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CYBERNETICS AND CONTROL THEORY
B. S. KOCHKAREV

ON PARTIAL STABILITY OF PROBABILIS-
TIC AUTOMATA
(Presented by Academician V. M. Glushkov, February 23, 1968)

One of the interesting problems in the theory of probabilistic automata (p.a.)
is the problem of stability (1). Is the behavior of a p.a. stable (invariant) under
sufficiently small perturbations of the transition probabilities? In the case of
actual p.a., the answer was obtained in the affirmative (1). Subsequently, the
stability theorem for p.a. of M. O. Rabin was extended to a more general class
of p.a. (2−6). It turned out that p.a. from this class with isolated cut points
represent definite events. Thus, the capabilities of such p.a. for isolated cut
points are no greater than those of actual p.a. In (1) it was shown that it
is in principle impossible to extend the stability theorem to p.a. representing
indefinite events with isolated cut points. Moreover, even under a certain natural
restriction on the method of perturbing transition probabilities, it was possible
to construct an example of a p.a. (1) for which the stability theorem with
the adopted restriction does not hold. In connection with the foregoing, the
question arises: if the behavior of a p.a. is not stable (not invariant) under
sufficiently small perturbations of transition probabilities, then can some part
of its behavior be stable? And if some part of the behavior is stable, then which
part exactly? The present note is devoted to answering the questions posed.

In solving the problem posed, we do not restrict ourselves, on the one hand, to
consideration of any particular class of p.a., and, on the other, we impose no
restrictions whatever on the method of perturbing transition probabilities.

1. We shall use the concepts and notation given in (5−6). For what follows we
shall need a number of new definitions.

Definition 1. A cut point 𝜆, 0 ≤ 𝜆 < 1, will be called an isolated cut point
of the p.a. 𝐴 with respect to the event 𝑢 ⊆ Σ∗ if there exists 𝛿, 𝛿 > 0, such that
for any word 𝑥 ⊆ 𝑈 the inequality |𝑝(𝑥) − 𝜆| ≥ 𝛿 is satisfied.

Obviously, if 𝜆 is an isolated cut point of the p.a. 𝐴 (1), then it is an isolated
cut point also with respect to any event 𝑈 ⊆ Σ∗. In general, if 𝜆 is an isolated
cut point of the p.a. 𝐴 with respect to an event 𝑈 ⊆ Σ∗, then it is an isolated
cut point with respect to any event 𝑈 ′, 𝑈 ′ ⊆ 𝑈 .
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Definition 2. We shall say that a p.a.
𝐴 = ⟨Σ, 𝑆, 𝜋(𝑠), 𝜋(𝑠′/𝑠, 𝜎), 𝐹 ⟩ with a cut point 𝜆 isolated with respect to an
event 𝑈 is stable with respect to the event 𝑈 if there exists 𝜀, 𝜀 > 0, such
that for every automaton
𝐴′ = ⟨Σ, 𝑆, 𝜋′(𝑠), 𝜋′(𝑠′/𝑠, 𝜎), 𝐹 ⟩ satisfying the conditions

|𝜋(𝑠𝑖) − 𝜋′(𝑠𝑖)| < 𝜀, 𝑖 = 1, … , 𝑛,

|𝜋(𝑠𝑗/𝑠𝑖, 𝜎) − 𝜋′(𝑠𝑗/𝑠𝑖, 𝜎)| < 𝜀, 𝑖, 𝑗 = 1, … , 𝑛, 𝜎 ∈ Σ,

𝜆 is an isolated cut point with respect to the event 𝑈 and for

for every 𝑥 ∈ 𝑈

𝑝(𝑥, 𝐴) > 𝜆 ⇒ 𝑝(𝑥, 𝐴′) > 𝜆,
𝑝(𝑥, 𝐴) < 𝜆 ⇒ 𝑝(𝑥, 𝐴′) < 𝜆.

Obviously, if a p.a. 𝐴 with an isolated cut point 𝜆 is stable with respect to the
event 𝑈 ⊆ Σ∗, then it is also stable with respect to any event 𝑈 ′ ⊆ 𝑈 .

2. In paper (5) a connection was established between the stability of a p.a.
with an isolated cut point 𝜆 and the ergodic property of the transition-
probability matrices of the p.a. In this connection the following is valid.

Theorem 1. A p.a. 𝐴 with an isolated cut point 𝜆, whose transition-probability
matrices 𝐴(𝜎), 𝜎 ∈ Σ, under the operation of matrix multiplication belong to the
class of regular stochastic matrices 𝒫(𝑛), is stable.

Definition 3. A p.a. 𝐴 whose transition-probability matrices 𝐴(𝜎), 𝜎 ∈ Σ,
satisfy the condition of Theorem 1 will be called ergodic.

It is easy to establish that the following is true.

Theorem 2. If a p.a. 𝐴 is ergodic and 𝜆, 0 ≤ 𝜆 < 1, is an isolated cut point
with respect to the event 𝑈 ⊆ Σ∗, then the p.a. 𝐴 is stable with respect to the
event 𝑈 .

Since the regularity of a stochastic matrix depends only on the mutual arrange-
ment of the zero and nonzero elements of this matrix (7), in order to establish
the ergodicity of a p.a. it is convenient to pass from consideration of the matri-
ces 𝐴(𝜎), 𝜎 ∈ Σ, of transition probabilities of the p.a. 𝐴 to consideration of the
corresponding Boolean matrices (6).

If 𝑃 is a stochastic matrix and ℒ is an arbitrary class of stochastic matrices, then
by 𝐵(𝑃), 𝐵(ℒ) we shall denote, respectively, the Boolean matrix corresponding
to the matrix 𝑃 , and the class of Boolean matrices corresponding to matrices
from ℒ. The correspondence 𝑃 → 𝐵(𝑃) is a homomorphism of the semigroup
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𝒫(𝑛) of stochastic (𝑛×𝑛)-matrices with the operation of multiplication onto the
semigroup 𝐵(𝒫(𝑛)) of Boolean (𝑛 × 𝑛)-matrices with the Boolean operation of
multiplication (5, 6).

Let 𝐴 be some p.a., and let 𝐴(𝜎), 𝜎 ∈ Σ, be its transition-probability matrices.
Denote by 𝑅 ⊆ Σ∗ an event such that for all words 𝑥 ∈ 𝑅 and only for such 𝑥
the matrices 𝐴(𝑥) are regular stochastic matrices. Then the following is true.

Theorem 3. *The event 𝑅 is a regular event**.*

Proof. Denote by {𝐵(𝜎), 𝜎 ∈ Σ} the system of Boolean matrices corresponding
to the matrices 𝐴(𝜎), 𝜎 ∈ Σ, of transition probabilities of the p.a. 𝐴. Some
of the matrices 𝐵(𝜎), 𝜎 ∈ Σ, may coincide. Nevertheless, we shall distinguish
such matrices according to the input letters 𝜎 occurring with them. Adjoin to
the system {𝐵(𝜎), 𝜎 ∈ Σ} the identity matrix 𝐸***, which for convenience we
denote by 𝐵(Λ), and denote the resulting system by

𝐵(1) = {𝐵(𝜎), 𝜎 ∈ Σ ∪ Λ}.

Let 𝐵(𝑘), 𝑘 = 1, 2, …, be the system of matrices

𝐵(𝑘) = {𝐵(𝜎1)𝐵(𝜎2) … 𝐵(𝜎𝑘), 𝜎𝑖 ∈ Σ ∪ Λ, 𝑖 = 1, … , 𝑘}.

Obviously,

𝐵(1) ⊆ 𝐵(2) ⊆ … ⊆ 𝐵(𝑘) ⊆ … (1)

* We borrow the definition of a regular stochastic matrix from V. I. Romanovskii
(7).

** For the definition of a regular event see (9–11).

*** The order of the matrix 𝐸 is equal to the number of states of the p.a. 𝐴.

Since the number of Boolean matrices of fixed order is finite, there will neces-
sarily come a moment when 𝐵(𝑙) = 𝐵(𝑙+1). It is easy to establish that in this
case 𝐵(𝑙) = 𝐵(𝑙+𝑖), 𝑖 = 1, 2, …. Let 𝐵(𝑙), where 𝑙 is such that 𝐵(𝑙) = 𝐵(𝑙+1), be a
system of Boolean matrices

𝐵(𝑙) = {𝐵1, 𝐵2, … , 𝐵𝑚}. (2)

According to (1), the system (2) will contain all matrices 𝐵(𝜎), 𝜎 ∈ Σ ∪ Λ.
Consider the initial deterministic automaton 𝐵 [7–9], whose states are the ma-
trices of the system (2), whose input letters are the letters of the alphabet Σ,
and whose initial state is 𝐵(Λ). We define the transition function 𝛿(𝐵𝑖, 𝜎),
𝐵𝑖 ∈ 𝐵(𝑙), 𝜎 ∈ Σ, of the automaton 𝐵 as follows: 𝛿(𝐵𝑖, 𝜎) = 𝐵𝑖𝐵(𝜎). As the set
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of final (marked) states 𝐹 of the automaton 𝐵, we take the totality of all regular
Boolean matrices of the system 𝐵(𝑙).* Obviously, the deterministic automaton
𝐵 with the set of final states 𝐹 represents the event 𝑅, as was required to prove.

Analyzing the operation of the deterministic automaton 𝐵 [9, 10], we can, using
the operations of iteration, disjunction, and product of events, write a regular
expression for the event 𝑅.

Definition 4. A subset of matrices 𝐶 ⊆ 𝐹 will be called ergodic if the closure
of the set of matrices 𝐶 with respect to the operation of matrix multiplication
belongs to the set of regular Boolean matrices 𝐵(𝔓(𝑛)

𝑖 ).
Definition 5. A subset of matrices 𝐷 ⊆ 𝐹 will be called a maximal ergodic
subset of the set 𝐹 if there exists no other ergodic subset 𝐷′ of the set 𝐹
satisfying the condition 𝐷 ⊂ 𝐷′ ⊆ 𝐹 .

Obviously, every maximal ergodic subset 𝐷 ⊆ 𝐹 is a set closed with respect to
the operation of matrix multiplication. In the case when the p.a. is ergodic,
we shall obviously have one single maximal ergodic set, coinciding with the set
𝐵(𝑙).

Let 𝐷1, 𝐷2, … , 𝐷𝑠 be an arbitrary system of maximal ergodic subsets of the
set 𝐹 of the p.a. 𝐴, and let 𝑀𝐷1

, 𝑀𝐷2
, … (𝑀𝐷𝑠

are the events represented in
the deterministic automaton 𝐵 respectively by the sets of states 𝐷1, 𝐷2, … , 𝐷𝑠.
Let further 𝑁𝐷1

, 𝑁𝐷2
, … , 𝑁𝐷𝑠

be arbitrary finite sets of words respectively from
𝑀𝐷1

, 𝑀𝐷2
, … , 𝑀𝐷𝑠

.

For the event (𝑁𝐷𝑖
)𝑘, 𝑖 = 1, … , 𝑠** let 𝑙𝑘(𝑁𝐷𝑖

) denote max
𝑥∈(𝑁𝐷𝑖 )𝑘

𝑙(𝑥)***.

Next denote by 𝑁𝐷𝑖
(𝑘), 𝑁 ′

𝐷𝑖
(𝑘) the events defined respectively by the expres-

sions

𝑁𝐷𝑖
(𝑘) = Σ∗[(𝑁𝐷𝑖

)𝑘 ∪ (𝑁𝐷𝑖
)𝑘+1 ∪ …] ∪ [Λ ∪ (Σ) ∪ (Σ)2 ∪ … ∪ (Σ)𝑙𝑘(𝑁𝐷𝑖 )],

𝑁 ′
𝐷𝑖

(𝑘) = Σ∗[(𝑁𝐷𝑖
)𝑘 ∪ (𝑁𝐷𝑖

)𝑘+1 ∪ …] ∪ [Λ ∪ (𝑁𝐷𝑖
) ∪ (𝑁𝐷𝑖

)2 ∪ … ∪ (𝑁𝐷𝑖
)𝑘−1].

Obviously, the relations

𝑁 ′
𝐷𝑖

(𝑘1) ⊂ 𝑁 ′
𝐷𝑖

(𝑘2) for 𝑘1 > 𝑘2,

𝑁 ′
𝐷𝑖

(𝑘) ⊂ 𝑁𝐷𝑖
(𝑘) for any 𝑘 (3)

hold.
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* We call a Boolean matrix regular if some power of this matrix contains a
column consisting entirely of ones.
** (𝑁𝐷𝑖

)𝑘 denotes the 𝑘-th power of the event 𝑁𝐷𝑖
.

*** 𝑙(𝑥) denotes the length of the word 𝑥.
It follows from relations (3) that if the section point 𝜆 of the probabilistic
automaton 𝐴 is isolated with respect to the event 𝑁 ′

𝐷𝑖
(𝑘), then it is an isolated

section point also with respect to any event 𝑁 ′
𝐷𝑖

(𝑝), 𝑝 > 𝑘.
Theorem 4. Suppose that for some system of natural numbers 𝑘𝑖, 𝑖 = 1, … , 𝑠,
the section point 𝜆 of the probabilistic automaton 𝐴 is an isolated section point
with respect to the event ⋃𝑠

𝑖=1 𝑁𝐷𝑖
(𝑘𝑖). Then there exists a system of natural

numbers 𝑙𝑖 ≥ 𝑘𝑖, 𝑖 = 1, … , 𝑠, such that for any system of natural numbers
𝑝𝑖 ≥ 𝑙𝑖, 𝑖 = 1, … , 𝑠, there is a section point 𝜆(𝑝1, 𝑝2, … , 𝑝𝑠), isolated with
respect to the event

𝑠
⋃
𝑖=1

𝑁𝐷𝑖
(𝑝𝑖), (4)

and moreover the probabilistic automaton 𝐴 with the section point
𝜆(𝑝1, 𝑝2, … , 𝑝𝑠), isolated with respect to the event (4), is stable with re-
spect to the event (4).

Theorem 5. If 𝜆 is an isolated section point of the probabilistic automaton 𝐴,
then there exists a system of natural numbers 𝑘𝑖, 𝑖 = 1, … , 𝑠, such that for any
system of natural numbers 𝑝𝑖, 𝑝𝑖 ≥ 𝑘𝑖, 𝑖 = 1, … , 𝑠, the probabilistic automaton
𝐴 is stable with respect to the event

𝑠
⋃
𝑖=1

𝑁𝐷𝑖
(𝑝𝑖).

Theorem 6. If there exists a system of natural numbers 𝑘𝑖, 𝑖 = 1, … , 𝑠, such
that the section point 𝜆 of the probabilistic automaton 𝐴 is an isolated section
point with respect to the event

𝑠
⋃
𝑖=1

𝑁 ′
𝐷𝑖

(𝑘𝑖),

then there exists a system of natural numbers 𝑙𝑖 ≥ 𝑘𝑖, 𝑖 = 1, … , 𝑠, such that the
probabilistic automaton 𝐴 is stable with respect to the event

𝑠
⋃
𝑖=1

𝑁 ′
𝐷𝑖

(𝑙𝑖).
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