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Abstract

Full Text

UDC 517.511
MATHEMATICS
Ya. B. LIVCHAK

ON ONE APPROACH TO THE CONCEPT OF
LIMIT

(Presented by Academician A. N. Tikhonov, 10 VII 1968)

Our aim is to construct a theory of limits in such a way that every sequence has
a limit.

Let S be the vector space consisting of all real countable sequences. We identify
the real number a with the corresponding stationary sequence, i.e., with the
sequence x = {x,,} such that x, = a for every n. The set I of all sequences
converging to zero is a subspace in S. The limit of a sequence z is equal to the
number a if and only if the cosets I' + a and I' + = coincide. This circumstance
allows us to regard the coset I' + x as the limit of the sequence x = {x,,} from
S: I' + ¢ = Limz,,. We identify the real number a with the coset I' + a. If
the sequence = converges and a = limz,, then a = T'+a =T 4+ z, i.e., the
introduced definition of limit does not contradict the classical one. The coset
I' + x exists for every x from S, i.e., every sequence has a limit I' Lim x,,. On the
basis of these preliminary considerations we shall construct a theory of limits.
From the example considered it is clear that the limit I" Lim z,, of a sequence of
real numbers may be not a real number, but an element of some set containing
the number line.

Let I be a right-filtering partially ordered set, and let to each index ¢ € I there
correspond an (additive) group G;; denote the complete direct sum of these
groups by Y*G,. If all G, coincide, then we denote G, = G, ¥*G, = GI. We
shall call an I-indexed sequence an element {a,} of ¥*G,. Take a normal divisor
H in the group ¥*G,. By the limit H Lim a; modulo H of an I-indexed sequence
a = {a;} from X*G,; we shall mean the coset H + a. If all G, are equal to one
another and equal to G, then denote the factor group (3*G;)/H by GL,. The
limit of a sum is equal to the sum of the limits. If all G, are vector spaces over
a field K, and H is a subspace in the space ¥*G,, then H Limax; = aH Limz;.
If all G, are rings and H is an ideal in the ring ¥*G,, then

H Lim(z,y;) = (H Limz;)(H Lim y,).

We shall say that a normal divisor H of ¥*G; separates a subset M of X*G, if
every coset modulo H contains no more than one element of M. If H separates

M and the class H 4 a contains an element m of M, then we identify the coset
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H + a with m. In particular, if M is the number line, m € M, m € H Lima,; =
H + a, then we shall regard the limit H Lima; as the real number m. An I-
indexed sequence {z;} from X*G,; will be called almost zero if there exists an
index 4, € I such that x; = 0 as soon as 7 > 4;. The set T" of all almost zero
sequences is a normal divisor in the group X*G,. The limit T Limx,; will be
called the fine limit. The group (X*G,;)/T is the reduced product of the groups
G,;. A sequence {a;} will be called stationary if there exists a from G =[G,
such that a, = a for every ¢ from I; since 1" separates GG, we can identify a with
T +{a;}. If all G, are rings, then £*G, is also a ring, and T is a two-sided ideal
in the ring ¥*G,, therefore

T Lim(z,;y;) = (T Lim;)(T Limy,). Let all G, be vector structures. Put {z,;} N

{vi} = {z; 0y}, {z;} U{y;} = {z; Uy;}. Then

¥*G,; is a vector structure. If, moreover, H is an l-ideal in 3*G;, then the factor
group (¥*G,;)/H is also a vector structure, and H Lim(x, Uy;) = (H Limz;) U
(H Limvy;), HLim(z, Ny;) = (H Limz,) N (H Limvy,), |H Limz,| = H Lim |z,
and from x > y it follows that H Limxz,; > H Limy,;. Suppose that each vector
structure G; contains the number line R as a vector substructure. A sequence
{t;} from ¥*G, will be called infinitesimal if, for any positive ¢ from R, there
exists an index 4, from I such that |z;| < € as soon as ¢ > i.. The set I' of
all infinitesimal sequences is an [-ideal in the vector structure ¥*G,. The limit

I' Lim z; will be called the rough limit. I" separates R.

Denote by N the set of all natural numbers, and by R™ the real m-dimensional
vector space with fixed basis ey, ...,e,,. For any n from N, define the set A"
(a half-open cube), assigning a vector = (x4, ..., x,,) from R™ to A7 if —n <
z; <n (1 <i<m). Forany n from N and any = from R, there exists a
unique number r,, () from R such that —n < r,(z) < n and z = r,(z) mod 2n,
i.e. the difference  — r,(z) is an integer multiple of 2n. We have defined the
function r,(z) on R with values in AL. Construct the mapping 77 (x) of the
space R™ onto the half-open cube A”". For any x = (x4, ..., 2,,), put r*(z) =
(r,(zq), ..., 7, (x,,)). Introduce on the cube A the operation @, setting, for any
x,y from AT, z @y =r"(x+y). A7 is a group. On A7’ the natural topology
is introduced, and A is a bicompact topological group (the m-dimensional
torus). Lebesgue measure on the cube A" is Haar measure. Real measurable
functions on the cube A" are regarded, as usual, as equal if they coincide almost
everywhere. Let F" be the set of all real bounded measurable functions on A"
The thin limit

f(z) =T Lim,, f,(z)
from (E*F)")/T will be called a generalized function on R™.

A real function ¢(z, ..., 7)) on R¥ will be called locally bounded if it is bounded
on every bounded subset of R*. Let ¢(zq,...,7,) be a Borel locally bounded
function on R¥, and let generalized functions

fi(@) = TLim, f4(2), ..., fy(x) = T Lim,, f}(z)
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be given on R™. Define the generalized function ¢(f; (), ...,

- (@),

putting

p(fr(2), o, fi(w)) = T Lim,, o(fa(2), ... fi(2)).
Since the function ¢(z,y) = ry on R? is Borel and locally bounded, the product
of any pair of generalized functions on R™ is defined.

Let a series

and a generalized function f(z) =T Lim,, f,,(x) on R™ be given. The sum
> _aifi(x) =TLim, ) a,f;(z)
i=1 i=1

is also a generalized function on R™. Let 1) be a measurable mapping of the
space R™ into itself, i.e. for any measurable subset E of R™ its preimage is
measurable. For any n from N, define the mapping v, of the cube A} into
itself by putting

Un () =t (Y(2)).
If f(x) = TLim,, f,,(x) is a generalized function on R™, then, for any n from
N, f,(¥,(x)) € F}*. The thin limit T Lim,, f,,(¢,,(z)) is a generalized function.
Denote

f((x)) = T'Lim, £, (¢, (2)).

Let f(x) = T Lim,, f,,(z) be a generalized function on R™, i an integer, 1 < 4 <
m. For any n from N, the measurable function on A"

Opfn(@)/0x; = n(f,(z &n e;) — fo(x))

is bounded, i.e. the limit T'Lim,, (9, f,,(z)/0x;) is a generalized function on R™.
Denote

9f )0z, = TLim, (9, f,(x)/dz,).

For m = 1 we denote
0f(@)/0z = df () /dz = f (a).

For any n from N, define the cube V) as the set of all vectors from R™ such
that 0 < #; < n%,...,0 < z,, < n~!. Denote by ®" the set of all real
bounded measurable functions on the cube V", ™ = (Z:L om)/T, A™ =

(ZZ A™)/T. Let f(x) = T Lim, f,(z) be a generalized function on R™. We
associate with it a function f*(z) on A™. Take a point o = T'Lim,, «v,, from A™
and construct the value f*(«). For any n from N, construct a function f,,(t,,, &,,)
on V", which we shall regard as a function of ¢,,, setting, for any ¢,, from V",

n n?
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fn(t,, o) = f,(t, ®a,). The limit T Lim,, f,(t,,, ®,,) from & will be regarded
as the value of the function f*(x) at the point o and denoted f*(T Lim,, «,,) =
T Lim,, f, (¢t,,,). If f(z) =T Lim,, f,(x), g(x) = T Lim,, g,,(z) are generalized
functions on R™ and, for any @ = T Lim,, o, from A™, f*(a) = ¢*(«), then
the generalized functions f(z) and g(z) coincide. Therefore we may identify a
generalized function f(z) on R™ with the function f*(z) on A™. In this sense
every generalized function f(xz) on R™ is an ordinary function on A™ with
values in ®™. To each generalized function f(z) = T Lim,, f,,(z) on R™ there
correspond the integrals

T/fdu = TLimn/ fo(x)dy and T / fdu=T Limn/ () dps.
Am AR
Let ¢(z) be a real measurable locally bounded function on R™. Denote

T/&@M@Muzfm% fo(@)ol) di, F/ﬂ@ﬂ@@i

A
=TI"Lim du.
néﬁn@w@>u

Let f(z) = T Lim,, f,,(z) and g(x) = T Lim,, g,,(x) be generalized functions on
R™.

Denote

h@wyuwmw—Tm%A Fo()gn (e —€) de

m
n

and call the generalized function thus obtained the convolution. All the pre-
ceding operations are also applicable to complex generalized functions f(z) =
T Lim,, (o, (z) + i3, (x)). Let f(x) = T Lim,, f,,(z) be a complex generalized
function on R™. For any n from N and any A = (A, ..., A,,) from A", denote

n

cn()\):/ e_QWi’\””fn(sc) dx,
Am

where Az = Az + -+ A, ,m.

The generalized function ¢(\) = T Lim,, ¢,,(\) will be called the Fourier trans-
form of the generalized function f(z) =T Lim,, f, (x).

Let ¢(x1, ..., T;,5) be a locally bounded Borel function on R*2, and let gener-
alized functions f,(x) = T Lim,, f}(z), ..., f,(z) = T Lim,, f*(z) be given on R.
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We shall say that the generalized function y(z) = T Lim,, y,,(z) is a solution of
the differential equation

dy(z)/dz = ¢(x,y(x), f1(2), ..., fir.(z)) (1)

on the interval @ < x < b, if for every x from this interval relation (1) is satisfied.
Choose a point y, = T Lim,, y2(¢) from ®™, and we shall seek a generalized
function y(z) = T Lim,, y,,(z) on R satisfying relation (1) for a < z < b and the
initial condition y(a) = y,. Choose ny from N so that ny, > |a| + 1 and ny >
|b] + 1. For n < ny put y,,(z) = 0. Let n > n,. For —n < z < a put y,, () = 0.
Fora <z <a+n'!puty,(r)=1y0(x—a). Fora+nt<z<a+2n!put

yn(x) = yn(x—n_l)+ng0(1:—n_1,y(w—n_l),fl(x—n_l), "'7fk(aj_n_1)>' (2)

For a +2n! < x < a+ 3n~! we define y, (z) by formula (2), and so on. There
exists k,, € N such that

a+ntk, <b<a+ntk,+1).
For a +n~1(k, + 1) < z < n we put y, () = 0. The generalized function
y(z) =T Limy, (z)
is the unique solution of the problem posed.
Suppose generalized functions f(z) and g(x) are given on R. The equation
y'(x) = f(z)g(x)y(x) ()

is a special case of equation (1). We note that similar equations (with a four-
dimensional argument x) are used in quantum electrodynamics !, and that, in
the known presentations of the theory of generalized functions, solving equation
(3) is connected with difficulties.

Let f(x,y) be a Borel function on R?, let y(x) be an ordinary solution of the
equation y* = f(x,y) on the interval a < x < b, suppose that the Lipschitz
condition is satisfied for all y and z, and that along the curve y = y(z), for
a < x < b, the derivative df(z,y(x))/dz is bounded. If

z(z) =T Limz, (x)

is a generalized solution of the equation y" = f(x,y), then the sequence {z, (x)}
converges uniformly on the interval a < 2 < b to the function y(z).

Pute(z) =0for —n <z <0, e(z)=1for 0 <z <mn;d(x)=¢(z). If p(x)is a
measurable function on R and, for large n, the integrals

0

/n plads and /nnn pla)do
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exist, then

0

I‘/é(:r)go(x) dz =T Lim,, n/

—n—1

¢(z)dz —T'Lim,, n/ o(z)dz,
n—n~1t

0 n

o(z)dz + T Lim,, n? / p(z)dz.

n—n~1

F/dz(x)go(w) dz =T Lim,, n2/

—n~1

If the finite function ¢(x) has a finite first derivative at zero, then
2 : L
I [ *(z)p(z) dx = ¢(0)T Lim,, n — 2% (0).
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