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Abstract
Full Text
UDC 518:512.25

ON THE CHOICE OF A PARAMETER IN A
MINIMIZATION PROBLEM
M. D. Maergoiz

(Presented by Academician L. V. Kantorovich on January 6, 1969)

When applying the method of steepest descent, first proposed in (1), to the min-
imization of nonquadratic functionals, it is necessary at each step to determine
a parameter by solving a nonlinear equation, i.e., by carrying out an infinite
computational procedure. In this connection, in (2, 3) special methods were
proposed for choosing the parameter that ensure convergence. In the present
note a very simple device is proposed for choosing the parameter (for example,
on the basis of bisection) for minimizing a strongly convex function in a finite-
dimensional space; the convergence of the iterative processes thereby obtained
is proved, and a rapidly convergent “hybrid”method is constructed.

Let

𝑋 ∈ 𝐸𝑛; 𝑓(𝑋) ∈ 𝐶2; −∞ < 𝑓(𝑋∗) = min
𝑋

𝑓(𝑋) < +∞; (1)

the initial approximation 𝑋0 is arbitrary.

Introduce the set 𝔐𝑋 = {𝑋 ∶ 𝑓(𝑋) ≤ 𝑓(𝑋0)}. Suppose that

𝑚‖𝑢‖2 < (𝐻(𝑋)𝑢, 𝑢) ≤ ‖𝐻(𝑥)‖ ⋅ ‖𝑢‖2 < 𝑀‖𝑢‖2; (2)

for all 𝑋 ∈ 𝔐𝑋, 𝑢 ∈ 𝐸𝑛, where

𝐻(𝑋) = (𝜕2𝑓(𝑋)
𝜕𝑥𝑖𝜕𝑥𝑗

)
𝑛

𝑖,𝑗=1
.

We describe a step of any of the iterative processes:

{
𝑡𝑘
0 = 𝑡 > 0; 𝑋−𝑡𝑘

𝑗 = 𝑋𝑘 − 𝑡𝑘
𝑗 𝑙𝑘;

if 𝑓(𝑋−𝑡𝑘
𝑗 ) ≥ 𝑓(𝑋𝑘), then 𝑡𝑘

𝑗+1 = 𝑡𝑘
𝑗 /𝑝;

(3)

otherwise:
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𝑡𝑘 = 𝑡𝑘
𝑗 ; 𝜏𝑘 = 𝑡𝑘/𝑝; 𝑝 > 1; 𝑋𝑘+1 = 𝑋𝑘 − 𝜏𝑘𝑙𝑘, (4)

where 𝑙𝑘 satisfies the relation

𝛾1‖∇𝑓(𝑋𝑘)‖2 < (∇𝑓(𝑋𝑘), 𝑙𝑘) ≤ ‖∇𝑓(𝑋𝑘)‖ ⋅ ‖𝑙𝑘‖ < 𝛾2‖∇𝑓(𝑋𝑘)‖2; (5)

0 < 𝛾1; 𝑘 = 0, 1, 2, …

For 𝑝 = 2 we obtain the bisection device.

Theorem 1. If conditions (1), (2) are fulfilled, then any of the iterative pro-
cesses (3), (4), (5) converges, i.e.

lim
𝑘→∞

‖𝑋𝑘 − 𝑋∗‖ = 0. (6)

Proof. For any 𝑋𝑘 (‖∇𝑓(𝑋𝑘)‖ > 0), consider

𝜑𝑘(𝑡) = (∇𝑓(𝑋𝑘 − 𝑡𝑙𝑘), 𝑙𝑘); 𝜑𝑘(0) = (∇𝑓(𝑋𝑘), 𝑙𝑘) > 𝛾1‖∇𝑓(𝑋𝑘)‖2 > 0. (7)

According to (1), (2),

𝜑′
𝑘(𝑡) = −(𝐻(𝑋𝑘 − 𝑡𝑙𝑘)𝑙𝑘, 𝑙𝑘) < 0, (8)

the function 𝜑𝑘(𝑡) is monotonically decreasing and has one positive root 𝑎𝑘.
From (3), (4),

𝑓(𝑋𝑘 − 𝑡𝑘𝑙𝑘) − 𝑓(𝑋𝑘) = − ∫
𝑡𝑘

0
(∇𝑓(𝑋𝑘 − 𝑡𝑙𝑘), 𝑙𝑘) 𝑑𝑡 = − ∫

𝑡𝑘

0
𝜑𝑘(𝑡) 𝑑𝑡 < 0, (9)

∫
𝑡𝑘

0
𝜑𝑘(𝑡) 𝑑𝑡 > 0.

Taking into account (7), (8),

∫
𝜏𝑘

0
𝜑𝑘(𝑡) 𝑑𝑡 = ∫

𝑡𝑘/𝑝

0
𝜑𝑘(𝑡) 𝑑𝑡 > 0;
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𝑓(𝑋𝑘+1)−𝑓(𝑋𝑘) = 𝑓(𝑋𝑘−𝜏𝑘𝑙𝑘)−𝑓(𝑋𝑘) = − ∫
𝜏𝑘

0
𝜑𝑘(𝑡) < 0; 𝑓(𝑋𝑘+1) < 𝑓(𝑋𝑘).

(10)

Thus, the sequence {𝑓(𝑋𝑘)} is monotonically decreasing and bounded below
(𝑓(𝑋𝑘) ≥ 𝑓(𝑋∗)).
Suppose that the sequence {𝑓(𝑋𝑘)} does not converge to the minimum value of
the function, i.e.,

lim
𝑘→∞

𝑓(𝑋𝑘) = ̄𝑓 > min
𝑋

𝑓(𝑋) = 𝑓(𝑋∗). (11)

In this case there is a Δ > 0 such that for all 𝑘 it will be true that

‖∇𝑓(𝑋𝑘)‖ > Δ. (12)

In order to obtain a contradiction to assumption (11), we first estimate the
parameter 𝜏𝑘.

Taking into account (3), (4), 𝑓(𝑋𝑘 − 𝑡𝑘𝑙𝑘) < 𝑓(𝑋𝑘); 𝑓(𝑋𝑘 − 𝑝𝑡𝑘𝑙𝑘) ≥ 𝑓(𝑋𝑘). By
continuity there is a number

𝜆𝑘 = (1 + 𝜃𝑘(𝑝 − 1))𝑡𝑘; 0 < 𝜃𝑘 ≤ 1, (13)

such that

𝑓(𝑋𝑘 − 𝜆𝑘𝑙𝑘) = 𝑓(𝑋𝑘); 𝑋𝑘 − 𝜆𝑘𝑙𝑘 ∈ 𝔐𝑋;

𝑓(𝑋𝑘 − 𝜆𝑘𝑙𝑘) − 𝑓(𝑋𝑘) = −𝜆𝑘(∇𝑓(𝑋𝑘), 𝑙𝑘) + (𝜆𝑘)2

2 (𝐻(𝑦𝑘)𝑙𝑘, 𝑙𝑘) = 0; (14)

𝜆𝑘 = 2(∇𝑓(𝑋𝑘), 𝑙𝑘)
(𝐻(𝑦𝑘)𝑙𝑘, 𝑙𝑘) ; 𝑌 𝑘 = 𝑋𝑘 − 𝜔𝑘𝜆𝑘𝑙𝑘 ∈ 𝔐𝑋; 0 < 𝜔𝑘 < 1.

In connection with (2), (3), (4), (5), (13), (14),

2𝛾1
𝛾2

2𝑀 < 𝜆𝑘 < 2𝛾2
𝛾2

1𝑚; min (𝑡, 2𝛾1
𝑝𝛾2

2𝑀 ) < 𝑡𝑘 < 2𝛾2
𝛾2

1𝑚;

min ( 𝑡
𝑝 , 2𝛾1

𝑝2𝛾2
2𝑀 ) < 𝜏𝑘 < 2𝛾2

𝑝𝛾2
1𝑚. (15)
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Let us estimate from below

∫
𝜏𝑘

0
(∇𝑓(𝑋𝑘 − 𝑡𝑙𝑘), 𝑙𝑘) 𝑑𝑡 = ∫

𝜏𝑘

0
𝜑𝑘(𝑡) 𝑑𝑡.

On the basis of (1), (2), (4), (5), (13), (14),

−𝑀𝛾2
2‖∇𝑓(𝑋𝑘)‖2 < 𝜑̇𝑘(𝑡) = −(𝐻(𝑋𝑘 − 𝑡𝑙𝑘)𝑙𝑘, 𝑙𝑘) < −𝑚𝛾2

1‖∇𝑓(𝑋𝑘)‖2;

0 ≤ 𝑡 ≤ 𝜆𝑘; 𝑋𝑘 − 𝑡𝑙𝑘 ∈ 𝔐𝑋. (16)

−𝑀𝛾2
2‖∇𝑓(𝑋𝑘)‖2𝑡+𝜑𝑘(0) ≤ 𝜑𝑘(𝑡) ≤ −𝑚𝛾2

1‖∇𝑓(𝑋𝑘)‖2𝑡+𝜑𝑘(0); 0 ≤ 𝑡 ≤ 𝜏𝑘;

−𝑀𝛾2
2‖∇𝑓(𝑋𝑘)‖2(𝑡 − 𝜏𝑘) + 𝜑𝑘(𝜏𝑘) ≤ 𝜑𝑘(𝑡) ≤

≤ −𝑚𝛾2
1‖∇𝑓(𝑋𝑘)‖2(𝑡 − 𝜏𝑘) + 𝜑𝑘(𝜏𝑘); 𝜏𝑘 ≤ 𝑡 ≤ 𝜆𝑘. (17)

Suppose first that 𝜏𝑘 ⩽ 𝑎𝑘. According to (7), (8), (14), (16), (12)

∫
𝜏𝑘

0
𝜑𝑘(𝑡) 𝑑𝑡 > ∫

min(𝑡/𝑝, 2𝛾1/𝑝2𝛾2
2𝑀)

0
(−𝑀𝛾2

2‖∇𝑓(𝑋𝑘)‖2𝑡 + 𝜑𝑘(0)) 𝑑𝑡 >

> ∫
min(𝑡/𝑝, 2𝛾1/𝑝2𝛾2

2𝑀)

0
(−𝑀𝛾2

2‖∇𝑓(𝑋𝑘)‖2𝑡 + min(𝑡𝛾2
2𝑀/2𝛾1, 1

𝑝 )𝜑𝑘(0)) 𝑑𝑡 >

> min ( 2𝛾2
1

𝑝4𝛾2
2𝑀 , 1

2
𝑡2𝛾2

2𝑀
𝑝2 ) Δ2 = 𝑆1. (18)

Now suppose that 𝜏𝑘 ⩾ 𝑎𝑘. According to (7), (8), (15), 17) 𝜑𝑘(𝜏𝑘) ⩽ 0;

∫
𝜏𝑘

0
𝜑𝑘(𝑡) 𝑑𝑡 = ∫

𝜆𝑘

0
𝜑𝑘(𝑡) 𝑑𝑡 − ∫

𝜆𝑘

𝜏𝑘
𝜑𝑘(𝑡) 𝑑𝑡 = 𝑓(𝑋𝑘) − 𝑓(𝑋𝑘 − 𝜆𝑘𝑙𝑘)−
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− ∫
𝜆𝑘

𝜏𝑘
𝜑𝑘(𝑡) 𝑑𝑡 = − ∫

𝜆𝑘

𝜏𝑘
𝜑𝑘(𝑡) 𝑑𝑡 ⩾ ∫

𝜆𝑘

𝜏𝑘
(𝑚𝛾2

1‖∇𝑓(𝑋𝑘)‖2(𝑡 − 𝜏𝑘) − 𝜑𝑘(𝜏𝑘)) 𝑑𝑡 ⩾

⩾ ∫
𝜆𝑘

𝜏𝑘
𝑚𝛾2

1‖∇𝑓(𝑋𝑘)‖2(𝑡 − 𝜏𝑘) 𝑑𝑡 = 𝑚𝛾2
1‖∇𝑓(𝑋𝑘)‖2

2 (𝜆𝑘 − 𝜏𝑘)2 >

> 𝑚𝛾2
1

2 (𝑡𝑘 − 𝜏𝑘)2Δ2 = 𝑚𝛾2
1(𝑝 − 1)2

2 (min ( 𝑡
𝑝 , 2𝛾1

𝑝3𝛾2
2𝑀 ))

2
Δ2 = 𝑆2. (19)

Finally,

∫
𝜏𝑘

0
𝜑𝑘(𝑡) 𝑑𝑡 > min(𝑠1, 𝑠2) = 𝑠 > 0;

𝑓(𝑋𝑘+1) = 𝑓(𝑋𝑘) − ∫
𝜏𝑘

0
𝜑𝑘(𝑡) 𝑑𝑡 < 𝑓(𝑋𝑘) − 𝑠 < 𝑓(𝑋0) − (𝑘 + 1)𝑠; (20)

lim
𝑘→∞

𝑓(𝑋𝑘) = −∞ < 𝑓(𝑋∗) = min
𝑋

𝑓(𝑋),

which contradicts (11).

Thus, for any 𝜀 > 0 there exists such a 𝐾(𝜀) that for all 𝑘 ⩾ 𝐾(𝜀) the inequality
‖∇𝑓(𝑋𝑘)‖ < 𝜀 will hold. Hence

∇𝑓(𝑋𝑘) = ∇𝑓(𝑋𝑘) − ∇𝑓(𝑋∗) = 𝐻(𝑍𝑘)(𝑋𝑘 − 𝑋∗);

𝑍𝑘 = 𝑋∗ + 𝜃𝑘(𝑋𝑘 − 𝑋0) ∈ 𝔐𝑋, 0 < 𝜃𝑘 < 1; (21)

𝑋𝑘 − 𝑋∗ = (𝐻(𝑍𝑘))−1∇𝑓(𝑋𝑘); ‖𝑋𝑘 − 𝑋∗‖ < 𝜀/𝑚,

which proves the theorem.

Choose 𝑙𝑘 = (𝐻(𝑋𝑘))−1∇𝑓(𝑋𝑘).

‖∇𝑓(𝑋𝑘)‖2

𝑀 < (∇𝑓(𝑋𝑘), 𝑙𝑘) = (∇𝑓(𝑋𝑘), (𝐻(𝑋𝑘))−1, ∇𝑓(𝑋𝑘)) ⩽ (22)
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⩽ ‖(𝐻(𝑋𝑘))−1‖ ⋅ ‖∇𝑓(𝑋𝑘)‖ < ‖∇𝑓(𝑋𝑘)‖2

𝑚 ;

min (𝑡, 2𝑚2

𝑝𝑀2 ) < 𝑡𝑘 < 2𝑀2

𝑚2 ; 2𝑚2

𝑝𝑀2 < 2; 2𝑀2

𝑚2 > 2; (23)

min (𝑡/𝑝, 2𝑚2

𝑝2𝑀2 ) < 𝜏𝑘 < 2𝑀2

𝑝𝑚2 .

Theorem 2. If 0 < 𝑡 < 2, then there exists a neighborhood

𝑊𝛿(𝑋∘) = {𝑋 ∶ ‖𝑋 − 𝑋∘‖ ≤ 𝛿} ⊂ 𝔐𝑋

such that for

𝑋𝑘 ∈ 𝑊𝛿(𝑋∘); 𝑋𝑘
(𝑡) = 𝑋𝑘 − 𝑡(𝐻(𝑋𝑘))−1∇𝑓(𝑋𝑘) (24)

the inequality 𝑓(𝑋𝑘
(𝑡)) < 𝑓(𝑋𝑘) holds.

Proof. From (24) we have

𝑋𝑘
(𝑡) − 𝑋𝑘 = −𝑡(𝐻(𝑋𝑘))−1(∇𝑓(𝑋𝑘) − ∇𝑓(𝑋∘)) =

= −𝑡(𝐻(𝑋𝑘))−1𝐻(𝑋̄𝑘)(𝑋𝑘 − 𝑋∘);
𝑋̄𝑘 = 𝑋∘ + ̄𝜃𝑘(𝑋𝑘 − 𝑋∘) ∈ 𝑊𝛿(𝑋∘) ⊂ 𝔐𝑋; (25)

0 < ̄𝜃𝑘 < 1; ‖𝑋𝑘
(𝑡) − 𝑋𝑘‖ ≤ 2𝑀

𝑚 𝛿 = 𝛿′.

Let us choose a number
0 < 𝜀 < (2 − 𝑡)𝑚2

𝑀𝑡 . (26)

In view of (1), for 𝜀 there exists such a 𝛿′ > 0, and hence also 𝛿, that whenever
the inequality

‖𝑋 − 𝑋𝑘‖ ≤ 2𝑀
𝑚 𝛿 = 𝛿′

is satisfied, we have
‖𝐻(𝑋) − 𝐻(𝑋̄𝑘)‖ < 𝜀;

𝑓(𝑋𝑘
(𝑡)) = 𝑓(𝑋𝑘) − 𝑡(∇𝑓(𝑋𝑘), (𝐻(𝑋𝑘))−1∇𝑓(𝑋𝑘)) + 𝑡2

2 (𝐻(𝑋̄𝑘
(𝑡))×

×(𝐻(𝑋𝑘))−1∇𝑓(𝑋𝑘), (𝐻(𝑋𝑘))−1∇𝑓(𝑋𝑘)); 𝑋̄𝑘
(𝑡) = 𝑋𝑘 + ̄𝜃𝑘

(𝑡)(𝑋𝑘 − 𝑋𝑘
(𝑡));

0 < ̄𝜃𝑘
(𝑡) < 1; ‖𝑋̄𝑘

(𝑡) − 𝑋𝑘‖ ≤ 2𝑀
𝑚 𝛿 = 𝛿′;
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𝑓(𝑋𝑘
(𝑡)) = 𝑓(𝑋𝑘) − 𝑡

2(∇𝑓(𝑋𝑘), (𝐻(𝑋𝑘))−1∇𝑓(𝑋𝑘))(2 − 𝑡)+

+𝑡2

2 ((𝐻(𝑋̄𝑘
(𝑡)) − 𝐻(𝑋𝑘))(𝐻(𝑋𝑘))−1∇𝑓(𝑋𝑘), (𝐻(𝑋𝑘))−1∇𝑓(𝑋𝑘)) <

< 𝑓(𝑋𝑘) − 𝑡
2

‖∇𝑓(𝑋𝑘)‖2

𝑀 (2 − 𝑡) + 𝑡2

2 𝜀‖∇𝑓(𝑋𝑘)‖2

𝑚2 =

= 𝑓(𝑋𝑘) − 𝑡2‖∇𝑓(𝑋𝑘)‖2

2𝑚2 ((2 − 𝑡)𝑚2

𝑀𝑡 − 𝜀) < 𝑓(𝑋𝑘),

which completes the proof.

In (3) choose 𝑡 = 𝑝, 1 < 𝑝 < 2. In this case the iterative process

𝑋𝑘+1 = 𝑋𝑘 − 𝜏𝑘(𝐻(𝑋𝑘))−1∇𝑓(𝑋𝑘) (27)

converges on the basis of (22) and Theorem 1, and according to Theorem 2 there
exists such a 𝐾 that for all 𝑘 ≥ 𝐾 the equality

𝜏𝑘 = 1 (28)

holds.

Theorem 3. The iterative process (27) converges with superlinear rate.

Proof. From (27), (28), for 𝑘 ≥ 𝐾 we have

𝑋𝑘+1 − 𝑋∘ = 𝑋𝑘 − 𝑋∘ − (𝐻(𝑋𝑘))−1(∇𝑓(𝑋𝑘) − ∇𝑓(𝑋∘)) =

= 𝑋𝑘 − 𝑋∘ − (𝐻(𝑋𝑘))−1𝐻(𝑋̄𝑘)(𝑋𝑘 − 𝑋∘) = (𝐻(𝑋𝑘))−1(𝐻(𝑋𝑘)− (29)

−𝐻(𝑋̄𝑘))(𝑋𝑘 − 𝑋∘); ‖𝑋𝑘+1 − 𝑋∘‖ ≤ 𝜀
𝑚‖𝑋𝑘 − 𝑋∘‖,

i.e. the assertion of the theorem.

If 𝑓(𝑋) ∈ 𝐶3, then the iterative process (27) with the choice of the parameter
according to (3), (4) (1 < 𝑡 = 𝑝 < 2) converges, as does Newton’s method for
solving the nonlinear system ∇𝑓(𝑋) = 0, with quadratic rate (see (4)).
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