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Abstract
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MATHEMATICS

Ya. B. LIVCHAK

ON ONE APPROACH TO THE CONCEPT OF
LIMIT
(Presented by Academician A. N. Tikhonov, 10 VII 1968)

Our aim is to construct a theory of limits in such a way that every sequence has
a limit.

Let 𝑆 be the vector space consisting of all real countable sequences. We identify
the real number 𝑎 with the corresponding stationary sequence, i.e., with the
sequence 𝑥 = {𝑥𝑛} such that 𝑥𝑛 = 𝑎 for every 𝑛. The set Γ of all sequences
converging to zero is a subspace in 𝑆. The limit of a sequence 𝑥 is equal to the
number 𝑎 if and only if the cosets Γ + 𝑎 and Γ + 𝑥 coincide. This circumstance
allows us to regard the coset Γ + 𝑥 as the limit of the sequence 𝑥 = {𝑥𝑛} from
𝑆: Γ + 𝑥 = Lim 𝑥𝑛. We identify the real number 𝑎 with the coset Γ + 𝑎. If
the sequence 𝑥 converges and 𝑎 = lim 𝑥𝑛, then 𝑎 = Γ + 𝑎 = Γ + 𝑥, i.e., the
introduced definition of limit does not contradict the classical one. The coset
Γ+𝑥 exists for every 𝑥 from 𝑆, i.e., every sequence has a limit Γ Lim 𝑥𝑛. On the
basis of these preliminary considerations we shall construct a theory of limits.
From the example considered it is clear that the limit Γ Lim 𝑥𝑛 of a sequence of
real numbers may be not a real number, but an element of some set containing
the number line.

Let 𝐼 be a right-filtering partially ordered set, and let to each index 𝑖 ∈ 𝐼 there
correspond an (additive) group 𝐺𝑖; denote the complete direct sum of these
groups by Σ∗𝐺𝑖. If all 𝐺𝑖 coincide, then we denote 𝐺𝑖 = 𝐺, Σ∗𝐺𝑖 = 𝐺𝐼 . We
shall call an 𝐼-indexed sequence an element {𝑎𝑖} of Σ∗𝐺𝑖. Take a normal divisor
𝐻 in the group Σ∗𝐺𝑖. By the limit 𝐻 Lim 𝑎𝑖 modulo 𝐻 of an 𝐼-indexed sequence
𝑎 = {𝑎𝑖} from Σ∗𝐺𝑖 we shall mean the coset 𝐻 + 𝑎. If all 𝐺𝑖 are equal to one
another and equal to 𝐺, then denote the factor group (Σ∗𝐺𝑖)/𝐻 by 𝐺𝐼

𝐻 . The
limit of a sum is equal to the sum of the limits. If all 𝐺𝑖 are vector spaces over
a field 𝐾, and 𝐻 is a subspace in the space Σ∗𝐺𝑖, then 𝐻 Lim 𝛼𝑥𝑖 = 𝛼𝐻 Lim 𝑥𝑖.
If all 𝐺𝑖 are rings and 𝐻 is an ideal in the ring Σ∗𝐺𝑖, then
𝐻 Lim(𝑥𝑖𝑦𝑖) = (𝐻 Lim 𝑥𝑖)(𝐻 Lim 𝑦𝑖).
We shall say that a normal divisor 𝐻 of Σ∗𝐺𝑖 separates a subset 𝑀 of Σ∗𝐺𝑖 if
every coset modulo 𝐻 contains no more than one element of 𝑀 . If 𝐻 separates
𝑀 and the class 𝐻 + 𝑎 contains an element 𝑚 of 𝑀 , then we identify the coset
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𝐻 + 𝑎 with 𝑚. In particular, if 𝑀 is the number line, 𝑚 ∈ 𝑀 , 𝑚 ∈ 𝐻 Lim 𝑎𝑖 =
𝐻 + 𝑎, then we shall regard the limit 𝐻 Lim 𝑎𝑖 as the real number 𝑚. An 𝐼-
indexed sequence {𝑥𝑖} from Σ∗𝐺𝑖 will be called almost zero if there exists an
index 𝑖0 ∈ 𝐼 such that 𝑥𝑖 = 0 as soon as 𝑖 ≥ 𝑖0. The set 𝑇 of all almost zero
sequences is a normal divisor in the group Σ∗𝐺𝑖. The limit 𝑇 Lim 𝑥𝑖 will be
called the fine limit. The group (Σ∗𝐺𝑖)/𝑇 is the reduced product of the groups
𝐺𝑖. A sequence {𝑎𝑖} will be called stationary if there exists 𝑎 from 𝐺 = ⋂ 𝐺𝑖
such that 𝑎𝑖 = 𝑎 for every 𝑖 from 𝐼 ; since 𝑇 separates 𝐺, we can identify 𝑎 with
𝑇 + {𝑎𝑖}. If all 𝐺𝑖 are rings, then Σ∗𝐺𝑖 is also a ring, and 𝑇 is a two-sided ideal
in the ring Σ∗𝐺𝑖, therefore
𝑇 Lim(𝑥𝑖𝑦𝑖) = (𝑇 Lim 𝑥𝑖)(𝑇 Lim 𝑦𝑖). Let all 𝐺𝑖 be vector structures. Put {𝑥𝑖}∩
{𝑦𝑖} = {𝑥𝑖 ∩ 𝑦𝑖}, {𝑥𝑖} ∪ {𝑦𝑖} = {𝑥𝑖 ∪ 𝑦𝑖}. Then

Σ∗𝐺𝑖 is a vector structure. If, moreover, 𝐻 is an 𝑙-ideal in Σ∗𝐺𝑖, then the factor
group (Σ∗𝐺𝑖)/𝐻 is also a vector structure, and 𝐻 Lim(𝑥𝑖 ∪ 𝑦𝑖) = (𝐻 Lim 𝑥𝑖) ∪
(𝐻 Lim 𝑦𝑖), 𝐻 Lim(𝑥𝑖 ∩ 𝑦𝑖) = (𝐻 Lim 𝑥𝑖) ∩ (𝐻 Lim 𝑦𝑖), |𝐻 Lim 𝑥𝑖| = 𝐻 Lim |𝑥𝑖|,
and from 𝑥 ⩾ 𝑦 it follows that 𝐻 Lim 𝑥𝑖 ⩾ 𝐻 Lim 𝑦𝑖. Suppose that each vector
structure 𝐺𝑖 contains the number line 𝑅 as a vector substructure. A sequence
{𝑡𝑖} from Σ∗𝐺𝑖 will be called infinitesimal if, for any positive 𝜀 from 𝑅, there
exists an index 𝑖𝜀 from 𝐼 such that |𝑥𝑖| < 𝜀 as soon as 𝑖 ⩾ 𝑖𝜀. The set Γ of
all infinitesimal sequences is an 𝑙-ideal in the vector structure Σ∗𝐺𝑖. The limit
Γ Lim 𝑥𝑖 will be called the rough limit. Γ separates 𝑅.

Denote by 𝑁 the set of all natural numbers, and by 𝑅𝑚 the real 𝑚-dimensional
vector space with fixed basis 𝑒1, … , 𝑒𝑚. For any 𝑛 from 𝑁 , define the set 𝐴𝑚

𝑛
(a half-open cube), assigning a vector 𝑥 = (𝑥1, … , 𝑥𝑚) from 𝑅𝑚 to 𝐴𝑚

𝑛 if −𝑛 ⩽
𝑥𝑖 < 𝑛 (1 ⩽ 𝑖 ⩽ 𝑚). For any 𝑛 from 𝑁 and any 𝑥 from 𝑅, there exists a
unique number 𝑟𝑛(𝑥) from 𝑅 such that −𝑛 ⩽ 𝑟𝑛(𝑥) < 𝑛 and 𝑥 ≡ 𝑟𝑛(𝑥) mod 2𝑛,
i.e. the difference 𝑥 − 𝑟𝑛(𝑥) is an integer multiple of 2𝑛. We have defined the
function 𝑟𝑛(𝑥) on 𝑅 with values in 𝐴1

𝑛. Construct the mapping 𝑟𝑚
𝑛 (𝑥) of the

space 𝑅𝑚 onto the half-open cube 𝐴𝑚
𝑛 . For any 𝑥 = (𝑥1, … , 𝑥𝑚), put 𝑟𝑚

𝑛 (𝑥) =
(𝑟𝑛(𝑥1), … , 𝑟𝑛(𝑥𝑚)). Introduce on the cube 𝐴𝑚

𝑛 the operation ⊕, setting, for any
𝑥, 𝑦 from 𝐴𝑚

𝑛 , 𝑥 ⊕ 𝑦 = 𝑟𝑚
𝑛 (𝑥 + 𝑦). 𝐴𝑚

𝑛 is a group. On 𝐴𝑚
𝑛 the natural topology

is introduced, and 𝐴𝑚
𝑛 is a bicompact topological group (the 𝑚-dimensional

torus). Lebesgue measure on the cube 𝐴𝑚
𝑛 is Haar measure. Real measurable

functions on the cube 𝐴𝑚
𝑛 are regarded, as usual, as equal if they coincide almost

everywhere. Let 𝐹 𝑚
𝑛 be the set of all real bounded measurable functions on 𝐴𝑚

𝑛 .
The thin limit

𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥)
from (Σ∗𝐹 𝑚

𝑛 )/𝑇 will be called a generalized function on 𝑅𝑚.

A real function 𝜑(𝑥1, … , 𝑥𝑘) on 𝑅𝑘 will be called locally bounded if it is bounded
on every bounded subset of 𝑅𝑘. Let 𝜑(𝑥1, … , 𝑥𝑘) be a Borel locally bounded
function on 𝑅𝑘, and let generalized functions

𝑓1(𝑥) = 𝑇 Lim𝑛 𝑓1
𝑛(𝑥), … , 𝑓𝑘(𝑥) = 𝑇 Lim𝑛 𝑓𝑘

𝑛(𝑥)
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be given on 𝑅𝑚. Define the generalized function 𝜑(𝑓1(𝑥), … ,

… , 𝑓𝑘(𝑥)),

putting
𝜑(𝑓1(𝑥), … , 𝑓𝑘(𝑥)) = 𝑇 Lim𝑛 𝜑(𝑓1

𝑛(𝑥), … , 𝑓𝑘
𝑛(𝑥)).

Since the function 𝜑(𝑥, 𝑦) = 𝑥𝑦 on 𝑅2 is Borel and locally bounded, the product
of any pair of generalized functions on 𝑅𝑚 is defined.

Let a series ∞
∑
𝑖=1

𝑎𝑖𝑥𝑖

and a generalized function 𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥) on 𝑅𝑚 be given. The sum
∞

∑
𝑖=1

𝑎𝑖𝑓 𝑖(𝑥) = 𝑇 Lim𝑛
𝑛

∑
𝑖=1

𝑎𝑖𝑓 𝑖
𝑛(𝑥)

is also a generalized function on 𝑅𝑚. Let 𝜓 be a measurable mapping of the
space 𝑅𝑚 into itself, i.e. for any measurable subset 𝐸 of 𝑅𝑚 its preimage is
measurable. For any 𝑛 from 𝑁 , define the mapping 𝜓𝑛 of the cube 𝐴𝑚

𝑛 into
itself by putting

𝜓𝑛(𝑥) = 𝑟𝑚
𝑛 (𝜓(𝑥)).

If 𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥) is a generalized function on 𝑅𝑚, then, for any 𝑛 from
𝑁 , 𝑓𝑛(𝜓𝑛(𝑥)) ∈ 𝐹 𝑚

𝑛 . The thin limit 𝑇 Lim𝑛 𝑓𝑛(𝜓𝑛(𝑥)) is a generalized function.
Denote

𝑓(𝜓(𝑥)) = 𝑇 Lim𝑛 𝑓𝑛(𝜓𝑛(𝑥)).
Let 𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥) be a generalized function on 𝑅𝑚, 𝑖 an integer, 1 ⩽ 𝑖 ⩽
𝑚. For any 𝑛 from 𝑁 , the measurable function on 𝐴𝑚

𝑛

𝜕𝑛𝑓𝑛(𝑥)/𝜕𝑥𝑖 = 𝑛(𝑓𝑛(𝑥 ⊕ 𝑛−1𝑒𝑖) − 𝑓𝑛(𝑥))

is bounded, i.e. the limit 𝑇 Lim𝑛(𝜕𝑛𝑓𝑛(𝑥)/𝜕𝑥𝑖) is a generalized function on 𝑅𝑚.
Denote

𝜕𝑓/𝜕𝑥𝑖 = 𝑇 Lim𝑛(𝜕𝑛𝑓𝑛(𝑥)/𝜕𝑥𝑖).
For 𝑚 = 1 we denote

𝜕𝑓(𝑥)/𝜕𝑥 = 𝑑𝑓(𝑥)/𝑑𝑥 = 𝑓 ′(𝑥).

For any 𝑛 from 𝑁 , define the cube 𝑉 𝑚
𝑛 as the set of all vectors from 𝑅𝑚 such

that 0 < 𝑥1 < 𝑛−1, … , 0 < 𝑥𝑚 < 𝑛−1. Denote by Φ𝑚
𝑛 the set of all real

bounded measurable functions on the cube 𝑉 𝑚
𝑛 , Φ𝑚 = (∑∗

𝑛 Φ𝑚
𝑛 )/𝑇 , 𝐴𝑚 =

(∑∗
𝑛 𝐴𝑚

𝑛 )/𝑇 . Let 𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥) be a generalized function on 𝑅𝑚. We
associate with it a function 𝑓∗(𝑥) on 𝐴𝑚. Take a point 𝛼 = 𝑇 Lim𝑛 𝛼𝑛 from 𝐴𝑚

and construct the value 𝑓∗(𝛼). For any 𝑛 from 𝑁 , construct a function 𝑓𝑛(𝑡𝑛, 𝛼𝑛)
on 𝑉 𝑚

𝑛 , which we shall regard as a function of 𝑡𝑛, setting, for any 𝑡𝑛 from 𝑉 𝑚
𝑛 ,
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𝑓𝑛(𝑡𝑛, 𝛼𝑛) = 𝑓𝑛(𝑡𝑛 ⊕𝛼𝑛). The limit 𝑇 Lim𝑛 𝑓𝑛(𝑡𝑛, 𝛼𝑛) from Φ𝑚 will be regarded
as the value of the function 𝑓∗(𝑥) at the point 𝛼 and denoted 𝑓∗(𝑇 Lim𝑛 𝛼𝑛) =
𝑇 Lim𝑛 𝑓𝑛(𝑡𝑛, 𝛼𝑛). If 𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥), 𝑔(𝑥) = 𝑇 Lim𝑛 𝑔𝑛(𝑥) are generalized
functions on 𝑅𝑚 and, for any 𝛼 = 𝑇 Lim𝑛 𝛼𝑛 from 𝐴𝑚, 𝑓∗(𝛼) = 𝑔∗(𝛼), then
the generalized functions 𝑓(𝑥) and 𝑔(𝑥) coincide. Therefore we may identify a
generalized function 𝑓(𝑥) on 𝑅𝑚 with the function 𝑓∗(𝑥) on 𝐴𝑚. In this sense
every generalized function 𝑓(𝑥) on 𝑅𝑚 is an ordinary function on 𝐴𝑚 with
values in Φ𝑚. To each generalized function 𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥) on 𝑅𝑚 there
correspond the integrals

𝑇 ∫ 𝑓 𝑑𝜇 = 𝑇 Lim𝑛 ∫
𝐴𝑚𝑛

𝑓𝑛(𝑥) 𝑑𝜇 and Γ ∫ 𝑓 𝑑𝜇 = Γ Lim𝑛 ∫
𝐴𝑚𝑛

𝑓𝑛(𝑥) 𝑑𝜇.

Let 𝜑(𝑥) be a real measurable locally bounded function on 𝑅𝑚. Denote

𝑇 ∫ 𝑓(𝑥)𝜑(𝑥) 𝑑𝜇 = 𝑇 Lim𝑛 ∫
𝐴𝑚𝑛

𝑓𝑛(𝑥)𝜑(𝑥) 𝑑𝜇, Γ ∫ 𝑓(𝑥)𝜑(𝑥) 𝑑𝜇

= Γ Lim𝑛 ∫
𝐴𝑚𝑛

𝑓𝑛(𝑥)𝜑(𝑥) 𝑑𝜇.

Let 𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥) and 𝑔(𝑥) = 𝑇 Lim𝑛 𝑔𝑛(𝑥) be generalized functions on
𝑅𝑚.

Denote

ℎ(𝑥) = 𝑓(𝑥) ∗ 𝑔(𝑥) = 𝑇 Lim𝑛 ∫
𝐴𝑚𝑛

𝑓𝑛(𝜉)𝑔𝑛(𝑥 − 𝜉) 𝑑𝜉,

and call the generalized function thus obtained the convolution. All the pre-
ceding operations are also applicable to complex generalized functions 𝑓(𝑥) =
𝑇 Lim𝑛(𝛼𝑛(𝑥) + 𝑖𝛽𝑛(𝑥)). Let 𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥) be a complex generalized
function on 𝑅𝑚. For any 𝑛 from 𝑁 and any 𝜆 = (𝜆1, … , 𝜆𝑚) from 𝐴𝑚

𝑛 , denote

𝑐𝑛(𝜆) = ∫
𝐴𝑚𝑛

𝑒−2𝜋𝑖𝜆𝑥𝑓𝑛(𝑥) 𝑑𝑥,

where 𝜆𝑥 = 𝜆1𝑥1 + ⋯ + 𝜆𝑚𝑥𝑚.

The generalized function 𝑐(𝜆) = 𝑇 Lim𝑛 𝑐𝑛(𝜆) will be called the Fourier trans-
form of the generalized function 𝑓(𝑥) = 𝑇 Lim𝑛 𝑓𝑛(𝑥).
Let 𝜑(𝑥1, … , 𝑥𝑘+2) be a locally bounded Borel function on 𝑅𝑘+2, and let gener-
alized functions 𝑓1(𝑥) = 𝑇 Lim𝑛 𝑓1

𝑛(𝑥), … , 𝑓𝑘(𝑥) = 𝑇 Lim𝑛 𝑓𝑘
𝑛(𝑥) be given on 𝑅.
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We shall say that the generalized function 𝑦(𝑥) = 𝑇 Lim𝑛 𝑦𝑛(𝑥) is a solution of
the differential equation

𝑑𝑦(𝑥)/𝑑𝑥 = 𝜑(𝑥, 𝑦(𝑥), 𝑓1(𝑥), … , 𝑓𝑘(𝑥)) (1)

on the interval 𝑎 ≤ 𝑥 ≤ 𝑏, if for every 𝑥 from this interval relation (1) is satisfied.
Choose a point 𝑦0 = 𝑇 Lim𝑛 𝑦0

𝑛(𝑡) from Φ𝑚, and we shall seek a generalized
function 𝑦(𝑥) = 𝑇 Lim𝑛 𝑦𝑛(𝑥) on 𝑅 satisfying relation (1) for 𝑎 ≤ 𝑥 ≤ 𝑏 and the
initial condition 𝑦(𝑎) = 𝑦0. Choose 𝑛0 from 𝑁 so that 𝑛0 > |𝑎| + 1 and 𝑛0 >
|𝑏| + 1. For 𝑛 < 𝑛0 put 𝑦𝑛(𝑥) = 0. Let 𝑛 ≥ 𝑛0. For −𝑛 < 𝑥 < 𝑎 put 𝑦𝑛(𝑥) = 0.
For 𝑎 < 𝑥 < 𝑎 + 𝑛−1 put 𝑦𝑛(𝑥) = 𝑦0

𝑛(𝑥 − 𝑎). For 𝑎 + 𝑛−1 < 𝑥 < 𝑎 + 2𝑛−1 put

𝑦𝑛(𝑥) = 𝑦𝑛(𝑥−𝑛−1)+𝑛𝜑(𝑥−𝑛−1, 𝑦(𝑥−𝑛−1), 𝑓1(𝑥−𝑛−1), … , 𝑓𝑘(𝑥−𝑛−1)). (2)

For 𝑎 + 2𝑛−1 < 𝑥 < 𝑎 + 3𝑛−1 we define 𝑦𝑛(𝑥) by formula (2), and so on. There
exists 𝑘𝑛 ∈ 𝑁 such that

𝑎 + 𝑛−1𝑘𝑛 ≤ 𝑏 < 𝑎 + 𝑛−1(𝑘𝑛 + 1).
For 𝑎 + 𝑛−1(𝑘𝑛 + 1) < 𝑥 < 𝑛 we put 𝑦𝑛(𝑥) = 0. The generalized function

𝑦(𝑥) = Γ Lim 𝑦𝑛(𝑥)
is the unique solution of the problem posed.

Suppose generalized functions 𝑓(𝑥) and 𝑔(𝑥) are given on 𝑅. The equation

𝑦′(𝑥) = 𝑓(𝑥)𝑔(𝑥)𝑦(𝑥) (3)

is a special case of equation (1). We note that similar equations (with a four-
dimensional argument 𝑥) are used in quantum electrodynamics 1, and that, in
the known presentations of the theory of generalized functions, solving equation
(3) is connected with difficulties.

Let 𝑓(𝑥, 𝑦) be a Borel function on 𝑅2, let 𝑦(𝑥) be an ordinary solution of the
equation 𝑦′ = 𝑓(𝑥, 𝑦) on the interval 𝑎 ≤ 𝑥 ≤ 𝑏, suppose that the Lipschitz
condition is satisfied for all 𝑦 and 𝑧, and that along the curve 𝑦 = 𝑦(𝑥), for
𝑎 ≤ 𝑥 ≤ 𝑏, the derivative 𝑑𝑓(𝑥, 𝑦(𝑥))/𝑑𝑥 is bounded. If

𝑧(𝑥) = Γ Lim 𝑧𝑛(𝑥)
is a generalized solution of the equation 𝑦′ = 𝑓(𝑥, 𝑦), then the sequence {𝑧𝑛(𝑥)}
converges uniformly on the interval 𝑎 ≤ 𝑥 ≤ 𝑏 to the function 𝑦(𝑥).
Put 𝑒(𝑥) = 0 for −𝑛 < 𝑥 < 0, 𝑒(𝑥) = 1 for 0 < 𝑥 < 𝑛; 𝛿(𝑥) = 𝑒′(𝑥). If 𝜑(𝑥) is a
measurable function on 𝑅 and, for large 𝑛, the integrals

∫
0

−𝑛−1
𝜑(𝑥) 𝑑𝑥 and ∫

𝑛

𝑛−𝑛−1
𝜑(𝑥) 𝑑𝑥
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exist, then

Γ ∫ 𝛿(𝑥)𝜑(𝑥) 𝑑𝑥 = Γ Lim𝑛 𝑛 ∫
0

−𝑛−1
𝜑(𝑥) 𝑑𝑥 − Γ Lim𝑛 𝑛 ∫

𝑛

𝑛−𝑛−1
𝜑(𝑥) 𝑑𝑥,

Γ ∫ 𝛿2(𝑥)𝜑(𝑥) 𝑑𝑥 = Γ Lim𝑛 𝑛2 ∫
0

−𝑛−1
𝜑(𝑥) 𝑑𝑥 + Γ Lim𝑛 𝑛2 ∫

𝑛

𝑛−𝑛−1
𝜑(𝑥) 𝑑𝑥.

If the finite function 𝜑(𝑥) has a finite first derivative at zero, then

Γ ∫ 𝛿2(𝑥)𝜑(𝑥) 𝑑𝑥 = 𝜑(0)Γ Lim𝑛 𝑛 − 1
2𝜑′(0).
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Note: Figure translations are in progress. See original paper for figures.
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