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Let E, 5 denote the (n 4+ 2)-dimensional Euclidean space of points z = (z,y,1),

where © = (z1,...,2,), T,11 =Y, &, o =t. Consider in this space the domain

y > 0, t > 0. In this domain consider the following boundary-value problem.
Find a solution of the equation

£(D,, B, D)= > a,Di By Du =0, (1)

|k|=2m

where |k‘ = |k/| + 2kn+1 + kn+Za
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in the domain y > 0, t > 0, satisfying the following boundary conditions:

H,D,,B,, Dt)u|t:0 =9,(z,y) (L=1,2,...,m). (2)

It is assumed that the coefficients a;, of the operator £ are constant and that
the boundary operators H, are homogeneous with constant coefficients. In
addition, it is assumed that the operator £ is a B-elliptic operator (?) and that
the operators £ and H,, satisfy the Lopatinskii condition (see, for example, (*)).
We shall seek classical solutions of this problem by means of the Fourier-Bessel
transform, i.e. we shall seek solutions in the form

sovietrxiv.org/items/ru-196801.98105 Machine Translation


https://sovietrxiv.org/items/ru-196801.98105

wa = [ [ o0, op)o> de o 3
—oo Y0

Then for v one obtains the boundary-value problem

ﬁ(g,U,Dt>U:07 Hy(§70—7Dt)v’t:0 :gy(£70> (4)

on the half-line ¢ > 0 for an ordinary differential equation with constant coef-
ficients, for fixed £, 0. In order to single out the solutions of problem (4) that
decrease exponentially as ¢ — oo, factorization is carried out, as usual. Since
the Lopatinskii condition is satisfied, problem (4) is solvable, and its solution is
written in the form

m

570 t :Z 570— t gk 57 ) (5)

where

Nk(€7 g, T)

irtd .
27 M+(f,U,T)e g (©6)

(&, 0,) =

is a Poisson basis; C is a contour in the upper half-plane of the complex plane,
enclosing all zeros of the polynomial M* (£ = ayMTM™). If in the formula
for the solution of our problem we pass from the Fourier-Bessel images to the
functions themselves, we obtain

ul, y,1) / / TEY K, (2,9,8) g,(0, )/ L dady,  (T)

where the function K;(z,y,t), called the Poisson kernel, is defined by the relation

Kj(z,y.t) = / / (6, 0,6)¢], (oy)0?+ dédo. (8)

Here and below the constants C,, have a quite definite value and their particular
form is important. In view of their cumbersomeness we do not write them out.

Taking into account the homogeneity of ¥, and introducing polar coordinates in
the appropriate way, we obtain the following explicit formulas for the Poisson
kernels. If n+1+2v+1 > m;, where m; is the order of the operator H;, then

Kj(zvy’t) =
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dﬁ/ é’2u+1 N](naﬁ) dw
=1 (€ + y& cosp + ¢4) TR Mt (n, §)

n=(0). (9)

If, however, m; > n + 1+ 2v + 1, then the corresponding integral is divergent.
Applying the well-known regularization device (1), in this case we obtain for the
Poisson kernels the following two formulas. If 2v 4 1 is an integer, then

Kj(xvyvt> =

=C; / sin®” ' d@/ g (gjg + Yo + tB)m I Ly
0 c

R,s [n|=1

nxé+yd+tﬁ&

1
x 7 M+

gl dw,,. (10)
If, however, 2v + 1 is a fractional number, then the formula for the Poisson
kernel has the form

Kj(z,y,t) = (11)

:Cj/ SinZl’cpdgp/ ds
0 C

R,§

/ 1($£+y0 COS(p+tﬂ)mjfn7172uflMiié_2u+1 dwn'
nl=

The Poisson kernels obtained above can be differentiated, for ¢ > 0, arbitrarily
many times. When boundary operators are applied, singularities may arise. We
need to have kernels such that both they themselves and all their derivatives up
to a certain order are continuous in the closed half-space. This is achieved, as
is known (1), by constructing the so-called adjoint kernels.

Taking into account the formal self-adjointness of the generalized translation
operator, with the aid of the adjoint kernels the solution is written in the form

u(z,y,t) =

N - - 2 S, T v
= CZ;/ /O Agﬂﬁ/ K (s,7,0) Trgi(z,y) T2+ dsdr. (12)
=)=

o0
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Integrating by parts in formula (12), we obtain, taking into account the com-

mutativity of A% and 73!,

u(z,y,t) =

m o0 o0
=C Z/ /0 K; (5,7,1) T;”;Agw)/zgj(x, y) T2t dsdr, (13)
=1 J-o0

where the operator Ap = > 9%/dx7 + B,

If 2v + 1 is an integer (and consequently ¢ is an integer), then the associated
kernels have the form

™
. 2v
ijq(:c,y,t)—/o sin™ px

X d<p/ dg (z€ + y& cos @ + t5) ™I x
c

R,s [n|=1

; ) . N
% (m (J:f-l-yacios@-i- B) +C> Miidwﬂ dw,. (14)

If, however, 2v + 1 is a fractional number (hence ¢ is fractional), then the
associated kernels have the form

K; (z,y,t) = (15)

Nj(naﬂ)

RV ANSENE é.2u+1 dw...
M*(n, 5) !

:C’/ sin2y<pd<p/
0 c

Let g, be infinitely differentiable finite functions in the half-space E,, . Using

dp / (€ + o cos i + tB)™
In|=1

R,6

the results of V. I. Kononenko ) on the expansion of finite functions into
weighted plane waves, it is not difficult to show that formula (13) gives a solution
of problem (1)—(2). Each of the kernels K , is analytic at all points of the half-
space t > 0, with the exception of the origin. As for the origin, it is a pole of a
certain order.

Theorem. The kernels K,  (z,y,t), for £ > 0 and (z,y) # 0, are infinitely
differentiable functions, and for their derivatives the following estimates hold:

1. If 2v + 1 is an integer and 0 < s + 27 < m; + ¢, then the inequality
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m;+q—s—2r)/2
DSBIK, | < C (Jaf2 4 y? +2) " 2

X (1+ln(|x\2+y2+t2)1/z> (16)

holds.

If s+2r > m;+q+1, then D; By K, , is homogeneous of degree m; +q—s—2r,

and the logarithmic term in (16) may be omitted.

2. If 2v + 1 is a fractional number (in this case ¢ is also fractional), then

(mj+q—s—27)/2
) .

|DsByK; | < C(|x]? + y* + ¢ (17)

Analogous assertions are also valid for the Poisson kernels K.
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