
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be bases of (v)T-operations, v =w - A < w,,. If we put

U;; = E;,UCH,, ‘I)Qij{Uij} = (I)j’,M;{(I)i’,Ni{Ui/j/}}a

(I)LE}/{Uz‘j} = (I)j’,M]"/c{(I)i/,N;” Uiy 3}, vVi=w- XN <,

then the R-iteration of s.-t. transformations with variable bases (Q;;); ;,

(Léjj/)i,j,w performed over the family of sets (U,;), ;, gives

Ug = (& ucH])

B<a

for any oo < £(v). Hence we obtain:

Theorem 2. If

ml = (Nj) U (N(ja)v)a 9ﬁ2 = (M_]) U (M(ja)v)

are families of bases of AX-operations, where i,j € I, (j,), are all possible
coordinated sequences of indices of type v < v =w- A < w,, (E;);, (H;); are
arbitrary families of sets of the basic space,

U,; = E;UCH,,

(I)Qij{Ui/j/} - q)j/7M7¢{q)i/vNi{Ui/j/}}’ (I)LZ/{UU} = @j/,M;/C{(I)i/,N;’/{Ui,j,}}
with v =w- XN <w,

Q= (Qij) U (L%)7

then

()T iy Ui} = USY = [(0)Ton, Ind(z | {E;}) > (v)Tyn, Ind(x | {H,})].

Let M be a base of the AY-operation satisfying the following conditions:

o)y = U ()T =, (0T = @ppe and (0)Tyy = @y, (0)Thy >
Dy oric; W N <.

2°. (D, d) = Poyy (Ppye,d) = Ppye.
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Denote by (v)B,, the class of AX-operations constructed as follows: 1) the
trivial operations, the operations (1, |J_, @y, Ppre, ppuny Pppunse with
w- XN < v belong to the class (v)B,;; 2) if &, € (V)B,, Py € (v)B,, for
i €1, then &;{®,, }; € (V)B,,; 3) the class (v)B,, is invariant with respect to
shifts of bases; 4) ({))’B a 18 the smallest class of sets satisfying conditions 1)—3).
The operations belonging to the class (v)B,, are no stronger than operations of
type (v)T,;. Denote by (v)TB,, the class of v-extensions of the AX¥-operations
of the class (v)®B,,;. The operations belonging to the class (v)T8,; are no
stronger than operations of type (U)TTM, and hence also than operations of
type (v)T),.

Theorem 3. If M = (W;) U (W(ia)w)’ ¢ = (5;)U (S(ia)w) are bases of AX-
operations of the class (w,)B,,, where i € I, (i), are all possible compatible
sequences of indices of type v < w,,, (E;;); j, (£;5);; are arbitrary families of
sets of the class K¢ 2 0, M, such that the class K¢ C M, . is projective,
for any i € I, with respect to the class K¢ C M, with base L(yy,...,y;) = {n},
where n € N, @y = (w,)T{ay, and KU K¢ C @o(K°), where @5 < (w,,) Ty,
(WU)PN;MT = (wv>T{M}’

N = U L(y07"'7yi)a

Bi(@) = (w,) P oy Ind(z/{E;}),  By(w) = (w,) Py  Ind(z/{&;;}),

then

1By (2) > By(a)] € (w,) P, (K°).

For 7 = N, we have P. S. Novikov’ s principle of comparison of indices (*).

Theorem 4. Let (E;);, (£;); be arbitrary families of sets of class K, invariant
with respect to the operations of complementation and union of finite families
of sets, and suppose E; D E, , & D &;,, fori € I. Then, for an arbitrary
cardinal number T,

(Ind(z/{E;}) > (Ind(z/{&;}) | € D (K).

Consider some rearrangements of the operations Z ( Nj}{Ei}, leading to a change

in the indices of the given operation. Construct a quasi-shift of bases f(j) = j+n,
i.e. put

M,=1J) () ENn [) CE.
N )

neN; ief(n) ief(I\f(n
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In addition, let M., = EYY M, = YT R2 N = EYvinbatn g
H,=H_, =" —H —E s Hipn = E;, 1fz7é’y,wherew<w is a limit
ordinal. Then W, {H } = \IIN {E,} for j €I, Ziu, HH = Zin, HE;}, while

at the same time

iy Ind(z/{H;}) = Zinyy Ind(z/{E;}) +n
if
veCBy™ = CZy {E} (3= =E[pc ).

If we construct a new family of sets H,, = H,, =H,,,1 = E; for
i € I and a new family of bases M,,; , = E’””€ Rkl for k < n — 2, putting

f(@) = ni, then we obtain

M0y = UJ ([l E'NCE.
nEN;; i€ f(n)U{nitn—1}ic f(H\f(n)
Then
\I/Mmgrn,1 {Hz} = Hni+(n—1) N ﬂ \I’N,i{Hm'}’
My, A H Y = Heyin NV s k<n-—2,

Ziuy{H;} = Zin {Ei}

At the same time, if
Blx) = Ziy,y Ind(z/{E}),  Bi(x) =

= Z{Mi}lnd(x | {H;}),
and f(z) = o* + k, where o* is a limit ordinal, ¥ < w, then

Bi(x) = +nk forze CZy {E}.
Analogously one can carry out rearrangements of T-operations with chains of

arbitrary depth, using the shift of bases f(i) = i+n when the index is increased
by n units, and f(i) = ni when an n-fold index is obtained.
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Let A = (8(z)) be a class of transfinite indices. Denote by K(A) the class of
all sets representable in the form [8(z) = w,, ;]| ([8(z) = ((w,)]). The class A is
said to be regular if [5;(z) > By(x)] € K(A) for all functions §; (), By(x) € A,
and completely regular if, in addition,

(VE;, Ey € K(A))(3B84(2), Be(x) € A) [x € By N Ey = By(x) = Bo(x)].

From the principles of comparison of indices and rearrangement of operations
leading to a change of indices, there follows the complete regularity of the fol-
lowing classes of transfinite indices:

1) The class of external indices of the operation ﬂT with respect to the class
of sets @, (K), if the class K is invariant with respect to the operations of
complementation and union of sets in number < 7.

2) The class of external indices (w,) of a T-operation (of T-operations) with
bases of operations of the class (w,)B (B y), if K D 2 is invariant with
respect to the operations of complementation and union of sets of any
finite family.

3) The class of external indices of the operation (w,)Pg, ., where the bases
of the family

m = (Mz) U (M(ioc)'y)
belong to operations of the class (w,)B,,, if the class K D (), is such
that
K* e mmayyo.“yi

for ¢ € I is projective with respect to the class K¢ € BIN,, with base
L(Yo, - ;) = {n},
where n € N, @y = (w,) {5, and, moreover,

N = U L(y07-.,ayi)? KUKCC(DQ(KC>7 (bQ < (wV>TM)
(yO:"'wyi)emyo,,.yi

(wu)PNMT =< (WV)TM7 PNMT = (I)ﬂ]fn (I)L = (wu)T{M}

At the basis of the theory of multiple separability, together with the principle
of comparison of indices, lies the following fundamental lemma:

Lemma 1. Let A = (5;(z)) be a family of transfinite functions, ®, some
AX-operation, and

where v =w - A < w,,

Qi = [Bi(x) < 5j<x)]a H;, = O(I)Ni{Qij}'
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Then
H; D E;\ ®ni{Ej}, On{H;} = 0.

For 7 = ¥, the lemma was proved by A. A. Lyapunov (). For general t.-m.
operations there is the following more restricted lemma:

Lemma 2. Let A = (B;(x)) be a family of transfinite indices, ¥, some t.-m.
operation,

E; = [B;(z) = (V)] Qij = [Bi(z) < »Bj(x>]7 H;, = C\IjNi{Qij}'

H, > E,\ Uy {E}}.

Hence, on the basis of the general theory of separability developed by A. A.
Lyapunov (3%), we obtain the following assertions:

1. For the classes of sets F, F*™2 of t-spaces J*,D¥ for a < w,,,q, F**2
for @ > w, F**3 for a < w of the spaces J7, D", the first and second
separability theorems hold, as do the first and second theorems on mul-
tiple separability with respect to the operation ﬂT/ for 77 < 7; the third
separability theorem and the third theorem on multiple separability with
respect to the operations ﬂT, lim do not hold. For the class F of the spaces
J7,D7 for T > N, the first separability theorem holds, as does the first
theorem on multiple separability with respect to the operation of finite
intersection, and the second separability theorem and the second theorem
on multiple separability with respect to -

with respect to the same operation. For the classes G, G**2 of T-spaces J¥», D“v
for @ < w, 4, the class G*™2 for a > w, and G**3 for o < w of the spaces J7, D7,
the third separation theorem and the third theorem on multiple separation
with respect to the operation of finite intersection hold; the first and second
separation theorems with respect to the operations N, lim do not hold. For the
class G of the spaces J7, D7, when 7 < ¥, the second and third separation
theorems and the third theorem on multiple separation with respect to the
operation of finite intersection do not hold.

2. For the class of (w,)A-sets obtained by the A-operation with complete
depth of chains w,,, when 7 > R, the separation laws in the spaces under
study J“», D*v, J7, D™ are analogous to the separation laws for the class
of A-sets of the Baire space J. The same holds for higher classes of (w, )R-
sets.

3. For the second class of projective sets of the space J*v, when 7 > X, we
obtain separation laws converse to the separation laws in the first class of
projective sets of this space (in the class of (w,,)A-sets).
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