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1. We consider a model of a scalar real field with interaction Lagrangian:
”Cint(‘r> =g: 904<'L.) 5 T = (xo,xl,x2,x3),

where ¢(z) is a free field. In this model the S-matrix is given by the
expression

S =Texp (ig/: Lo () - dm) . (1)

Expression (1) admits an expansion in normal products of the field p(x)
N
S=F+ Y [ [ Faars ) ooy s doyday. )
i=1

The functions F are infinite series of contributions from Feynman diagrams
with N external lines (N = 0,1,2,...) (}?), and the problem arises of assigning
mathematical meaning to these series.

The following scheme is proposed for solving this problem. From the formal
expressions (1) and (2), relations between the functions Fy are derived. These
relations are considered in the Euclidean domain as a single equation in a certain
Hilbert space. By the sum of the series representing Fyy we mean the solution
of the equations obtained (34).

2. Two kinds of relations between the functions F are possible.

I. Substituting series (2) into the relation of D. A. Kirzhnits (°)

d 1
58 =27 [(Ly@)S) da, 3)

reducing the right-hand side of (3) to normal form, varying N times with respect
to the field ¢(z), and averaging over the vacuum, we obtain relations between
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Fig. 1

Figure 1: Fig. 1

the functions
N
FN<p17"'7pN):/dxl”'d‘rNeXp (Zzpzﬂ%> Z Fry(2q,...,2y)
i=1 perm(z, T )

in the Euclidean domain:

digFN(pp-"apN): 22: > <2+S>H/ 27)4 k:2 )(27T)45(pz i

§=—2 iy Fertrin, =1

" +pi2‘s - kl - k275)FN72s(k17 "~7k27svp17 7131'13 ai)iz‘sv

(4)

for
N
S =0
i=1
and the initial condition F{(0) =1, F\(0) = 0.
Equations (4) are represented graphically as follows:
Fig. 1
II. Acting analogously with the relation (1):

g 522T<a£mt<x)g)’

Sep(x) dp(x)
we obtain
1 2 N 3275 dkl
FN(P1,-~PN):4QN Zl #; (1+s) H/Wf?"‘”ﬂ)
s=—ligFFig, =1 =
(5)

X(27T>45(pi1 oty k= — szs)

XFp 6 (klv ko D1y Dy s Dy, s -~~pN)>
for

p; = 0.

i

Equations (5) in graphical form:
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Fig. 2

Figure 2: Fig. 2

Fig. 2

In equation (5), F, enters only when N = 4. Equations for the functions
Fy = Fy/Fy (F} do not contain vacuum loops) can be obtained from (5) if
one sets Iy = 1 (the prime is omitted below). Equations (4) and (5) were first
obtained in works by one of the authors and were studied in detail in the >
model (%).

3. Consider the Hilbert space

H = iHN
N=0

of sequences f = {fy}%¥_; of symmetric functions fy(p;,...py) with scalar
product

N

- r dp,
(hwow Uwean) = [ FxoxdPye Py =T b
Nz::o N N N»IN NIN N N E(27T)4(p12+m2)
Introduce formal operations acting from one H, into another:
N
(@ )N py) = Y APy, (2m)'6(p;, + -+ s,
iy FeFig, =1
—ky = —ky_y) fn_os (kh ko g1, --~1v7¢17 --~1v%2+5 PN)
s=0, +1, £2.
(6)
We pass to new functions Fl. In equations I,
Fy — LF ;
N \/ﬁ N>
in equations II
1
Fy > ——Fly. 7
" B @

Let us rewrite equations I and II, using operations (6) and the substitution (7):
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d

L @FN(Q) = {VIN+ DN +2)(N +3)(N +4) (a_,F)n(9)

* VNN — 1)(11v —2)(N —3) <a2F)N(g)}
+4{ MHJXN+mw4meH-IW;_lgme@}
+6(agF) n(9),
or, more abstractly:
P9 =BF(g),  F0O)=1
. Fy =4g {W(GIF>N + %(%F)N t NI _31)(N = (alF)N}

+ 4g

NVIN-DN -2 (N —3)(N —9)
or, more abstractly:

4
F=AF+ F°, FO:5N4ﬁ9(277)45(p1+"'+p4)~

Operations (6), just like the operations A and B, have no operator meaning,
but generate unbounded bilinear forms. Let us dwell on the properties of these
bilinear forms.

Lemma 1. For infinitely differentiable functions fy and g, with compact
support, the relations

(N =249 gy, (a_f)n) = (N =2 =35)!((a,9)n, fy),  s=£2,£1,0

hold.
Proof follows from the definition of the operations a.

Lemma 2. If the components of the columns f and ¢ satisfy the condition of
Lemma 1, then the bilinear form (g, Bf) is symmetric.

Remark. The bilinear form (g, Af) is nonsymmetric because of the absence of
the operation a_,.
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4. Let us smooth our equations and operations (6), introducing into them a
form factor by means of the substitution

6(py + - +pg) = 0Py, ., py) € Hy, Imy =0,

©(P1, D2y P3,P4) = P(—D1, —P2, —P3, —Dy)-

Thus we have a, — a,(¢), B — B(yp). Such operators are already well defined.
The following convinces us of this.

Lemma 3. The estimates

NI
I(as (@) f)nl < el o, s ==+2,+1,0

(N—-2—5)
hold.

Proof follows from the definition of the operators a,(¢) and Schwarz’ s inequal-
ity.

Corollary. The operator B(yp) is unbounded. It is an operator-valued Jacobi
matrix (7) and is defined on the everywhere dense set in H of finite columns.

Lemma 4. The following conjugation properties hold:
(N =24 5)! (g, (a_s(©)f)n) = (N =2 —=3)! ((as(0)9) x> fn )

s=+2,41,0.

Lemma 5. The operator B(yp) is symmetric on the set of finite columns.

Corollary. The operator B(p) is real. Therefore, by Lemma 5, it admits a
self-adjoint extension.

Denote the smoothed equation I by I,,. Then the following holds.

Theorem 1. A solution of equation 1, exists in H and is given by the equality

F(g) =exp(gB'(¢))F(0), Reg=0, F(0)=1,

where B’ (p) is some self-adjoint extension of the operator B(yp).

Proof follows from the theorem on the representation of functions of an un-
bounded self-adjoint operator.
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5. Equations (4) possess one remarkable property: the operator B that de-
fines them is a symmetric Jacobi operator-valued matrix. Let us recall in
this connection that the Lippmann-Schwinger and Bethe-Salpeter equa-
tions in the Fuclidean region are likewise defined by a symmetric operator.

By contrast, the operator A defining equations (5) (they can also be obtained
from Schwinger equations 8719) is not symmetric. Equations (4), moreover, are
more meaningful physically: they completely restore the entire structure of the
S-matrix. It seems to us that first one must solve equations (4) and normalize
the solutions to the vacuum multipliers.
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