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(Presented by Academician P. S. Aleksandrov on XII 1, 1967)

The space of closed subsets of a given topological space X in the Vietoris topol-
ogy is called the space exp X, whose points are the closed subsets H of the space
X, and whose basic open sets are all sets of the form (U, ), ...

..,Ua<n>>:{H:[H]CX: HcUan@, HNU,; # 0, z:ln}

where U, (q), ..., Uy are open subsets of the space X. As is known (), exp X

is bicompact if and only if X is bicompact.

The main result of the paper is Theorem 1, which gives a spectral representation
for the space of closed subsets of the limit of an inverse topological spectrum,
and Theorem 3, in which the dyadicity of the space of closed subsets of a bi-
compactum is proved in the case when it itself is dyadic and its weight does not
exceed Nj.

In what follows, the point of the space exp X corresponding to a closed subset
H of the space X will be denoted by the symbol H.

Lemma 1. If o : X — Y is a continuous mapping of the space X into the space
Y, then the mapping ¥ : exp X — exp Y, defined as follows: w(ﬁ) = @/(—I?), is
a continuous mapping; moreover, ¥(exp X) = exp ¢(X), and, if the mapping ¢
is open, then the mapping v is also open.

In what follows, the mapping v generated by the mapping ¢ by means of the
construction described above will be called the exponential continuation of the

mapping ¢.

Theorem 1. If {Xa;ﬂg‘} is a spectrum, where the X, are bicompacta, then
{exp Xa;wg} is also a spectrum, and moreover
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— 11 . (87 — 3 . (0%
Y = hin{exp Xa,wﬁ} = exp hin{Xa, Wﬁ},

where wg s the exponential continuation of the mapping g

Proof. We shall first prove that {exp X,;wg} is a spectrum. The set {a} is

directed, and it remains to show that if « > g > ~, then wfng = wy. But for
every H = [H] C X, evidently,

wWiwg(H) = wing(H) = ning(H) = n3(H) = w3 (H),

whence the required assertion follows.

As is known (3), if for the bicompactum exp X there exists a family {¢,} of
its mappings onto the spaces exp X, with WEPa = ¥as then it generates a
continuous mapping ¢ of the bicompactum exp X onto Y. Denote by 7, the
natural projections

X = hin{Xa;’/Tﬁ}

onto X, and let ¢, : exp X — exp X, be the exponential continuation of the
mapping 7. We now prove that w3y, = ¢g. For a > § we have

— S — ———— —~

wipa(H) = wimy (H) = ngm, (H) = m5(H) = pg(H).

Thus, for the space exp X we have obtained a family of mappings satisfying the
required conditions, which generates a continuous mapping ¢ onto Y,

and, by the bicompactness of exp X, to prove the homeomorphism it suffices
to show that ¢ is a condensation. Let H, € expX, H, € exp X, H, # H,.
Obviously,

Hi = lgl{ﬂ-a(Hz)’ Trglﬂ-a(Hi)})

where 757, (H;) is the restriction of the mapping 7§ to the set m,(H;), i = 1,2,
and, since H; # H,, for some « we shall have 7, (H;) # 7,(H,), or, what is the
same, o (H,) # ¢, (H,). But this means that w,¢(H,) # w,(H,), whence it
follows that o(H,) # ¢(H,). Hence ¢ is a condensation and a homeomorphism.
The theorem is proved.

Lemma 2. There exists a topological embedding of the Cantor discontinuum C
into the interval [0, 1] of the real line such that for any three points z,y,z of C,
if x £y, then always |x — z| # |z —y|.

In what follows the Cantor discontinuum will always be regarded as a subset of
the line, situated in the indicated way.
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Let H be a closed subset of C'. Denote

Dy(H)={zxe€ H: 2c <infH +supH}
and, correspondingly,

Dy(H)={z€ H: 2z >infH +supH}.
In view of the remark made above, obviously,

Dy(H) N Dy(H) = 0.

Lemma 3. In the Hausdorff metric * the relation D,(H) is continuous, i = 0,1,
i.e. if pp(Hy, Hy) — 0, then always p,(D,;(H,), D;(Hy)) — 0.

Denote by AC the set of all perfect subsets of C, and we shall regard AC as a
subset of exp C'.

Lemma 4. There exists a continuous mapping f of the product C' x AC" onto
C such that: 1) f(C x {H}) = H, where H € AC, and 2) the restriction of f
to the set C x {H} is a homeomorphism.

Here we shall carry out the construction of the mapping f, and, for the sake of
simplicity, omit the proof of the properties required by the lemma. If H is a
perfect subset of C, then, obviously, D,(H) is also perfect, and for each sequence
of zeros and ones {i(1),...,7(n)} one can uniquely define D, ;,, ) (H) by the
rule

Di(l)..,i(n)(H> = Di(n) (Di(l)“.i(nfl)(H>)'
It is not difficult to show that all sets of this form constitute a base of H, and
each point € H determines a sequence [(z, H) = {i(j)}32, of zeros and ones,
uniquely determined by the relations
D;1y(H) D Dj1)i0)(H) D+ > x,
and conversely, each sequence I = {i(j)}72; determines a point (I, H) satis-
fying the equality I(z(I,H)) = I. The mapping f is defined in the following
way: R
fw, ) = 2(I(2,C), H).

With the aid of Lemma 3 it is proved that f satisfies the required conditions.

Definition. A mapping ¢ of a bicompactum X onto a bicompactum Y is
called a d-mapping if ¢ is continuous and open and there exists a topological
embedding of X into C' x Y such that ¢ = 7, |X, where 7, [X is the restriction
of the projection of the product to the set X.

Lemma 5. If ¢ is a d-mapping of the bicompactum X onto the bicompactum
Y, and the sets o 1(y) are perfect for every y € Y, then there ewists a homeo-
morphism g : C xY — X such that 7, = ¢g.
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Proof. By the definition of a d-mapping there exists a topological embedding
of X into C' x Y such that ¢ = 7, |X. Define g then as follows:

g(c,y) = fle,m0 (1), 9),

where f is a mapping satisfying the conditions of the preceding lemma. It is not
difficult to see that g is one-to-one and, moreover, since g(c,y) € X, we have

pg(c,y) =m,|X(g(c,y)) =y =m,(c,y).

Let us now prove the continuity of the mapping g. Denote H = 7.0 1(y). Let
V. x W be some basic

* Recall the definition of the Hausdorff metric p,: if H; and H, are closed
subsets of a metric compactum X, then

H,, H,)) = i i .
pu(Hy, Hy) = max min pzy,o5) + max min p(e,,72)

The topology induced by the Hausdorff metric in exp X, for compact X, coin-
cides with the Vietoris topology (?).

neighborhood of the point g(c,y). Then, by Lemma 4, one can choose a neigh-
borhood (U, ..., U,,) of the point H in exp C and a neighborhood U of the point
¢ in C such that as soon as H, € (Uy,...,U,,) and ¢; € U, then

p(f(c>ﬁ)vf(c1;ﬁ1)> < €.

From the definition of the neighborhood (Uj, ..., U,,) it follows that H C U?Zl U,
HNU; #0,i=1,...,n. But then C x U, N~ '(y) # 0 and is open, and

O;=p(SxU; Ny ' (y) 3y
and is also open by virtue of the openness of the mapping ¢. On the other hand,
Oy =Y \o(X\(Cx|]JU))
i=1

is also open and contains y. Consider now the neighborhood U x (O N W) of
the point (c,y), where O = ﬂ?zo O;. Then, if (¢;,y,) € U x (ONW), then

choflcp(cl,yl) = ,/Tcsoil(:lh) € <U1’ R Un>? €1 € Ua
and, by the choice of the neighborhoods (Uy, ..., U,,) and U, we have

p(fle,m07 (), fler,mp (yy))) <e,

i.e.
f(claﬂ-c(pil(yln € ‘/aa 1 € W7
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and
gler,yn) = (flen, mew™ (Y1), y1) € Ve x W,
which is what had to be proved.

Lemma 6. If ¢ is a d-mapping of a bicompactum X onto a bicompactum Y,
then there exists a continuous mapping 1 of the product C' XY onto X, with

T, = ¢y, and ¢ open.

Proof. It is not difficult to see that the superposition of two d-mappings is
again a d-mapping. Denoting by 7, the projection of the product C' x X onto
the factor X, we have that 7, is a d-mapping, and for each y € Y the set
7, ¢ 1 (y) is perfect. Then, by Lemma 5, there exists a homeomorphism, and
hence an open mapping,

g:CxY —-CxX,

with 7, = ¢m,g. But then ¢ = 7,/ is the required mapping, since m, = @,
and 1 is open as a superposition of two open mappings. The lemma is proved.

Lemma 7. If ¢ is a d-mapping of a bicompactum X onto a bicompactum Y
and 1 is a continuous mapping of a bicompactum Z onto Y, then there exists a
mapping g of the product C x Z onto X such that ¢m, = pg; moreover, if ¥ is
an open mapping, then g can also be made open, and if ¢ is a d-mapping with
perfect preimages for each y € Y and i is a homeomorphism, then g can also
be made a homeomorphism.

The proof follows immediately from the two preceding lemmas.

Theorem 2. If {a} is a well-ordered set of indices and {X,, 7§} is an inverse
spectrum such that: 1) Xy is a dyadic bicompactum; 2) for every limit o one
has

3) mo*L is a d-mapping for all a, then
— . (63
X = hin{Xa, TG}

is a dyadic bicompactum.
Proof. To each index « we associate its own copy C,, of the Cantor discontin-
uum. Next, putting
Y,=X,x[[Cs
B<a
and taking wj to be the natural projection of the product onto the subproduct,

we may consider the transfinite spectrum {Y; wg} Obviously,

B, _  «
wyws = wy,

and for limit « one has
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To prove the dyadicity of X, it is enough to construct a continuous mapping
Y = liin{Ya;wg},

which is a dyadic bicompactum, onto X, for which in turn it is enough to find
a family of continuous mappings, commuting with the spectral ones, which,
by known theorems (®), will generate a continuous mapping of the limit onto
the limit. We shall construct the desired family by the method of transfinite
induction. As ¢, : Y] — X, take the identity mapping. Suppose now that for
all # < a mappings ¢4z have been constructed, and for every v < f < « the
relation
TPs = Py
holds. Then, in the case when « is a limit transfinite, earlier

the constructed mappings induce a continuous mapping of the limit, and, since
by the hypothesis of the theorem

X, =lim_{Xg; W,ﬁy}5<a and, by construction,

Y, = limH{YB;wg}ka, we have thereby obtained the required mapping ¢,,.
If, however, « is an indeterminate transfinite number, then o = (o — 1) + 1,
and by Lemma 7 there is a mapping ¢, such that 75_ ¢, = ¢, _wS_;, and
consequently ¢, is the required one. Thus a family of mappings has been
found which generates a mapping continuous from the limit onto the limit. The
theorem is proved.

Similarly to Theorem 2, with the aid of Lemma 7 one proves

Theorem 3. If, in the hypotheses of Theorem 2, the bicompactum X, is more-
over an open image of D7, then the inverse limit of the spectrum {Xa;ﬂ'g} is
an open image of the generalized Cantor discontinuum.

Theorem 4. If, in the hypotheses of Theorem 2, for every a the mapping w&+*

exists and is, moreover, a mapping with perfect point-preimages, then the limit
of the spectrum {X; ﬂg} is homeomorphic to the topological product X, by D™.

It is clear that, if the hypotheses of Theorem 4 are satisfied and X, is a zero-
dimensional compactum or the generalized Cantor discontinuum, then the limit
of the spectrum {X,; 7§} is homeomorphic to D7.

Corollary 1. If X is the limit of a transfinite spectrum of zero-dimensional
compacta with open mappings, then X is an open image of D".

Theorem 5. If X is a dyadic bicompactum of weight not exceeding Wy, then
the bicompactum exp X is dyadic.

Proof. As is easy to see, for the proof of the theorem it is enough to show
that exp D®1 is homeomorphic to D®1. Indeed, by virtue of the dyadicity of X
there exists a continuous mapping of D onto X. Then, by Lemma 1, there
exists a continuous mapping of exp D™t onto exp X, and if exp D™ is a dyadic
bicompactum, then the theorem will be proved. Let {a} be the set of transfinite
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numbers less than w;. To each « assign a copy C,, of the Cantor discontinuum
and put
X, = H[ka Cs. Denoting by 73 the natural projection of the product onto a

gmy = m§, and then {X,;7g} is an inverse transfinite

spectrum whose limit, obviously, is D®1. But the space of closed subsets of a
metric compactum is again a metric compactum, and, by Theorem 1, exp DX
is the inverse limit of a transfinite spectrum of compacta with mappings open
by Lemma 1. Moreover, it is not hard to see that the exponential extension of
the mapping 73 is a mapping with perfect point-preimages, and, by Theorem

subproduct, we have 7

4, in view of Corollary 1, there follows a homeomorphism of exp D*1 and D™:.
The theorem is proved.

With the application of Lemma 1 one also proves

Corollary 2. If X is an open image of DX1, then exp X is an open image of
DM,
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