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MATHEMATICS

V. A. KAKICHEV

BOUNDARY-VALUE PROBLEMS OF LIN-
EAR CONJUGATION FOR FUNCTIONS
HOLOMORPHIC IN BICYLINDRICAL DO-
MAINS
(Presented by Academician M. A. Lavrent’ev on 11 IV 1967)

1∘. Put

𝐹(𝑧, 𝑤) = 1
(2𝜋𝑖)2 ∫

𝐶×Γ

𝑓(𝑡, 𝜔) 𝑑𝑡 𝑑𝜔
(𝑡 − 𝑧)(𝜔 − 𝑤) ≡ 𝐾(𝑓), 𝑧 ∈ 𝐶, 𝑤 ∈ Γ,

𝑆𝑡𝑓 = 1
𝜋𝑖 ∫

𝐶

𝑓(𝑡1, 𝜔)
𝑡1 − 𝑡 𝑑𝑡1, 𝑡 ∈ 𝐶; 𝑆𝜔𝑓 = 1

𝜋𝑖 ∫
Γ

𝑓(𝑡, 𝜔1)
𝜔1 − 𝜔 𝑑𝜔1, 𝜔 ∈ Γ,

𝑆 = 𝑆𝑡𝑆𝜔 = 𝑆𝜔𝑆𝑡, where 𝐶 = 𝜕𝐷+ (Γ = 𝜕Δ+) is a simple smooth closed
contour; 𝐶 × Γ is the skeleton of the boundaries of the bicylindrical domains
𝐷+ × Δ+, 𝐷+ × Δ−, 𝐷− × Δ+, 𝐷− × Δ−, oriented in the natural way; 𝐷−

(Δ−) complements 𝐷+ ∪ 𝐶 (Δ+ ∪ Γ) to the full complex plane of the variable
𝑧 (𝑤), 𝑧 = 0 ∈ 𝐷+ (𝑤 = 0 ∈ Δ+); 𝑓(𝑡, 𝜔) is a function satisfying the Hölder
condition on 𝐶 × Γ (briefly, 𝑓 ∈ 𝐻). By 𝐻±± (𝐻±∓) we denote the class
of functions holomorphic in 𝐷± × Δ± (𝐷± × Δ∓), whose limiting values on
𝐶 × Γ belong to the class 𝐻; 𝐻±∓

0 (𝐻0) is the subclass of functions from 𝐻±∓

(𝐻−−) vanishing at infinitely distant points. The classes 𝐻(𝐶), 𝐻±(𝐶), 𝐻−
0 (𝐶)

(𝐻(Γ), 𝐻±(Γ), 𝐻+
0 (Γ)) of functions depending on one variable 𝑧 (𝑤) have an

analogous meaning. Functions of the class 𝐻±± (𝐻±∓) will be denoted by
𝐹 ±±(𝑧, 𝑤) (𝐹 ±∓(𝑧, 𝑤)).
Put further

𝐹 ±±(𝑡, 𝜔) = lim
(𝑧,𝑤)→(𝑡,𝜔)

𝐹 ±±(𝑧, 𝑤), (𝑧, 𝑤) ∈ 𝐷± × Δ±,

𝐹 ±∓(𝑡, 𝜔) = lim
(𝑧,𝑤)→(𝑡,𝜔)

𝐹 ±∓(𝑧, 𝑤), (𝑧, 𝑤) ∈ 𝐷± × Δ∓,

where (𝑡, 𝜔) ∈ 𝐶 × Γ,

𝐷±
0 = {(𝑧, 𝑤) ∶ 𝑧 ∈ 𝐷±, 𝑤 = 0}, 𝐷±

∞ = {(𝑧, 𝑤) ∶ 𝑧 ∈ 𝐷±, 𝑤 = ∞},
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Δ±
0 = {(𝑧, 𝑤) ∶ 𝑤 ∈ Δ±, 𝑧 = 0}, Δ±

∞ = {(𝑧, 𝑤) ∶ 𝑤 ∈ Δ±, 𝑧 = ∞},
𝜕
𝜕 ̄𝑧 = −𝑧2 𝜕

𝜕𝑧 , 𝜕𝑘

𝜕 ̄𝑧𝑘 = 𝜕𝑘−1

𝜕 ̄𝑧𝑘−1 ( 𝜕
𝜕 ̄𝑧 ) , 𝑘 = 2, 3, …

2∘. The problem of finding functions Φ±±(𝑧, 𝑤) and Φ±∓(𝑧, 𝑤) from the linear
relation

𝐴(𝑡, 𝜔)Φ++(𝑡, 𝜔)+𝐵(𝑡, 𝜔)Φ−+(𝑡, 𝜔)+𝐶(𝑡, 𝜔)Φ+−(𝑡, 𝜔)+𝐷(𝑡, 𝜔)Φ−−(𝑡, 𝜔) = 𝑓(𝑡, 𝜔), (𝑡, 𝜔) ∈ 𝐶×Γ,
(1)

for 𝑓 ≢ 0 (𝑓 ≡ 0) will be called a nonhomogeneous (homogeneous) problem of
linear conjugation for bicylindrical domains.

Consider the principal homogeneous elementary problem: 𝐴 = 1, 𝐵 = −𝑡𝑟,
𝐶 = −𝜔𝜈, 𝐷 = 𝑡𝑚𝜔𝜇, 𝑚 ≥ 𝑟 > 0, 𝜇 ≥ 𝜈 > 0, 𝑚, 𝑟, 𝜇, 𝜈 are integers. The
general solution of this problem in the classes 𝐻±∓

0 , 𝐻−−
0 , and 𝐻++ is given by

the formulas:

Φ++(𝑧, 𝑤) =
𝑟−1
∑
𝑘=0

𝑧𝑘𝜑+
𝑘 (𝑤) +

𝜈−1
∑
𝑗=0

𝑤𝑗𝜓+
𝑗 (𝑧) +

𝑚−1
∑
𝑘=0

𝜇−1
∑
𝑗=0

𝑐𝑘𝑗𝑧𝑘𝑤𝑗,

𝑧𝑟Φ−+(𝑧, 𝑤) =
𝑟−1
∑
𝑘=0

𝑧𝑘𝜑+
𝑘 (𝑤) +

𝜇−1
∑
𝑗=0

𝑤𝑗𝑎−
𝑗 (𝑧),

𝑤𝜈Φ+−(𝑧, 𝑤) =
𝜈−1
∑
𝑘=0

𝑤𝑘𝜓+
𝑘 (𝑧) +

𝑚−1
∑
𝑗=0

𝑧𝑗𝑏−
𝑗 (𝑤),

𝑧𝑚𝑤𝜇Φ−−(𝑧, 𝑤) =
𝑚−1
∑
𝑘=0

𝑧𝑘𝑏−
𝑘 (𝑤) +

𝜇−1
∑
𝑗=0

𝑤𝑗𝑎−
𝑗 (𝑧) −

𝑚−1
∑
𝑘=0

𝜇−1
∑
𝑗=0

𝑐𝑘𝑗𝑧𝑘𝑤𝑗,

(2)

where 𝜑+
𝑘 (𝑤), 𝜑+

𝑘 (𝑧) (𝑏−
𝑘 (𝑤), 𝑎−

𝑘 (𝑧)) are arbitrary functions of class 𝐻+(Γ),
𝐻+(𝐶) (𝐻−

0 (Γ), 𝐻−
0 (𝐶)), and 𝑐𝑘𝑗 are arbitrary constants.

The problem thus posed is underdetermined. If to condition (1) one adjoins
boundary conditions of the type of Cauchy conditions for partial differential
equations, namely:

𝜕𝑘Φ−+(𝑧, 𝑤)
𝜕𝑧𝑘 ∣

𝐷+∞

= 𝑘!𝜑+
𝑟−𝑘(𝑤), 𝜕𝑗Φ+−(𝑧, 𝑤)

𝜕𝑤𝑗 ∣
𝐷+∞

= 𝑗!𝜓+
𝜈−𝑗(𝑧),

𝑘 = 1, … , 𝑟, 𝑗 = 1, … , 𝜈,

𝜕𝑙Φ−−(𝑧, 𝑤)
𝜕𝑧𝑙 ∣

𝐷−∞

= 𝑙!𝑏−
𝑚−𝑙(𝑤), 𝜕𝑖Φ−−(𝑧, 𝑤)

𝜕𝑤𝑖 ∣
𝐷−∞

= 𝑖!𝑎−
𝜇−𝑖(𝑧),

𝑙 = 1, … , 𝑚, 𝑖 = 1, … , 𝜇,

(3)
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where 𝜑+
𝑘 , 𝜓+

𝑗 , 𝑏−
𝑙 , 𝑎−

𝑖 are prescribed functions of the corresponding class, then
the basic elementary homogeneous problem has 𝑚𝜇 linearly independent solu-
tions (2), vanishing at infinitely remote points.

Theorem 1. The basic homogeneous elementary problem has a countable num-
ber of linearly independent solutions. It has a finite number of such solutions if
one seeks solutions satisfying boundary conditions of the form (3).

3°. The problem 𝐴 = 1, 𝐵 = −𝑡𝑟𝜔𝜌, 𝐶 = −𝑡𝑛𝜔𝜈, 𝐷 = 𝑡𝑚𝜔𝜇 and 𝑓 ≡ 0
will be called the homogeneous elementary problem. Such a problem can
always be reduced to the basic elementary one. Let, for example, 𝑟 ≤ 0, 𝑚 >
0, 𝜈 > 0, 𝜇 < 𝜈; then, putting Φ++ = Ψ++, 𝑡𝑟𝜔𝜌Φ−+ = Ψ−+, 𝑡𝑛Φ+− = Ψ+−,
𝜔𝜇−𝜈Φ−− = Ψ−−, we obtain the basic elementary problem with 𝑟 = 0, 𝑚 > 0
and 𝜈 = 𝜇 > 0, whose solution Ψ±± and Ψ±∓ is found by formulas (2), omitting
in them the sums ∑ 𝑧𝑘𝜑+

𝑘 and then requiring that

Φ−+ = 𝑧−𝑟𝑤−𝜌Ψ−+ ∈ 𝐻+
0 , Φ+− = 𝑧−𝑛Ψ+− ∈ 𝐻+

0 , Φ−− = 𝑤𝜈−𝜇Ψ−− ∈ 𝐻−
0 ,

which leads to restrictions on the functions 𝜓+
𝑗 , 𝑏−

𝑙 , 𝑎−
𝑖 .

The nonhomogeneous elementary problem, after the substitution

Ψ++ = Φ++−𝐹 ++, Ψ−+ = 𝜔𝜌Φ−+−𝑡−𝑟𝐹 −+, Ψ+− = 𝑡𝑛Φ+−−𝜔−𝜈𝐹 +−, Ψ−− = Φ−−−𝑡−𝑚𝜔−𝜇𝐹 −−,

where 𝑓 = 𝐹 ++ − 𝐹 −+ − 𝐹 +− + 𝐹 ++, and, for simplicity, 𝑚 ≥ 𝑟 > 0, 𝜇 ≥ 𝜈 > 0,
is reduced to the basic homogeneous elementary problem. The formulas giving
the solution of this problem satisfying boundary conditions of the form (3) are
cumbersome and are not given here.

Theorem 2. The nonhomogeneous elementary problem is solvable provided no
more than a countable number of necessary and sufficient solvability conditions
are fulfilled, conditions which the free term 𝑓(𝑡, 𝜔) must satisfy.

When these conditions are fulfilled, the problem has no more than a countable
number of linearly independent solutions. The number of solutions satisfying
conditions of the form (3) is finite.

4°. Let the function 𝐺(𝑡, 𝜔) ≠ 0 be continuous on 𝐶 × Γ; then any branch of
the function ln 𝐺(𝑡, 𝜔) is single-valued if the partial indices are

𝑙(𝐺) = 1
2𝜋𝑖 ∫

𝐶
𝑑 ln 𝐺(𝑡, 𝜔), 𝜆(𝐺) = 1

2𝜋𝑖 ∫
Γ

𝑑 ln 𝐺(𝑡, 𝜔),

which are integers, are equal to zero.

5°. Let, in the condition of linear conjugation (1), 𝑓 = 0 and
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(A) 𝐵 = 𝐶 = 0, 𝐷/𝐴 = −𝐺1(𝑡, 𝜔) ≠ 0.
(�) 𝐴 = 𝐷 = 0, 𝐵/𝐶 = −𝐺2(𝑡, 𝜔) ≠ 0.
(�) 𝐶 = 𝐷 = 0, 𝐵/𝐴 = −𝐺3(𝑡, 𝜔) ≠ 0.
(�) 𝐵 = 𝐷 = 0, 𝐶/𝐴 = 𝐺4(𝑡, 𝜔) ≠ 0.
(�) 𝐴 = 𝐶 = 0, 𝐷/𝐵 = −𝐺5(𝑡, 𝜔) ≠ 0.
(�) 𝐴 = 𝐵 = 0, 𝐷/𝐶 = −𝐺6(𝑡, 𝜔) ≠ 0.

Such problems will be called degenerate homogeneous problems.

Put 𝑙𝑘 = 𝑙(𝐺𝑘), 𝜆𝑘 = 𝜆(𝐺𝑘), 𝑘 = 1, 2, 3, 4, 5, 6.

Theorem 3. Let 𝑙𝑘 = 𝜆𝑘 = 0, 𝑘 = 1, 2, 3, 4, 5, 6, and, respectively,

(A) ln 𝐺1 = 𝑆(ln 𝐺1).
(�) ln 𝐺2 = −𝑆(ln 𝐺2).
(�) ln 𝐺3 = 𝑆𝜔(ln 𝐺3).
(�) ln 𝐺4 = 𝑆𝑡(ln 𝐺4).
(�) ln 𝐺5 = −𝑆𝑡(ln 𝐺5).
(�) ln 𝐺6 = −𝑆𝜔(ln 𝐺6).

Then the function 𝐺𝑘 ∈ 𝐻 can be represented as a quotient of two functions

𝐺1 = Φ++
1 /Φ−−

1 , 𝐺2 = Φ−+
2 /Φ+−

2 , 𝐺3 = Φ++
3 /Φ−+

3 ,

𝐺4 = Φ++
4 /Φ+−

4 , 𝐺5 = Φ−+
5 /Φ−−

5 , 𝐺6 = Φ+−
6 /Φ−−

6 ,

where Φ±±
𝑘 (𝑧, 𝑤) ∈ 𝐻±±, Φ∓±

𝑘 (𝑧, 𝑤) ∈ 𝐻∓±, have no zeros in the corresponding
domains, and Φ∓±

𝑘 and Φ−−
𝑘 tend to one at the infinitely distant points of the

domains 𝐷∓ × Δ± and 𝐷− × Δ−.

Theorem 4. Let 𝑙1 > 0 and 𝜆1 > 0 (𝑙2 > 0 and 𝜆2 < 0). Then the degenerate
homogeneous problem (A) ((�)) in the class 𝐻++, 𝐻−−

0 (𝐻∓±
0 ) has 𝜒1 = 𝑙1𝜆1

(𝜒2 = −𝑙2𝜆2) linearly independent solutions, determined by the formulas

Φ++
𝑟𝜌 = 𝑒𝛾++

10 (𝑧,𝑤)𝑧𝑟𝑤𝜌, Φ−−
𝑟𝜌 = 𝑒−𝛾−−

10 (𝑧,𝑤)𝑧𝑟−𝑙1𝑤𝜌−𝜆1 ,

𝑟 = 0, 1, … , 𝑙1 − 1, 𝜌 = 0, 1, … , 𝜆1 − 1,

(Φ+−
𝑟𝜌 = 𝑒𝛾+−

20 (𝑧,𝑤)𝑧𝑟𝑤𝜆2+𝜌, Φ−+
𝑟𝜌 = 𝑒𝛾−+

20 (𝑧,𝑤)𝑧𝑟−𝑙2𝑤𝜌,

𝑟 = 0, 1, … , 𝑙2 − 1, 𝜌 = 0, 1, … , −𝜆2 − 1),
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where

𝛾𝑘0(𝑧, 𝑤) = 𝐾(𝐺𝑘0), 𝐺𝑘0 = 𝐺𝑘𝑡−𝑙𝑘𝜔−𝜆𝑘 , (4)

provided that the function 𝐺10 (𝐺20) satisfies the necessary and sufficient solv-
ability condition ln 𝐺10 = 𝑆(ln 𝐺10) (ln 𝐺20 = −𝑆(ln 𝐺20)).
Theorem 5. If 𝑙3 > 0, then problem (�) in the class 𝐻++, 𝐻−+

0 , for 𝜆3 ≥ 0
(𝜆3 < 0), has the following general solution:

𝐹 ++
𝑘 = 𝑒𝛾++

30 (𝑧,𝑤)
𝑙3−1
∑
𝑘=0

𝑧𝑘𝜑+
𝑘 (𝑤), 𝐹 −+

𝑘 = 𝑒𝛾−+
30 (𝑧,𝑤)

𝑙3−1
∑
𝑘=0

𝑧𝑘−𝑙3𝜑+
𝑘 (𝑤)𝑤−𝜆3 ,

where 𝛾30(𝑧, 𝑤) is determined by formulas (4), and 𝜑+
𝑘 (𝑤) (𝜑+

𝑘 (𝑤)𝑤−𝜆3) are
arbitrary functions of the class 𝐻+(Γ), provided that the function 𝐺30 satisfies
the necessary and sufficient solvability condition ln 𝐺30 = 𝑆𝜔(ln 𝐺30).
For the problems (�), (�), and (�) there are theorems analogous to Theorem 5.

6°. The solvability conditions for the inhomogeneous degenerate problems (A)—
(�) are given by the following theorems, which we state only for the typical cases
(A) and (�).

Theorem 6. If 𝑙1 ≥ 0, 𝜆1 ≥ 0 and the necessary and sufficient solvabil-
ity conditions ln 𝐺10 = 𝑆(ln 𝐺10) and 𝑓/𝜒++ = 𝑆(𝑓/𝜒++) are satisfied, where
𝜒++ = 𝑒𝛾++

10 (𝑧,𝑤), 𝜒−− = 𝑒−𝛾−−
10 (𝑧,𝑤)𝑧−𝑙1𝜔−𝜆1 are the so-called canonical functions,

then the inhomogeneous degenerate problem (A) has in the classes 𝐻++ and
𝐻−−

0 𝜘1 = 𝑙1𝜆1 linearly independent solutions

Φ±±
𝑟𝜌 = 𝜒±±(𝑧, 𝑤) [ ±Ψ±±(𝑧, 𝑤) + 𝑧𝑟𝑤𝜌 ],

𝑟 = 0, 1, … , 𝑙1 − 1, 𝜌 = 0, 1, … , 𝜆1 − 1.

where Ψ++(𝑡, 𝜔) + Ψ−−(𝑡, 𝜔) = 𝑓/𝜒++.

If, however, 𝑙1 < 0, 𝜆1 ≥ 0 (𝑙1 ≥ 0, 𝜆1 < 0), then the solution of this problem,
when the necessary and sufficient additional conditions

∫
𝐶×Γ

𝑓(𝑡, 𝜔)
𝜒++(𝑡, 𝜔)

𝑡𝑟−1 𝑑𝑡 𝑑𝜔
𝜔 − 𝑤 = 0, 𝑤 ∈ Δ−, 𝑟 = 1, … , −𝑙1; (5)

(∫
𝐶×Γ

𝑓(𝑡, 𝜔)
𝜒++(𝑡, 𝜔)

𝜔𝜌−1 𝑑𝑡 𝑑𝜔
𝑡 − 𝑧 = 0, 𝑧 ∈ 𝐷−, 𝜌 = 1, … , −𝜆1) (6)
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are fulfilled, is given by the formulas

𝐹 ±± = ±𝜒±±(𝑧, 𝑤)Ψ±±(𝑧, 𝑤). (7)

For 𝑙1 < 0 and 𝜆1 < 0, formulas (7) give a solution if conditions (5) and (6) are
satisfied simultaneously.

Theorem 7. If 𝑙3 ≥ 0 and the necessary and sufficient solvability conditions
ln 𝐺30 = 𝑆𝜔(ln 𝐺30) and 𝑓/𝜒++ = Ψ++ − Ψ−+ are satisfied, where 𝜒++ =
𝑒𝛾++

30 (𝑧,𝑤), 𝜒−+ = 𝑒𝛾−+
30 (𝑧,𝑤)𝑧−𝑙3𝑤−𝜆3 are canonical functions, then the inhomoge-

neous degenerate problem (B) in the classes 𝐻++, 𝐻−+
0 has the general solution

Φ±+ = 𝜒±+(𝑧, 𝑤) ⎡⎢
⎣

Ψ±+(𝑧, 𝑤) +
𝑙3−1
∑
𝑘=0

𝑧𝑘𝜑+
𝑘 (𝑤)⎤⎥

⎦
,

where arbitrary functions 𝜑+
𝑘 (𝑤) ∈ 𝐻+(Γ) (𝜑+

𝑘 (𝑤)𝑤−𝜆3 ∈ 𝐻+(Γ)) for 𝜆3 ≤ 0
(𝜆3 > 0), and 𝑤−𝜆3Ψ−+(𝑧, 𝑤) ∈ 𝐻−+

0 for 𝜆3 > 0.

If 𝑙3 < 0, then the general solution has the form

Φ±+ = 𝜒±+(𝑧, 𝑤)Ψ±+(𝑧, 𝑤),

where the functions Ψ±+, and hence 𝑓 and 𝜒++, are such that 𝑧−𝑙3Ψ−+(𝑧, 𝑤) ∈
𝐻−+

0 for 𝜆3 ≤ 0, and 𝑧−𝑙3𝑤−𝜆3Ψ−+(𝑧, 𝑤) ∈ 𝐻−+
0 for 𝜆3 < 0.

7°. From the theorems formulated above it follows that, in contrast to one-
dimensional Riemann problems (1,2), the boundary-value problem of linear
conjugation for bicylindrical domains is not normally solvable in the sense of
Noether. It is normally solvable in the sense of Hausdorff (3), and, under bound-
ary conditions of the form (3), has a finite number of solutions. The solvability
conditions for inhomogeneous degenerate problems are, in a certain sense, a
discrete analogue of the solvability conditions for linear conjugation problems
for functions holomorphic in tubular domains (4). The assertion, made in (5),
that the basic elementary homogeneous problem for 𝜇 = 𝜈 > 0 and 𝑟 = 𝑚 > 0,
without boundary conditions of the form (3), has a finite number of solutions
is incorrect.

The results set forth above were obtained using the author’s work (6) and were
reported by him at the 4th Section of the International Mathematical Congress
(7) in Moscow (August 1966).

Rostov State University

Received
28 III 1967

sovietrxiv.org/items/ru-196801.98234 Machine Translation

https://sovietrxiv.org/items/ru-196801.98234


REFERENCES
1. N. I. Muskhelishvili, Singular Integral Equations, Moscow, 1962.

2. F. D. Gakhov, Boundary-Value Problems, Moscow, 1963.

3. A. V. Bitsadze, DAN, 164, No. 6, 1218 (1965).

4. V. S. Vladimirov, Izv. AN SSSR, ser. matem., 29, No. 4, 807 (1965).

5. M. B. Gagua, in: Studies on Contemporary Problems in the Theory of
Functions of a Complex Variable, Moscow, 1960, p. 345.

6. V. A. Kakichev, Uch. zap. Shakhtinsk. ped. inst., 2, issue 6, 25 (1959).

7. V. A. Kakichev, Abstracts of Section IV of the International Mathematical
Congress, Moscow, 1966, p. 56.
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