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ON THE CHOICE OF A PARAMETER IN A
MINIMIZATION PROBLEM

M. D. Maergoiz
(Presented by Academician L. V. Kantorovich on January 6, 1969)

When applying the method of steepest descent, first proposed in (1), to the min-
imization of nonquadratic functionals, it is necessary at each step to determine
a parameter by solving a nonlinear equation, i.e., by carrying out an infinite
computational procedure. In this connection, in (2, 3) special methods were
proposed for choosing the parameter that ensure convergence. In the present
note a very simple device is proposed for choosing the parameter (for example,
on the basis of bisection) for minimizing a strongly convex function in a finite-
dimensional space; the convergence of the iterative processes thereby obtained

is proved, and a rapidly convergent “hybrid” method is constructed.
Let

X € E™; f(X)e0? —oo<f(X*):rr§nf(X)<+oo; (1)

the initial approximation XV is arbitrary.

Introduce the set My = {X : f(X) < f(X°)}. Suppose that

miful* < (H(X)u,u) < [H(z)| - Jul® < Mul?; (2)

for all X € My, u € E™, where

H(X) = (axiaxj

We describe a step of any of the iterative processes:

WﬂX»” .
i,j=1

th=t>0; XU =X"—thh
if f(X71) > f(X*), then t | =t*/p;

otherwise:
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th =tk ™ =t*/p; p>1; Xkl = Xk _ hik, (4)

where I* satisfies the relation
YIVAXFN? < (VAXF)F) < VX 1F] < %IVAXRIP (5)

0<v; k=01,2,..

For p = 2 we obtain the bisection device.
Theorem 1. If conditions (1), (2) are fulfilled, then any of the iterative pro-
cesses (3), (4), (5) converges, i.e.
lim | X* — X*|| = 0. (6)
k—o0

Proof. For any X* (|Vf(X*)| > 0), consider

er(t) = (VAXF—tF),15); 9r(0) = (VF(XF), 1) > 3 [VAXP)P > 0. (7)
According to (1), (2),

Pi(t) = —(H(X* —ti)I*,1F) <0, (®)

the function ¢, () is monotonically decreasing and has one positive root a*.
From (3), (4),

ﬂﬂ—ﬂ%—f@h=—/7vmW—m»mm:—/t%@m<m<m
0 0

tk

/ o (£) dt > 0,
0

Taking into account (7), (8),

T t’“/p
/ atydi= [ out)de > o;
0

(=)
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FXFD—f(XF) = f(XE—rhik)— f(XF) = _/T o0 (£) < 0 FXELY < f(XR).
0
(10)

Thus, the sequence {f(X*)} is monotonically decreasing and bounded below
(F(XF) = f(X).

Suppose that the sequence {f(X*)} does not converge to the minimum value of
the function, i.e.,

lim f(X*) = f > min f(X) = f(X*). (11)
k—oo X
In this case there is a A > 0 such that for all &k it will be true that

[VAX®)]| > A. (12)

In order to obtain a contradiction to assumption (11), we first estimate the

parameter Tk,

Taking into account (3), (4), f(X*—tFIF) < f(X*); f(XF—pthiF) > f(XF). By
continuity there is a number

MNe=(14+0p—1)tk;  0<-<1, (13)

such that

FOXE = NME) = f(XF); XF— AR € ity

SO0 x8) — £ 00%) = (7,19 + D ey <0

2(VF(XF), 1)

N = T R

YF = Xk — WP XFIF € s 0<wk<1.

In connection with (2), (3), (4), (5), (13), (14),

2 2 2 2
—2% <>\’€<—272 : min <t, 31 > <t’“<—272 :
va M im pya M yim
t 2 2
min ( L > <rh< T2 (15)
p p*ya M pYyrm
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Let us estimate from below

k k

/T (Vf(X’f—tl’f),l’“)dt:/T @, (t) dt.
0 0

On the basis of (1), (2), (4), (5), (13), (14),
—MA|VF(XP)|? < @y(t) = —(H(XF —t")IF, 1F) < —mad |V F(X5)]*:

0 <t <Ak Xk —tik e M. (16)

—MIVF(XE)Pt+0r(0) < 9y (t) < —mAZ[VA(XP)Pt+¢, (0, 0<t<7h

—MA3[VFXF)P(E = 75) + 01 (77) < pp(t) <

< —mAR|VAX)P(E—7F) + o (7F); TR <t <Ak (17)

Suppose first that 7% < a®. According to (7), (8), (14), (16), (12)

Tk min(t/p, 27, /p?>v3 M)
/ ou(t)dt > / (—MA2IV F(X) Pt + 0y (0)) dit >
0 0

min(t/p, 27, /p*v3 M) 1
> [ (~MABIV XS P+ min(330 /270, 2)(0)) e >
0

. 2’7% 1 t27§M 2
> min (p‘W%M’ 3 2 A% =5,. (18)

Now suppose that 7% > a*. According to (7), (8), (15), 17) ¢, (7%) < 0;

k Ak

/OT outty it = [

)\k
pu(t)di - / (e de = JX) — (X5 X
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Ak Ak

—Lc%wm=—4

A 2 k|2
> [ w1 sae e - = TAEEOE

AF
oyt > [ VAP~ )~ py(r)) di >
()\k o Tk)2 >

2

2 2 2
MY ok KM2A2 _ T (p—1) . 3 27 2 _
> 2 (tF —m%)2A% = — min ];, p3'y§M A% =5,. (19)

Finally,

k

/ ©(t) dt > min(sy, s5) = s > 0;
0

k

FXF) = f(XF) — /T Rty dt < f(XF) —s < f(XO) — (k+1)s;  (20)
0

lim f(X*) = —00 < f(X*) = min f(X),

k—o0

which contradicts (11).

Thus, for any € > 0 there exists such a K (¢) that for all k > K (e) the inequality
[V f(X®)| < e will hold. Hence

V(XF) = VF(X*) = VAX) = H(Z")(X* = X*);
ZF =X+ 08 XF - X% emy, 0<0 <1, (21)

XE— X" = (H(ZF)'WVHXR), X=X <e/m,

which proves the theorem.

Choose ¥ = (H(X*))"'Vf(XF).

[V (X9

- < (VAR = (VAR (HX9)) L VIR < (22)
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< IR 9 < DL,

C(om?\ o, 2M? 2m? 2M?
min <t7pM2> <ttt < o PIVE < 2; = > 2: (23)

2

. 2m e 2M
min t/p,W <7V < pmz.

2

Theorem 2. If 0 < ¢t < 2, then there exists a neighborhood
Wy(X) = {X : X — X°| <0} € My
such that for
XFews(X7);  X§

= X ((H(X9) 1V f(XP) (24)

the inequality f(X(kt)) < f(X*) holds.
Proof. From (24) we have

X — X = —t(H(XF)"H(VA(XF) = V(X)) =

— —H(H(X*) " H (XF) (X — X°);
XF =X+ 0F(XF — X°) € Ws(X°) C My (25)
—~ 2M
0<oF<1; |XE —XF|<=—0=¢"
(t) m
Let us choose a number
(2 —t)ym?
Mt

In view of (1), for e there exists such a ¢’ > 0, and hence also 0, that whenever
the inequality

0<e< (26)

2M
X - XH < =6 =
m

is satisfied, we have ~
|H(X) - H(XY)| <e;

2 —

FIXE) = FXP) = t(VHXP), (H(XF) TV F(XR) + %(H(Xf%)x

= X* 400, (X* — XE);

X (H(X*)TV f(XR), (H(X?) IV A(XR) X (

®)

_ . 2M
k . k _ vk — 5.
0<blf <1; [Xk —X*<==6=0;
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+%((H(5(<’§>) — H(X)(H(X®) V(X (H(X5) V(X)) <
ky|12 2 k(12
< g0y - LIVIEOE o (2 VTGP _
2 E\|2 — H\m?2
— f(Xk) _ t ”VQfTEjz( )H ((2 ]\;i _€> < f(Xk),

which completes the proof.

In (3) choose t = p, 1 < p < 2. In this case the iterative process
XEH = XE 7k (H (X)) IV f(XP) (27)

converges on the basis of (22) and Theorem 1, and according to Theorem 2 there
exists such a K that for all £ > K the equality

=1 (28)
holds.

Theorem 3. The iterative process (27) converges with superlinear rate.

Proof. From (27), (28), for kK > K we have
XRH X0 = XF - X (H(XM) T (VA(XE) — VF(X) =

= X¥ = X" — (H(X")) " H(X")(X* — X°) = (H(X") " (H(X") - (29)

—H(XR)(XF - X)X X0 < Xt - X,
m
i.e. the assertion of the theorem.

If f(X) € C3, then the iterative process (27) with the choice of the parameter
according to (3), (4) (1 <t =p < 2) converges, as does Newton’ s method for
solving the nonlinear system Vf(X) = 0, with quadratic rate (see (*)).
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