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TINUOUS FUNCTIONS IN THE METRIC
Cla,b) BY GENERALIZED POLYNOMIALS

(Presented by Academician V. I. Smirnov on 13 V 1967)

In the present paper we indicate necessary and sufficient conditions that must

be imposed on a system of functions {¢;(x)}™ so that every polynomial

n+1

P(e,z) = Zci%(x)

least deviating in the metric C|a,b] from a function f(z) € Cla,b] possess no
fewer than k£ +1 (0 < k < n+ 1) points of alternance.

Definition. A system of continuous and linearly independent functions
{0, ()} on [a,b] will be called a system of type k (0 < k < n) if: 1) for
any points a < x; < x5 < - < 2,1 < bsuch that

©1(y) ‘Pnﬂ(%)
801(33n+1> <Pn+1<$n+1)

there exist i + 1 rows (k < ¢ < n) for which all minors of order i 4+ 1 are equal
to zero (at least for one ); 2) in at least one such determinant of order ¢ + 1
all complementary minors D; (j =1,...,14+ 1) of the elements of at least one
column are different from zero, and in the sequence Di, ..., D: 41 there are no
more than i — k sign changes; moreover, the set of points {x,;}7*! for which in
this sequence (for some ¢) there will be exactly ¢ — k sign changes.

Examples of systems of type k:

1. Define on the segment [—1, 2] continuous functions in the following way:

@1(‘T> =1, @2(‘%) =Ty, ka—l(z> =z, ﬁﬂk(fﬂ) = 'Z'kﬂ
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Ppi1(x) = 2"+ agah + -+ qy,

0 for x € [—1,1], .
’L"T: X Z:k+2,...,n
?i(@) {xl—l for z € (1,2], ( )
(2) 0 for z € [-1,1],
€Tr) =
Pt Pl —1 for z € (1,2].
It is possible to choose the parameters ag, aq, ... ,a; so that no k functions from

{;(x)}*! form a Chebyshev system (T-system) on [—1,2], but the whole sys-
tem will be of type k.

4

2. The system of functions 1,22, 2%, ..., z?" will be a system of type 1 on the

segment [—a, a], where a > 0.

Remark. If {¢,(z)}} 1! form a Chebyshev system (T-system) on [a, b], then we
shall regard its type as equal to n + 1.

Theorem. In order that, for every function f(x) continuous on [a,b], every
polynomial least deviating from it

n+1

plesa) = 3 epi(a)

possess no fewer than k + 1 point alternations, and, in order that for every
function f(z) at least one of the polynomials of least deviation from it have
exactly k + 1 point alternations, it is necessary and sufficient that the system
{¢:(x)}7 be of type k (0 <k <n+1) on [a,b].

In what follows we shall use the criterion for polynomials of least deviation when,
on [a,b], the functions {p;()}?™ do not form a Chebyshev system (!2), and
the following lemmas.

Lemma 1. The equality is valid

k+1-1
Z (_1>k+l—1D< P11y P ) D( P19 P ) —
xl,...,xk_17xi Il,...

— ,Ii_17xi+17...,xk+l_1,m

:D( D15y P )D( D150 Pk ) (k>1, 1<I1<k),

xlankaflvx xla"'al.kJﬁlfl
where
D(@l""7‘ﬁk> B @1 ( tl)a i tl)
Ty oy Ty, ) ’
R Lpl(xtk)a"'asok(l‘tk)
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Lemma 2. If

D<S0t17"'780ti> 7&07

,’E17 e ,xi
then
(—1>n7i+1D @1%"79071-%1 +
Tiyeee 7xj—1"rj+1’ ey Ly, X

. D( P s s Pr, )
n Z (—1)n-r+1 Lyyeees L1y Ljp1y ey Ty Ty
D <30t17 A <pt1>

r=i+1
Tyyeer Xy

X

XD 9017"'7@n+1 —
Lyyeee sy Ty 15 Lpyqy ey Ty, T

D< Qatla"'acpti )
i s i1y Tjns o L3s & D(‘P1»--~7S@n+1>

D (ptlw"vgpti xl""’xn+l
Ly ey Ty

Lemma 3. If the system {p,;(z)}7™ is of type k, then in the sequence
Dyt Dyttt L D (D;"L1 #0; 7=1,...,n+ 2) there will be no more than
n+ 1 —k changes of sign, where D;L“ (j=1,...,n+2) are obtained by deleting

the j-th row from the matrix
P1(21) o P (@)

¥1 (xn+2) cPnt1 (xn+2)

Lemma 4. If in the sequence of complementary minors DI, ..., D! 1 (D; +
0, j=1,...,i+ 1) of the elements of one column of some determinant of order
(i + 1) of the matrix

4,01(55#1) ¢n+1(xul)
901(1'#“1) cpn+1(x,u“1>

(t1, Mo, - s thio1 are the numbers of the rows appearing in condition 1) of the
definition) has p changes of sign, then in the row of nonzero complementary
minors D; (j =1,...,i+ 1) of the elements of any other column of the same
matrix () there will also be p changes of sign, and if the complementary minor
of at least one element of some determinant of order (i + 1) of the matriz () is
equal to zero, the complementary minors of all the remaining elements of the
corresponding column are also equal to zero.

We outline the proof of the theorem.
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Sufficiency. Let a system of type k and p(c, x) deviate least from f(x) on [a, b].
From (1) it follows that among the points of the minimal subset there will be
i+1(k<i<n+1)points xy,...,2;,, for which: a) the matrix (*) has rank i
b) there exist D} #0 (j =1, ,z+ 1); c)

sign[p(c, ;) — f(x;)] = d sign(—1)? D}, where § = +1.

Since in the row D},...,D! , (k < i < n+ 1) there are no more than i — k
changes of sign, in the row —D}, D}, ..., (—1)""'D! | there will be no fewer
than k changes of sign. Consequently, at least k -+ 1 points from {x;}'™ will be
alternation points.

Necessity. Let every polynomial p(c,z) that deviates least from f(x) possess
at least k 4+ 1 pointwise alternations.

Suppose that the system {¢,(x)}?*! is of type r (for definiteness, r < k). Then,
by definition, there exists a system of points {J:j}ﬁ“ for which, in the corre-
sponding row DY, ..., D, there will be exactly i — r changes of sign.

Put f(z,) = signl(—1PDi) (j = Liwsi + 1), fla) = sign(—D}), f(b)
sign(—1)"*'DZ, |, and at the remaining points of [a,b] let f(z) be linear. From
condition 1) of the definition we have

i+1

Consequently, the least deviation

h(c) = Ip(e, ;) — f(@;)] = |p(c, x;) — [sign(—1)’ Dj]|

is not less than 1. p(c,z) = 0 deviates least from f(z). For it

signlp(c, ;) — f(x;)] = —sign[(—1)/ D]

and, consequently, the number of alternation points will be r+1 < k+ 1, which
contradicts the assumption.

It is easy to show that any system of functions {¢p,(x) ]’H linearly independent

on [a,b] will be a system of some definite type k (0 < k <n+1).

We consider it our duty to express gratitude to I. V. Tsenov for posing the
problem and for supervising the work.
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