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MATHEMATICS
V. S. ROGOZHIN

ON THE THEORY OF THE RIEMANN PROB-
LEM IN THE CLASS 𝐿𝑝

(Presented by Academician N. I. Muskhelishvili on VII 7, 1967)

The formulation of the Riemann boundary-value problem (1, 2) has been gen-
eralized in various directions. B. V. Khvedelidze (3) gave a complete solution
of this problem in the following formulation. Find a function 𝑓(𝑧), piecewise
holomorphic in the plane cut along a closed Lyapunov curve Γ, having finite
order at infinity, satisfying the boundary condition

𝑓+(𝑡) = 𝐺(𝑡)𝑓−(𝑡) + 𝑔(𝑡), 𝑡 ∈ Γ, (1)

which relates the limiting values of the function 𝑓(𝑧) on the curve Γ. The func-
tion 𝐺(𝑡) satisfies on Γ the Hölder condition (condition H) with some exponent
𝛼 (0 < 𝛼 ⩽ 1), 𝑔(𝑡) ⊂ 𝐿𝑝 (𝑝 > 1). The solution is sought in the class of functions
representable by an integral of Cauchy type with summable density. It turned
out that in this class of functions the dependence of the number of solutions on
the index of the coefficient 𝐺(𝑡) and the formulas representing the solution of
the problem remain the same as in the case when 𝐺(𝑡), 𝑔(𝑡) satisfy condition H.

The question arises whether all solutions of problem (1) are exhausted by solu-
tions representable by an integral of Cauchy type. Of course, this question will
make sense if we indicate what class of functions we admit as solutions of the
problem. In the present note it is shown that the solutions representable by an
integral of Cauchy type, which we shall call classical, exhaust all solutions of
problem (1), if the class of limiting values of the sought functions is enlarged
to a certain space of generalized functions. This class includes piecewise holo-
morphic functions representable by an integral of Cauchy type with summable
density, but this class also contains such “bad”functions as, for example, the
function

𝛿(𝑥0 − 𝑧) = 1
2𝜋𝑖

1
𝑥0 − 𝑧 , 𝑥0 ∈ Γ,

sovietrxiv.org/items/ru-196801.99258 Machine Translation

https://sovietrxiv.org/items/ru-196801.99258


whose limiting values on the curve Γ, in the sense of the theory of generalized
functions, are given by the formula

𝛿±(𝑥0 − 𝑡) = ±1
2𝛿(𝑥0 − 𝑡) + 1

2𝜋𝑖
1

𝑥0 − 𝑡 ∗ . (2)

Our result, roughly speaking, guarantees that functions having limiting values
of the form (2), and similar ones, cannot be solutions of problem (1).

§ 1. Denote by 𝐻𝛼 the Banach space of functions 𝜑(𝑡), defined on the simple
closed Lyapunov curve Γ, satisfying the Hölder condition with exponent 𝛼(0 <
𝛼 < 1) with the usual norm. In what follows we shall call the space 𝐻𝛼 the basic
space, and its elements basic functions. Linear continuous functionals (𝑓, 𝜑(𝑡))
will be called generalized functions (g.f.). By 𝐻+

𝛼 we denote the subspace,

* By 𝛿(𝑡 − 𝑡0) is denoted the Dirac delta function.

formed by those functions from 𝐻𝛼 which are boundary values of functions
analytic in 𝐷+ (the interior of Γ) and continuous in the closed domain 𝐷+.
Similarly, by 𝐻−

𝛼 we shall denote the subspace formed by functions from 𝐻̄𝛼
that are boundary values of functions analytic in 𝐷− (the exterior of Γ) and
vanishing at infinity. In the space of generalized functions, to the subspaces 𝐻+

𝛼 ,
𝐻−

𝛼 there correspond subspaces 𝐻′+
𝛼 and 𝐻′−

𝛼 according to the following law. A
generalized function 𝑓+ belongs to 𝐻′+ if (𝑓+, 𝜑+(𝑡)) = 0 for all 𝜑+(𝑡) ∈ 𝐻+

𝛼 . A
generalized function 𝑓− ∈ 𝐻′−

𝛼 if (𝑓−, 𝜑−(𝑡)) = 0 for all 𝜑−(𝑡) ∈ 𝐻−
𝛼 . If 𝑓+(𝑧) is

an analytic function belonging to the class 𝐸1 in the domain 𝐷+, for example,
the classical solution of problem (1), then 𝑓+(𝑡) ∈ 𝐻′+

𝛼 .

Let
𝑆𝜑 = 1

𝜋𝑖 ∫
Γ

𝜑(𝜏)
𝜏 − 𝑡 𝑑𝜏, 𝑡 ∈ Γ.

It is known that the operator 𝑆 in the space 𝐻𝛼 is bounded.

§ 2. By the Riemann problem in the space of generalized functions we shall
mean the problem of finding generalized functions 𝑓+ ∈ 𝐻′+

𝛼 and 𝑓− ∈ 𝐻′−
𝛼

satisfying the condition

𝑓+ = 𝐺(𝑡)𝑓− + 𝑔, 𝑡 ∈ Γ, (3)

where 𝐺(𝑡) ∈ 𝐻𝛼, 𝐺(𝑡) ≠ 0, 𝑔 ∈ 𝐻′
𝛼, Γ is a Lyapunov contour. We shall

show that the dependence of the number of solutions of this problem on the
index of the coefficient 𝐺(𝑡) will be the same as in the case when 𝑔(𝑡) ∈ 𝐿𝑝.
Hence, in particular, the result formulated above on the absence in problem (1)
of solutions other than those representable by an integral of Cauchy type will
follow if the class of boundary values of the sought functions is extended to the
space of functionals 𝐻′

𝛼.
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A solution of the Riemann problem in the space of generalized functions is
given, for example, in (4); however, in that work different, more restrictive
assumptions are adopted concerning the properties of the contour and of the
basic space. Nevertheless, the method of (4) also remains valid in the present
case, since it is based on two facts that also hold in the case of the space 𝐻𝛼,
namely, on the continuous dependence of the solution of the problem

𝜑+(𝑡) = [𝐺(𝑡)]−1𝜑−(𝑡) + 𝜑(𝑡), 𝜑(𝑡) ∈ 𝐻𝛼, (4)

adjoint to problem (3), on the free term, which follows from the boundedness of
the singular operator 𝑆 in the space 𝐻𝛼, and on the possibility of constructing in
the space 𝐻𝛼 a system of functions biorthogonal to any prescribed finite system
of fundamental functions ((1), 𝑝𝑝.567—570).
Arguing in the same way as in the paper (4), we obtain, for 𝜒 = ind𝐺(𝑡) = 0,

(𝑓+, 𝜑(𝑡)) = (𝑔, 𝜑+(𝑡) − 𝜑(𝑡)), (𝑓−𝜑(𝑡)) = −(𝑔, [𝜑(𝑡)/𝐺(𝑡)]+),

where 𝜑(𝑡) is an arbitrary basic function; 𝜑+(𝑡) is the boundary value of the
solution of problem (4), and [𝜑(𝑡)/𝐺(𝑡)]+ = 𝜓+(𝑡) is the boundary value of
the solution of the problem 𝜓+(𝑡) = [𝐺(𝑡)]−1[𝜓−(𝑡) + 𝜑(𝑡)]. It is easy to verify
that the functionals found satisfy the boundary condition (3). Their continuity
follows from the fact that ‖𝜑±(𝑡)‖𝛼 → 0 when ‖𝜑(𝑡)‖𝛼 → 0. From the method
of finding the solution there follows its uniqueness. Hence it follows that, for
𝜒 = 0, problem (1) can have no solution other than the classical one.

If 𝜒 < 0, then the solution of problem (4) will contain a linear combination,
with arbitrary coefficients, of the solutions of the corresponding homogeneous
problem. From the relation (𝑓+, 𝜑(𝑡)) = (𝑔, 𝜑+(𝑡) − 𝜑(𝑡)) it is seen that the
functional (𝑓+, 𝜑(𝑡)) will be defined and continuous if and only if the conditions

(𝑔, 𝜑+
𝑘 (𝑡)) = 0, 𝑘 = 1, 2, … , |𝜒|,

are satisfied, where 𝜑+
𝑘 (𝑡) = 𝑡𝑘−1/𝑋+(𝑡) are the solutions of the homogeneous

problem 𝜑+(𝑡) = [𝐺(𝑡)]−1𝜑−(𝑡).*

* Here and below, by 𝑋±(𝑡) we denote the boundary values of the canonical
function 𝑋(𝑧) of the homogeneous Riemann problem 𝐹 +(𝑡) = 𝐺(𝑡)𝐹 −(𝑡).
These same conditions also ensure the continuity of the functional (𝑓−, 𝜑(𝑡)).
Thus, they will be solvability conditions for problem (3). If 𝑔 ∈ 𝐿𝑝, then these
conditions obviously coincide with the solvability conditions for problem (1).
From the uniqueness of the solution of problem (3) under the solvability condi-
tions it follows that problem (1), for 𝜒 < 0, in the case of its solvability has no
solutions other than the classical one.

For 𝜒 > 0 the adjoint problem is solvable only when conditions of the form
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∫
Γ

𝜑(𝑡)ℎ𝑘(𝑡) 𝑑𝑡 = 0, 𝑘 = 1, 2, … , 𝜒, (5)

are fulfilled, where ℎ𝑘(𝑡) = 𝑡𝑘−1𝑋+(𝑡) ∈ 𝐻𝛼. Thus, in the present case the
required functionals can be determined only on the subspace 𝐻0

𝛼 of the basic
space 𝐻𝛼, consisting of the basic functions satisfying conditions (5). To con-
tinue the functionals (𝑓±, 𝜑(𝑡)) to the whole basic space we use the theorem on
extension of functionals ((4, p. 279). The proof of this theorem is based on the
possibility of constructing in the basic space a system of functions biorthogonal
to the system ℎ𝑘(𝑡), 𝑘 = 1, 2, … , 𝜒. For this reason it remains valid in the case
of the space 𝐻𝛼. Applying the theorem, we obtain

(𝑓+, Φ(𝑡)) = (𝑋+(𝑡){[𝑔/𝑋+(𝑡)]+ + 𝑃𝜒−1(𝑡)}, Φ(𝑡)), (6)

(𝑓−, Φ(𝑡)) = (𝑋−(𝑡){[𝑔/𝑋+(𝑡)]− + 𝑃𝜒−1(𝑡)}, Φ(𝑡)). (7)

In (6) and (7), Φ(𝑡) is an arbitrary basic function; 𝑃𝜒−1(𝑡) is a polynomial of
degree 𝜒 − 1 with arbitrary coefficients; Ψ±(𝑡) = [𝑔/𝑋+(𝑡)]± is the solution of
the problem Ψ+ − Ψ− = 𝑔/𝑋+(𝑡). From formulas (6), (7) we conclude that in
this case as well all solutions of problem (1) are exhausted by the classical ones.

The result obtained remains valid also in the case when 𝑔(𝑡) belongs to the class
of functions summable to the power 𝑝 with weight

𝑚1

∏
𝑘=1

(𝑡 − 𝑡𝑘)−𝛽𝑘
𝑚

∏
𝑘=𝑚1+1

(𝑡 − 𝑡𝑘)𝛽𝑘(𝑝−1), 𝑡𝑘 ∈ Γ, 𝑚 ⩾ 1, 𝑚1 ⩽ 𝑚, 0 < 𝛽𝑘 < 1,

since the boundary values of the solutions of this problem, representable by
an integral of Cauchy type (see (3)), fall into this same class, which is entirely
contained in the space of functionals 𝐻′

𝛼. Indeed, in a neighborhood of any of
the points 𝑡𝑘 (𝑘 > 𝑚1), 𝑔 ∈ 𝐿𝑟 for

𝑟 < 1
𝑝 + 𝛽𝑘

1
𝑞 , where 𝑞 = 𝑝

𝑝 − 1.

§ 3. Let now, in the boundary condition (1), the coefficient 𝐺(𝑡) be different from
zero and have on Γ discontinuities of the first kind at the points 𝑡𝑘, 𝑘 = 1, 2, … , 𝑛,
satisfying on the closed arcs (𝑡𝑘, 𝑡𝑘+1) the Hölder condition with exponent 𝛼
(0 < 𝛼 < 1), while 𝑔(𝑡) is a function summable to the power 𝑝 (𝑝 > 1) with
some weight. Suppose that 𝑡𝑘, 𝑘 = 1, 2, … , 𝑚, are nonexceptional points of
discontinuity of the coefficient 𝐺(𝑡) ((1, p. 330) and set, as usual,
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𝜆𝑘 = 1
2𝜋𝑖 ln

𝐺(𝑡𝑘 − 0)
𝐺(𝑡𝑘 + 0) = 𝜃𝑘

2𝜋 − 𝑚𝑘 − 𝑖
2𝜋 ln 𝑟𝑘,

where 𝑚𝑘 is an integer whose choice determines the branch of the logarithm.
Put 𝛼𝑘 = Re𝜆𝑘 = 𝜃𝑘/2𝜋 − 𝑚𝑘, and choose 𝑚𝑘 so that 0 < 𝛼𝑘 < 1 (𝑘 ⩽ 𝑚),
−1 < 𝛼𝑘 < 0 (𝑚1 + 1 ⩽ 𝑘 ⩽ 𝑚). The function

𝐺1(𝑡) =
𝑚

∏
𝑘=1

(𝑡 − 𝑧0)−𝜆𝑘𝐺(𝑡), 𝑧0 ∈ 𝐷+,

where the factor with number 𝑘 is regarded as discontinuous at the point 𝑡𝑘,
will be a nonzero function belonging to the space 𝐻𝛼.

Let us rewrite the condition of problem (1) in the form

𝑓+(𝑡) =
𝑚

∏
𝑘=1

(𝑡 − 𝑧0)𝜆𝑘𝐺1(𝑡)𝑓−(𝑡) + 𝑔(𝑡)

and, using the known representation

𝑚
∏
𝑘=1

(𝑡 − 𝑧0)𝜆𝑘 = 𝜔+(𝑡)
𝜔−(𝑡) ,

where

𝜔+(𝑧) =
𝑚

∏
𝑘=1

(𝑧 − 𝑡0)𝜆𝑘 , 𝜔−(𝑧) =
𝑚

∏
𝑘=1

( 𝑧 − 𝑡𝑘
𝑧 − 𝑧0

)
𝜆𝑘

,

we bring the boundary condition of the original problem to the form

𝐹 +(𝑡) = 𝐺1(𝑡)𝐹 −(𝑡) + 𝑔(𝑡)/𝜔+(𝑡). (8)

In the boundary condition (8), 𝐹 ±(𝑡) are the boundary values of the analytic
functions 𝐹 +(𝑧) = 𝑓+(𝑧)/𝜔+(𝑧), 𝐹 −(𝑧) = 𝑓−(𝑧)/𝜔−(𝑧); the coefficient 𝐺1(𝑡) ∈
𝐻𝑎, and the free term 𝑔(𝑡)/𝜔+(𝑡) is a function summable to the power 𝑝 (𝑝 > 1)
with weight

𝑚1

∏
𝑘=1

|𝑡 − 𝑡𝑘|𝛽𝑘(𝑝−1)
𝑚

∏
𝑘=𝑚1+1

|𝑡 − 𝑡𝑘|−𝛽𝑘 ,

if the function 𝑔(𝑡) was summable to the power 𝑝 with weight
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𝑚1

∏
𝑘=1

|𝑡 − 𝑡𝑘|−𝛽𝑘
𝑚

∏
𝑘=𝑚1+1

|𝑡 − 𝑡𝑘|𝛽𝑘(𝑝−1),

where 𝛽𝑘 = 𝛼𝑘 for 𝑘 ≤ 𝑚, and 𝛽𝑘 = −𝛼𝑘 for 𝑚1 + 1 ≤ 𝑘 ≤ 𝑚.

We shall prove that, in the case under consideration, problem (1) will have no
solutions in 𝐻′

𝛼 other than the classical ones. For the proof, note that between
the solutions of problems (1) and (8) there is a one-to-one correspondence. Con-
sequently, it suffices for us to prove that all solutions of problem (8) in the class
𝐻′

𝛼 are exhausted by the functionals corresponding to classical solutions, and
this was proved at the end of the preceding paragraph.

In conclusion, let us note that nowhere have we used the fact that generalized
functions from the subspaces 𝐻′+

𝛼 , 𝐻′−
𝛼 are, in any sense, boundary values of

functions analytic respectively in the domains 𝐷+, 𝐷−. The study of such a
connection between functionals and analytic functions is of independent interest.
For functionals defined on the space of infinitely differentiable functions, such a
connection has been well studied (5,6).
Rostov State University

Received
20 VI 1967
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