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Abstract
Full Text
UDC 517.512.6

MATHEMATICS

M. S. ALIEV

ON THE BEST APPROXIMATION OF CON-
TINUOUS FUNCTIONS IN THE METRIC
𝐶[𝑎, 𝑏] BY GENERALIZED POLYNOMIALS
(Presented by Academician V. I. Smirnov on 13 V 1967)

In the present paper we indicate necessary and sufficient conditions that must
be imposed on a system of functions {𝜑𝑖(𝑥)}𝑛+1

1 so that every polynomial

𝑃(𝑐, 𝑥) =
𝑛+1
∑
𝑖=1

𝑐𝑖𝜑𝑖(𝑥)

least deviating in the metric 𝐶[𝑎, 𝑏] from a function 𝑓(𝑥) ∈ 𝐶[𝑎, 𝑏] possess no
fewer than 𝑘 + 1 (0 ≤ 𝑘 ≤ 𝑛 + 1) points of alternance.

Definition. A system of continuous and linearly independent functions
{𝜑𝑖(𝑥)}𝑛+1

1 on [𝑎, 𝑏] will be called a system of type 𝑘 (0 ≤ 𝑘 ≤ 𝑛) if: 1) for
any points 𝑎 ≤ 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛+1 ≤ 𝑏 such that

∣
𝜑1(𝑥1) … 𝜑𝑛+1(𝑥1)

⋯ ⋯ ⋯
𝜑1(𝑥𝑛+1) … 𝜑𝑛+1(𝑥𝑛+1)

∣ = 0,

there exist 𝑖 + 1 rows (𝑘 ≤ 𝑖 ≤ 𝑛) for which all minors of order 𝑖 + 1 are equal
to zero (at least for one 𝑖); 2) in at least one such determinant of order 𝑖 + 1
all complementary minors 𝐷𝑖

𝑗 (𝑗 = 1, … , 𝑖 + 1) of the elements of at least one
column are different from zero, and in the sequence 𝐷𝑖

1, … , 𝐷𝑖
𝑖+1 there are no

more than 𝑖 − 𝑘 sign changes; moreover, the set of points {𝑥𝑖}𝑛+1
1 for which in

this sequence (for some 𝑖) there will be exactly 𝑖 − 𝑘 sign changes.

Examples of systems of type 𝑘:
1. Define on the segment [−1, 2] continuous functions in the following way:

𝜑1(𝑥) = 1, 𝜑2(𝑥) = 𝑥, … , 𝜑𝑘−1(𝑥) = 𝑥𝑘−2, 𝜑𝑘(𝑥) = 𝑥𝑘,
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𝜑𝑘+1(𝑥) = 𝑥𝑘+1 + 𝑎0𝑥𝑘 + ⋯ + 𝑎𝑘,

𝜑𝑖(𝑥) = {0 for 𝑥 ∈ [−1, 1],
𝑥𝑖 − 1 for 𝑥 ∈ (1, 2], (𝑖 = 𝑘 + 2, … , 𝑛)

𝜑𝑛+1(𝑥) = {0 for 𝑥 ∈ [−1, 1],
𝑥𝑘−1 − 1 for 𝑥 ∈ (1, 2].

It is possible to choose the parameters 𝑎0, 𝑎1, … , 𝑎𝑘 so that no 𝑘 functions from
{𝜑𝑖(𝑥)}𝑛+1

1 form a Chebyshev system (𝑇 -system) on [−1, 2], but the whole sys-
tem will be of type 𝑘.

2. The system of functions 1, 𝑥2, 𝑥4, … , 𝑥2𝑛 will be a system of type 1 on the
segment [−𝑎, 𝑎], where 𝑎 > 0.

Remark. If {𝜑𝑖(𝑥)}𝑛+1
1 form a Chebyshev system (𝑇 -system) on [𝑎, 𝑏], then we

shall regard its type as equal to 𝑛 + 1.
Theorem. In order that, for every function 𝑓(𝑥) continuous on [𝑎, 𝑏], every
polynomial least deviating from it

𝑝(𝑐, 𝑥) =
𝑛+1
∑
𝑖=1

𝑐𝑖𝜑𝑖(𝑥)

possess no fewer than 𝑘 + 1 point alternations, and, in order that for every
function 𝑓(𝑥) at least one of the polynomials of least deviation from it have
exactly 𝑘 + 1 point alternations, it is necessary and sufficient that the system
{𝜑𝑖(𝑥)}𝑛+1

1 be of type 𝑘 (0 ≤ 𝑘 ≤ 𝑛 + 1) on [𝑎, 𝑏].
In what follows we shall use the criterion for polynomials of least deviation when,
on [𝑎, 𝑏], the functions {𝜑𝑖(𝑥)}𝑛+1

1 do not form a Chebyshev system (1,2), and
the following lemmas.

Lemma 1. The equality is valid

𝑘+𝑙−1
∑
𝑖=𝑘

(−1)𝑘+𝑙−1𝐷 ( 𝜑1, … , 𝜑𝑘
𝑥1, … , 𝑥𝑘−1, 𝑥𝑖

) 𝐷 ( 𝜑1, … , 𝜑𝑘
𝑥𝑙, … , 𝑥𝑖−1, 𝑥𝑖+1, … , 𝑥𝑘+𝑙−1, 𝑥) =

= 𝐷 ( 𝜑1, … , 𝜑𝑘
𝑥1, … , 𝑥𝑘−1, 𝑥) 𝐷 ( 𝜑1, … , 𝜑𝑘

𝑥𝑙, … , 𝑥𝑘+𝑙−1
) (𝑘 ≥ 1, 1 ≤ 𝑙 ≤ 𝑘),

where

𝐷 ( 𝜑1, … , 𝜑𝑘
𝑥𝑡1

, … , 𝑥𝑡𝑘
) = ∣

𝜑1(𝑥𝑡1
), … , 𝜑𝑘(𝑥𝑡1

)
…

𝜑1(𝑥𝑡𝑘
), … , 𝜑𝑘(𝑥𝑡𝑘

)
∣ .

sovietrxiv.org/items/ru-196801.99809 Machine Translation

https://sovietrxiv.org/items/ru-196801.99809


Lemma 2. If
𝐷 (𝜑𝑡1

, … , 𝜑𝑡𝑖
𝑥1, … , 𝑥𝑖

) ≠ 0,

then
(−1)𝑛−𝑖+1𝐷 ( 𝜑1, … , 𝜑𝑛+1

𝑥1, … , 𝑥𝑗−1, 𝑥𝑗+1, … , 𝑥𝑛+1, 𝑥) +

+
𝑛+1
∑

𝑟=𝑖+1
(−1)𝑛−𝑟+1

𝐷 ( 𝜑𝑡1
, … , 𝜑𝑡𝑖

𝑥1, … , 𝑥𝑗−1, 𝑥𝑗+1, … , 𝑥𝑖, 𝑥𝑟
)

𝐷 (𝜑𝑡1
, … , 𝜑𝑡𝑖

𝑥1, … , 𝑥𝑖
)

×

×𝐷 ( 𝜑1, … , 𝜑𝑛+1
𝑥1, … , 𝑥𝑟−1, 𝑥𝑟+1, … , 𝑥𝑛+1, 𝑥) =

=
𝐷 ( 𝜑𝑡1

, … , 𝜑𝑡𝑖
𝑥1, … , 𝑥𝑗−1, 𝑥𝑗+1, … , 𝑥𝑖, 𝑥)

𝐷 (𝜑𝑡1
, … , 𝜑𝑡𝑖

𝑥1, … , 𝑥𝑖
)

𝐷 (𝜑1, … , 𝜑𝑛+1
𝑥1, … , 𝑥𝑛+1

)

(𝑗 = 1, … , 𝑖).

Lemma 3. If the system {𝜑𝑖(𝑥)}𝑛+1
1 is of type 𝑘, then in the sequence

𝐷𝑛+1
1 , 𝐷𝑛+1

2 , … , 𝐷𝑛+1
𝑛+2 (𝐷𝑛+1

𝑗 ≠ 0; 𝑗 = 1, … , 𝑛 + 2) there will be no more than
𝑛 + 1 − 𝑘 changes of sign, where 𝐷𝑛+1

𝑗 (𝑗 = 1, … , 𝑛 + 2) are obtained by deleting
the 𝑗-th row from the matrix

∥
𝜑1(𝑥1) … 𝜑𝑛+1(𝑥1)

…
𝜑1(𝑥𝑛+2) … 𝜑𝑛+1(𝑥𝑛+2)

∥ .

Lemma 4. If in the sequence of complementary minors 𝐷𝑖
1, … , 𝐷𝑖

𝑖+1 (𝐷𝑖
𝑗 ≠

0, 𝑗 = 1, … , 𝑖 + 1) of the elements of one column of some determinant of order
(𝑖 + 1) of the matrix

∥
𝜑1(𝑥𝜇1

) … 𝜑𝑛+1(𝑥𝜇1
)

…
𝜑1(𝑥𝜇𝑖+1

) … 𝜑𝑛+1(𝑥𝜇𝑖+1
)
∥ (*)

(𝜇1, 𝜇2, … , 𝜇𝑖+1 are the numbers of the rows appearing in condition 1) of the
definition) has 𝑝 changes of sign, then in the row of nonzero complementary
minors 𝐷𝑖

𝑗 (𝑗 = 1, … , 𝑖 + 1) of the elements of any other column of the same
matrix () there will also be 𝑝 changes of sign, and if the complementary minor
of at least one element of some determinant of order (𝑖 + 1) of the matrix () is
equal to zero, the complementary minors of all the remaining elements of the
corresponding column are also equal to zero.

We outline the proof of the theorem.
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Sufficiency. Let a system of type 𝑘 and 𝑝(𝑐, 𝑥) deviate least from 𝑓(𝑥) on [𝑎, 𝑏].
From (1) it follows that among the points of the minimal subset there will be
𝑖 + 1 (𝑘 ≤ 𝑖 ≤ 𝑛 + 1) points 𝑥1, … , 𝑥𝑖+1 for which: a) the matrix (*) has rank 𝑖;
b) there exist 𝐷𝑖

𝑗 ≠ 0 (𝑗 = 1, … , 𝑖 + 1); c)
sign[𝑝(𝑐, 𝑥𝑗) − 𝑓(𝑥𝑗)] = 𝛿 sign(−1)𝑗𝐷𝑖

𝑗, where 𝛿 = ±1.
Since in the row 𝐷𝑖

1, … , 𝐷𝑖
𝑖+1 (𝑘 ≤ 𝑖 ≤ 𝑛 + 1) there are no more than 𝑖 − 𝑘

changes of sign, in the row −𝐷𝑖
1, 𝐷𝑖

2, … , (−1)𝑖+1𝐷𝑖
𝑖+1 there will be no fewer

than 𝑘 changes of sign. Consequently, at least 𝑘 + 1 points from {𝑥𝑖}𝑖+1
1 will be

alternation points.

Necessity. Let every polynomial 𝑝(𝑐, 𝑥) that deviates least from 𝑓(𝑥) possess
at least 𝑘 + 1 pointwise alternations.

Suppose that the system {𝜑𝑖(𝑥)}𝑛+1
1 is of type 𝑟 (for definiteness, 𝑟 < 𝑘). Then,

by definition, there exists a system of points {𝑥𝑗}𝑖+1
1 for which, in the corre-

sponding row 𝐷𝑖
1, … , 𝐷𝑖

𝑖+1, there will be exactly 𝑖 − 𝑟 changes of sign.

Put 𝑓(𝑥𝑗) = sign[(−1)𝑗𝐷𝑖
𝑗] (𝑗 = 1, … , 𝑖 + 1), 𝑓(𝑎) = sign(−𝐷𝑖

1), 𝑓(𝑏) =
sign(−1)𝑖+1𝐷𝑖

𝑖+1, and at the remaining points of [𝑎, 𝑏] let 𝑓(𝑥) be linear. From
condition 1) of the definition we have

𝑖+1
∑
𝑗=1

(−1)𝑗𝐷𝑖
𝑗𝑝(𝑐, 𝑥𝑗) = 0.

Consequently, the least deviation

ℎ(𝑐) = |𝑝(𝑐, 𝑥𝑗) − 𝑓(𝑥𝑗)| = |𝑝(𝑐, 𝑥𝑗) − [sign(−1)𝑗𝐷𝑖
𝑗]|

is not less than 1. 𝑝(𝑐, 𝑥) ≡ 0 deviates least from 𝑓(𝑥). For it

sign[𝑝(𝑐, 𝑥𝑗) − 𝑓(𝑥𝑗)] = − sign[(−1)𝑗𝐷𝑖
𝑗]

and, consequently, the number of alternation points will be 𝑟 + 1 < 𝑘 + 1, which
contradicts the assumption.

It is easy to show that any system of functions {𝜑𝑖(𝑥)}𝑛+1
1 linearly independent

on [𝑎, 𝑏] will be a system of some definite type 𝑘 (0 ≤ 𝑘 ≤ 𝑛 + 1).
We consider it our duty to express gratitude to I. V. Tsenov for posing the
problem and for supervising the work.

Dagestan State University
named after V. I. Lenin

Received
10 V 1967
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