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TIONS FOR THE OPTIMALITY OF SINGU-
LAR CONTROLS

(Presented by Academician L. S. Pontryagin on 13 III 1968)

1. Statement of the problem. Let the equations of motion be given

11.77,' = fi($7uvt)u ‘rz<t0> = T50,

where © = {z1,...,z,}, u = {uq,...,u,.}; fi(z,u,t) are defined and continuous
on X xU xT, together with 0f;(z,u,t)/0z;; X,U, T are the domains of variation
of the quantities x, u, t.

It is required, among the piecewise-continuous r-dimensional vector functions
u(t), defined on T' = [ty,t;] with values in the bounded set U, to find such a
u®(t), t € T, that gives the functional

(p(z) differentiable on X) its minimal value.

It is known (1) that the optimal control u%(t) and the corresponding optimal
trajectory x°(t) satisfy the maximum principle of L. S. Pontryagin

H(Z‘O(t), ¢O(t)7 uo(t)7 t) = SIEJ.EH(JIO(t), 1/J0(f), U, t),

H(%%“J) = wifi<xauat)>

Of;(a°(t),u’(t),t)
ox,

K2

9 = - W), ) = -

Let the control u*(t), ¢t € T, be such that the function H (z*(t),¢*(t),u,t) for
t € T does not depend on u:
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H(z*(t),v*(t),u, t) — H(x*(t),y¥*(t),u*(t),t) =0, teT, ucU.

Such a control u*(¢) will be called a singular control of the first order.

2. Necessary optimality conditions for a singular control of the first
order. Following the scheme of (2,2), we construct a formula for the increment
of the functional, use a needle variation of the control concentrated on an interval
of length ¢, and isolate in the increment of the functional the terms of order £2.
As a result we arrive at the following assertion.

Theorem 1. Let the functions f;(x,u,t), @(z) be defined and continuous
on X x U x T, together with df;(z,u,t)/dx;, dp(x)/dx;, 0 f;(x,u,t)/dx,;0,
9*¢(x)/0x;0x;. Then, for a singular optimal control of the first order u®(t),
t € T, the conditions

OA, f;(x°(t), u’(t), 1)

%(t) or Azfi(xo(t)’uo(t>’t)+

+[Mji(t) + My ()] A, fi(2°(), w0 (1), ) A, f;(2°(1), (1), ) <0, (1)

telT, veU;

: xo 'LLO
ity = - 200, )y = 2D,

K2

Ofy(2°(t),u’(t), 1)

Mij(t) = _Mik(t) axj - Mkj(t> ami
1 02 fi,(2°(t),u’(t), ) _ 19%p(a"(ty))
7§wk(t) Ox,0x ’ Mij(t) = 2 Oz, dx;

Avfi(z7u7t) = fi(1771)7t) - fi(xaua t)

3. Singular controls of second order. A control u*(t), t € T, is called a
singular control of second order if identically with respect tot € T, v € U,

(A, fi(@" (), u(t),t) = 0,

A, f;(a"(t),u"(1),1)
oz,

3

V;(t) + [M;(t) + M ()] A, fi(2*(t),u*(t),t) = 0.
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To obtain necessary conditions for optimality of singular controls of second order
in the increment of the functional caused by a needle variation of the control,
we isolate the terms of order £3.

Theorem 2. Let f;(z,u,t), ¢(x) be defined and continuous on X x U x T,
together with 8 f;(x, u,t)/8x;, dp(x)/dx;, O* f;(x,u,t)/dx;0x), 8*p(x)/0x,0x;,
P fi(x, u,t) /02,0202, P*p(x) /00,02 02}

If u(t), t € T, is a singular optimal control of second order, then for all ¢ € T,
v € U the conditions

1 PN A
§¢k(t>W AL YA L)+

M (OA, £O(8) /02, + My (DA, ()02 A, (DA, 1)+ D
+ [Ny (t) + Ny () + Nkji(t)}Avf?<t)Avf]Q<t)Avflg(t) < 05

. Ot 9o( 20
Pi(t) = — gjx( )1/Jj(t), ¥i(ty) = _%§
1,() = OF:() OR 1 PR
Mi®) = =Mt ‘921 — Mi1) 8; — 3%l axigm ’
1 82<,0(x0(t1))'
M;;(ty) = _§W
Nyjp(t) = — Ny (t)aflo(t) — N, (t)aflo<t) _ N (t>8fl0(t)
o I Oy, A LR O,
LN o (NS SN L 1 N S 0 (O
— 3 Malt) g 9z, M) g o Ewl(t)m,

_12%p(2°(ty))
Nigi(ts) = 6 Ox,0x ;0x),

Here f2(t) = f,(2°(t),u’(t),t).

4. The case of a convex control domain. Let the set U be convex, and
let the functions f;(z,u,t), 0f;(z,u,t)/0z; be differentiable with respect to u.
Then in Theorem 1 assertion (1) may be replaced by the following:

P (®)[vy, — u (0)][v, — u(#)] <0, teT, veU;

02 f0(t) oo
putt) = 0,055 2

Of0(t) afO(t)
@

+ [My; () + My, (t)] duy
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If, in addition, 02 f;(x,u, t)/0z;0z), are differentiable with respect to u, then
inequality (2) of Theorem 2 takes the form

O]v, —ud(®] <0,  teT, velU; (4)

SD

Gims (B0 — 1} (1)) [0, — v

1 O°fR(t) of2(1) 017 (1)
Gims (t) _gqbk(t)@xiaxj@ul du,, 3]us
3 a0 280 VR0 (1) 011
* 02,00 S 0w 0wy | Oy, Ou,
af2(1) 07 (1) fR(t)
ou,  Ou,, Oug

+ [Ny (t) + Ny (1) + Ny (t)]

5. The case of an open control domain. Let u’(¢) be an interior point
of the set U. Then, from property (3) of the optimal control, it follows
that the quadratic form py;(t)u,u,, t € T, is nonpositive; from (4), that
the form gy, (t)ugpuu,,, t € T, is nonpositive.

Singular controls for an open set U were studied in (*~7). The necessary op-
timality conditions obtained above differ from the known ones both in form
and in the method of their derivation. The variations of controls used in (*~7)
essentially presuppose that U is an open set.
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