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EAR CONJUGATION FOR FUNCTIONS
HOLOMORPHIC IN BICYLINDRICAL DO-
MAINS

(Presented by Academician M. A. Lavrent ev on 11 IV 1967)
1°. Put

1 fltw)dtdw ; w
P = g [ o =<V 7e0 wer

sy=k [ M8y oo oL [l er

T Jo t—t T Jp W) — W
S =255, =25,5, where C = gD (I' = dA™) is a simple smooth closed
contour; C' x I' is the skeleton of the boundaries of the bicylindrical domains
Dt x AtY, D" x A~, D™ x AT, D™ x A™, oriented in the natural way; D~
(A7) complements DT UC (AT UT) to the full complex plane of the variable
z (w), z=0€ D" (w=0¢€ A"); f(t,w) is a function satisfying the Hélder
condition on C x T (briefly, f € H). By H** (H*T) we denote the class
of functions holomorphic in D* x A* (D* x AT), whose limiting values on
C x T belong to the class H; HET (H,) is the subclass of functions from H*"
(H~) vanishing at infinitely distant points. The classes H(C), H*(C'), Hy (C)
(H(T),H*(T'),Hy (T)) of functions depending on one variable z (w) have an
analogous meaning. Functions of the class H** (H*T) will be denoted by
F+E(z,w) (F*F(z,w)).

Put further

F(t,w) = lim F*(z,w), (z,w) € DF x A%,

(z,w)—(t,w)

FrF(t,w)= lim F*F(z,w), (z,w) € DF x AT,

(z,w)—(t,w)

where (t,w) € C x T,

D ={(z,w): 2 € D*, w=0}, Di ={(z,w):z € D*, w=o0},
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A ={(z,w) : we A*, 2 =0}, AL ={(z,w) : we A*, z=o00},

d 5, 0 ok 8’“(8)

;T 92 97 071 \oz

k=2,3,..
2°. The problem of finding functions ®**(z,w) and ®*7(z,w) from the linear
relation

At,w)®tT (¢, w)+B(t,w) P~ (¢, w)+C(t, w) P (t,w)+D(t, w)P~~ (t,w) = f(t,w), (t,w)e CxT,
1)

for f #£ 0 (f = 0) will be called a nonhomogeneous (homogeneous) problem of

linear conjugation for bicylindrical domains.

Consider the principal homogeneous elementary problem: A = 1, B = —t",
C=—-w,D=t"wt m=>r>0,u>v>0 m,r,uv are integers. The
general solution of this problem in the classes Hi ", Hy—, and H™" is given by
the formulas:

r—1 v=1 m—1 p—1 _
O (2, w) = Z 2ol (w) + Z Wi (2) + [OREATR
k=0 =0 k=0 j=0
r—1 p—1 )
2O (z,w) =Y 2Pl (w) + Z wlaj (z),
k=0 7=0
2
v—1 m—1 ) ( )
w®t (z,w) =y whl(2) + Z 25 (w),
k=0 5=0
m—1 p—1 _ m—1p—1 _
2wt (z,w) = Z 2Fb (w) + Z waj(z) — 2w,
k=0 =0 k=0 j=0

where ¢} (w), i (z) (b (w), a;(z)) are arbitrary functions of class H* (L),
H*(C) (Hy (T), Hy (C)), and ¢y; are arbitrary constants.

The problem thus posed is underdetermined. If to condition (1) one adjoins
boundary conditions of the type of Cauchy conditions for partial differential
equations, namely:

OFd (2, w) IO (z,w) )
) LAt ’ — glpT
(‘3,2’“ b - k~807-_k<w)a 8’U)j e - J'wyf_j(’z)a

k = 1’ 3 T’ .] = 1’ ) V’

3)

0l (2,w) _ O'd~ (2, w) oo
— N =1Ub, ,(w), S . =ila, ;(2),

l = 17 ) m) 1= 17 ) /”L7
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where ¢}, w;r7 b, a; are prescribed functions of the corresponding class, then
the basic elementary homogeneous problem has myu linearly independent solu-
tions (2), vanishing at infinitely remote points.

Theorem 1. The basic homogeneous elementary problem has a countable num-
ber of linearly independent solutions. It has a finite number of such solutions if
one seeks solutions satisfying boundary conditions of the form (3).

3°. The problem A = 1, B = —t"w’, C = —t"w”, D = t"™w* and f = 0
will be called the homogeneous elementary problem. Such a problem can
always be reduced to the basic elementary one. Let, for example, r < 0, m >
0, v > 0, u < v; then, putting T+ = U+t 7wPd~+ = =+ P+t = Pt
wt™"®~" = U7, we obtain the basic elementary problem with » =0, m > 0
and v = p > 0, whose solution ¥** and U*7 is found by formulas (2), omitting
in them the sums Y 2y} and then requiring that

Ot =zTw Pt eHS, & =z"UeHl, & =uw MU €H;,

which leads to restrictions on the functions 1/);, b, a; .

The nonhomogeneous elementary problem, after the substitution
Pt =Tttt Ot =P T TP, U = dt T —w VET, U = Ot MR E T,

where f = F** — F~t — F*~ + F** and, for simplicity, m >r >0, u > v > 0,
is reduced to the basic homogeneous elementary problem. The formulas giving
the solution of this problem satisfying boundary conditions of the form (3) are
cumbersome and are not given here.

Theorem 2. The nonhomogeneous elementary problem is solvable provided no
more than a countable number of necessary and sufficient solvability conditions
are fulfilled, conditions which the free term f(t,w) must satisfy.

When these conditions are fulfilled, the problem has no more than a countable
number of linearly independent solutions. The number of solutions satisfying
conditions of the form (3) is finite.

4°. Let the function G(¢,w) # 0 be continuous on C' x I'; then any branch of

the function In G(¢,w) is single-valued if the partial indices are

I(G) = L_/dlnG(t,w)7 AMG) = i/dlnG(t,w),
c

211 21 )

which are integers, are equal to zero.

5°. Let, in the condition of linear conjugation (1), f = 0 and
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(A) B=C=0, DJ/A=—G(t,w)+0.
() A=D=0, B/C=—Gylt,w) 0.
() C=D=0, BJ/A=—Gylt,w)#0.
() B=D=0, C/A=G,(tw)#0.
() A=C=0, D/B=—Gs(t,w)+#0.
() A=B=0, D/C=—Gg4lt,w) 0.

Such problems will be called degenerate homogeneous problems.
Put lk? - l(Gk)7 )\k == )\(Gk)7 k == 172,374,5,6.
Theorem 3. Let [, = A\, =0, k=1,2,3,4,5,6, and, respectively,

(A) InG, =S(nG,).
() InGy=-5(InG,).
() InGy=5,(InGy).
() InG,=5,(1nG,).
() InGy;=-S,(InGjy).
() InGg=-5,(InGg).

Then the function G, € H can be represented as a quotient of two functions

G, =®77/®77, Gy=9,7/]", Gy3=057/057,

G, =0,/0;, Gy=9.7/P;, Gg=f /P;,

where ®3%(z,w) € H**, ®[*(z,w) € H™*, have no zeros in the corresponding
domains, and ®;* and ®,~ tend to one at the infinitely distant points of the
domains DT x A* and D™ x A™.

Theorem 4. Let I; > 0 and A; > 0 (I, > 0 and A\, < 0). Then the degenerate
homogeneous problem (A) (()) in the class H**, Hy~ (H/*) has x; = 1)\

(x9 = —lyA,) linearly independent solutions, determined by the formulas
@j{j’ = 10 (2w) gropp o, = 10 (2:0) Tty p—Ha

r=01,...,0,—1, p=0,1,..., A —1,
_ +— _ —+ _
((b’j‘»p = 6720 (Z7w) eru)>‘2+p7 @T; = 6’720 (Z,U}) Zr l2 wp,

r=0,1,...0,—1, p=0,1,...,—A;—1),
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where

Tho(2:w0) = K(Grg),  Gro = Gt ew ™, (4)
provided that the function G,y (G4g) satisfies the necessary and sufficient solv-
ability condition In Gy, = S(InG,) (InGyy = —S(In Gyy)).

Theorem 5. If I; > 0, then problem () in the class H* Hy ", for \; > 0
(A3 < 0), has the following general solution:

I3—1 I3—1
++ T (zw E k, ot —+ _ a0 (z,w E k—l5 o+ —A
Fk: — e730 ( ) z @k (w), Fk: — e730 ( ) z ka (w)w 3,
k=0 k=0

where 734(z,w) is determined by formulas (4), and ¢} (w) (¢} (w)w™s) are
arbitrary functions of the class HT(I'), provided that the function G5, satisfies
the necessary and sufficient solvability condition In G35 = S, (In G3y).

For the problems (), (), and () there are theorems analogous to Theorem 5.

6°. The solvability conditions for the inhomogeneous degenerate problems (A)—
() are given by the following theorems, which we state only for the typical cases

(A) and ().

Theorem 6. If [; > 0, \; > 0 and the necessary and sufficient solvabil-
ity conditions InG,, = S(InG,) and f/x™t = S(f/x™) are satisfied, where
T = emo(=w) == = e77i0 (5w) -l =M are the so-called canonical functions,
then the inhomogeneous degenerate problem (A) has in the classes H™" and
Hy™ %y =1} linearly independent solutions

B = (2, w) [ () + 20

r=01,...,0,—1, p=0,1,..., A —1.

where U (t,w) + U~ (t,w) = f/x+*.

If, however, I; < 0,A\; > 0 (I; > 0,\; < 0), then the solution of this problem,
when the necessary and sufficient additional conditions

r—1
/ f(tw) 77 didw =0, weA , r=1,..,-1; (5)
owr XTH(tw) w—w

p—1
C

o XTTHtw) t—z
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are fulfilled, is given by the formulas

FHE = 4y (2, w) U (2, w). (7)

For I; < 0 and A; <0, formulas (7) give a solution if conditions (5) and (6) are
satisfied simultaneously.

Theorem 7. If [; > 0 and the necessary and sufficient solvability conditions
InGyy = S,(InGsy) and f/x™" = ¥t — ¥U~F are satisfied, where x™ =
50 (2w) = Y50 () ;=39 A3 are canonical functions, then the inhomoge-
neous degenerate problem (B) in the classes H**, Hy " has the general solution

l5—1

O =} (z,w) [ U (zw) + ) 2Rl (w) ]
k=0

where arbitrary functions ¢} (w) € H™(T) (¢} (w)w s € HY(T)) for Ay < 0
(A3 > 0), and w s W~ (z,w) € Hy* for Ay > 0.

If I3 < 0, then the general solution has the form

O = X (2, w) W (2, w),

where the functions ¥=* and hence f and x*, are such that 2 U~ (2, w) €
Hyt for Ay <0, and 2z Bsw s U (2,w) € Hyt for A3 < 0.

7°. From the theorems formulated above it follows that, in contrast to one-
dimensional Riemann problems (1:2), the boundary-value problem of linear
conjugation for bicylindrical domains is not normally solvable in the sense of
Noether. It is normally solvable in the sense of Hausdorff (?), and, under bound-
ary conditions of the form (3), has a finite number of solutions. The solvability
conditions for inhomogeneous degenerate problems are, in a certain sense, a
discrete analogue of the solvability conditions for linear conjugation problems
for functions holomorphic in tubular domains (*). The assertion, made in (%),
that the basic elementary homogeneous problem for g =v > 0 and r =m > 0,
without boundary conditions of the form (3), has a finite number of solutions
is incorrect.

The results set forth above were obtained using the author’ s work (°) and were
reported by him at the 4th Section of the International Mathematical Congress
(") in Moscow (August 1966).

Rostov State University
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Note: Figure translations are in progress. See original paper for figures.
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