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The subject of investigation in the present work is systems of ordinary differ-
ential equations containing constantly acting perturbations pR,;, where p is a
small parameter,

dmz/dt:fz(tvmla7xn)+ﬂRz(t,xl77mn>v ].SZSTL (1)

If the small parameter ;. = 0, we obtain the system

dz;/dt = f;(t,xq,...,z,), 1<i<n. (2)

We shall assume that the functions f; in the region

o, <h, t>0 (3)

are continuous and with respect to the variables x; satisfy a Lipschitz condition
with constant N; moreover, f;(¢,0,...,0) = 0.

In the article conditions are established for instability of the equilibrium point,
determined by the properties of the perturbations ;. In contrast to the known
theorems of Lyapunov’ s second method and Chetaev’ s theorems on instability
(1,2), here it is required that the derivative of the corresponding function v,
computed by virtue of the equations of system (2), be nonnegative

o &~ Ov

- —— £ >0. 4
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It is also assumed that there exists the mean

to+T n v
©0(tos T10y e > L) = lim 7/ ZﬁRi(t,fl,...@n)dt, (5)
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where the integral is computed along the integral curve z,(t) of system (2)
with initial conditions z;(t,) = x;y, and the passage to the limit is performed
uniformly with respect to ¢, and xq, ..., .

We shall assume that the following smoothness conditions are fulfilled:

the derivatives dv/dx; and the perturbations R, (6)

are continuous in x; for |z;| < h uniformly with respect to ¢, although these
conditions, as was indicated in paper (%), are easy to weaken.

Theorem 1. Suppose that there exists v(t,zq,...,x,) for which in every re-
gion |x;| < n, where n is any number such that 0 < n < h, and t > 0, there
is a subregion where v > 0. Suppose also that for v in the region (3) condi-
tions (4), (5), and (6) are fulfilled and, for all values ty,x1g, ..., T, Such that
V(tg, T1gs - > Tpo) > 2, the mean py(ty, T1g, -, Tpo) > 02, where o and & # 0.
If these conditions are fulfilled, the equilibrium point is unstable under constantly
acting perturbations.

Proof. Choose the initial conditions z;, for the solution z; = x,(t) of system
(1) so that |z,5] < n and v(0, 24, ..., T,0) > @2, which is possible according to
the conditions of the theorem. We shall consider the behavior

of the function v along this solution, assuming that the solution always remains
in the region (3). Let us form the derivative of v by virtue of the equations of
system (1):

dv av ov
at ot f TH2 g T (™)

In the region (3), condition (4) is satisfied; therefore, integrating equality (7)
along x,(t), we obtain, taking (4) into account, the inequality

v(t, 1 (t), . 2, (t) >

t n t
ov
> 09(0, 10, v Tpyg) + M/ E 783:»Ri dt = vy + N/ p(x(t)) dt; (8)
i=1 7 0

0

here p(z(t)) has been introduced.

Let us divide f @(x(t)) dt into integrals over intervals ¢, —t, = At, =1 (the
magnitude [ W111 be chosen below) and add and subtract analogous integrals
computed along the integral curves of system (2), Z;.(¢), with initial values
z,;(ty,) = z,;(t,) = x;1, which z,(t) assumes at the points ¢;:
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We estimate the integrals along the solutions z;,(¢), using the positivity of the
mean value @,: by the definition of the mean (4), there exists a function »(t) — 0
as t — oo such that

/ U (@0 dt = (s — ) [P0ty T ) + #(AL)]. (10)

k

Averaging along the integral curves of the degenerate system was proposed in
the works (>®) and was used by the author in the work (). Choose | = t,,; —t;,
so large that

(Aty)| < 62/4. (11)

The boundedness of the perturbations R; (|R;| < M) and the Lipschitz condition
for the right-hand sides f; of system (2) make it possible to formulate Gronwall’s
inequality for the difference x,(t) — ;. (¢) and to obtain on the interval |At,| <
the estimate

[24(t) — 24 (0)] < pMIEM. (12)

Using the smoothness conditions (6) and inequalities (12), one can indicate such
a pgo that for p < py the inequality

lo(x () — (2, (1))] < 62/4, (13)
will hold, and therefore
[ tetatn = eyl de < S, (14
Thus, for
[ ety

k
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by virtue of estimates (11) and (14) and condi
--of the theorem, ¢, > §2, it follows that

tei1 52 52
/ o(z(t))dt > Aty {52 +u(t) — 4} > Atk? (15)
7%

At each step, in passing from ¢, to t, 5, there is an increase of v, so that
the conditions of the theorem on the positivity of v and ¢, are preserved as
long as x,(t) does not leave the region (3); this makes it possible to apply
successively inequalities (11), (14) and to obtain estimate (15) for any of the
integrals entering the sum (9), so that for v along the solution x,(¢) the inequality

(t, (b)), o, 2, (1) > v (0,210, .., o) + umld?/2 (16)

will be valid.

If one assumes that z;(t) always remains in the region |x;| < h, where conditions
(6) are satisfied and the function v is bounded, then, letting ¢ tend to infinity in
inequality (8), and hence also the number of integrals m in inequality (16) tend
to infinity, we arrive at a contradiction, since, according to inequality (16), in
this case v — oo.

From the contradiction obtained it follows that the solution x; = x;(t) at some
instant of time leaves the region |z;| < h, and since the initial conditions and
the perturbations pR; can be chosen arbitrarily small, the equilibrium point is
unstable under permanently acting perturbations.

The theorem may be generalized by assuming that conditions (4) are fulfilled
not in the whole h-neighborhood of the equilibrium point, and by proving a
theorem of Chetaev type.

Following Chetaev, by the region v > 0 we shall mean some region of the
neighborhood |z,| < h of the equilibrium point of system (2), bounded by the
surface v = 0, in which the function v assumes positive values.

Theorem 2. Suppose there exists a function v(t, x4, ..., x,) such that for |z;| <
n and t = 0, where n is arbitrary, 0 < n < h, there exists a region v > 0, and
in it conditions (4), (5), and (6) are fulfilled; for all values ty, x4, ..., .o for
which v(tg, T1g, - Tpg) = 2, the mean pq(ty, Ty, -, Tpo) = 62, where o and
0 # 0. Under these conditions the equilibrium point of system (2) is unstable
under permanently acting perturbations.

Proof of this system is constructed in the same way as the proof of Theorem 1.
It is only necessary to take care that the solution x,(¢) does not leave the region
v > 0; otherwise condition (4) may be violated.

Theorem 3 extends the conclusions of Theorem 1 to the case when the inequality
v > 0 entails ¢, > 0 not at every point of region (3), but only in some part of
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it, which we shall call the region ¢, > 0, while at the same time it is necessary
to introduce a condition ensuring that the solution enters the region ¢, > 0 on
each time interval [t,, ¢, ]

Theorem 3. Suppose the following conditions are satisfied:

a) there exists a function v(t,xq, ..., x, ) for which, in the region (3), conditions
(4), (5), and (6) are satisfied;

b) in the region @, > 0 the functions v and @, for arbitrarily small x; and any
t > 0, assume positive values; moreover, for values ty,z g, ..., &, connected by
the relation v(ty, Tip, ..., Tpo) = A2, the inequality po(ty, T1gs -, Tpo) = 202 is
satisfied, where o and ¢ #+ 0;

¢) one can specify a number l; such that on any piece of an integral curve of
system (2), on a time interval l;, lying entirely in region (3), there are points
belonging to the region p, > 0, at which o, > 262, if this integral curve starts
from a point where v > a?.

Under these conditions the equilibrium point is unstable under permanently act-
ing perturbations.

Proof. Consider an integral curve x; = x;(t), issuing from a point 4, 1 < ¢ < n,
arbitrarily close to the origin of coord—

coordinate and belonging to the region ¢, > 0. Let at this point
V(0,210 ey Tpg) > a?

and
©0(0, 210, vy Tpg) > 202,

By condition b), such a choice is possible. Keeping the scheme of the proof
of Theorem 1, we shall define the lengths of the intervals [t,t, ;] differently.
Choose [ so large that inequality (11) is satisfied for At;, > I. Let now

1<ty —t, <1+1,.

By choosing sufficiently small i, we ensure that on any interval of length [+,
for 0 < p < py, inequality (14) is satisfied.

According to condition c¢), on the integral curve Z,.(¢) of system (2) there are
points at which, for t = ¢4, ¢, > 26%. In view of conditions (6), ¢, is
continuous; therefore, imposing on p one more restriction 0 < p < p,, we
choose 15 so small that, by continuity of ¢, and the smallness of x;, — z,;, on
the curve z,(t) there are points at which ¢, > 0. For 0 < p < g, where
to = min{ ., po }, on all intervals, starting with the first, inequalities (11), (14),
and, consequently, (15) hold.

Supposing that the integral curve z; = x,(t) remains in the region (3) and
letting t tend to oo, we arrive at a contradiction with conditions (6), since then
v increases without bound. Thus the integral curve x; = x;(t) necessarily leaves
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the region (3), and since the initial conditions x,, and the perturbations R,
can be taken arbitrarily small, the point of rest is unstable with respect to
continually acting perturbations.

As an example, consider the well-known Mathieu equation with periodic coeffi-
cients
d?z/dt?* + w?(1 — hcosvt)r = 0.

Write it in the form of a system of equations
dx/dt =y, dy/dt = —w?x + w?hx cos vt;

for small h, the term hw?x cos vt is regarded as a perturbation. The Lyapunov
function is w?x? + y? = v; its derivative is

dv/dt = 2w?*hay cos vt.

The average of the expression 2w?hzxy cos vt, computed along a solution of the
unperturbed system with initial conditions z(0) = x4, y(0) = y,, is equal to
hw?rqy, when v = 2w; this quantity is positive if z, and y, lie in the first and
third coordinate angles. Thus, for small h, the system satisfies the conditions
of Theorem 3, and this makes it possible to detect the principal parametric
resonance v = 2w.

The theorems proved determine sufficient conditions for resonances in nonlinear
oscillatory systems.

The author expresses his gratitude to V. M. Volosov for useful remarks.
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