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AN APPROXIMATE MINIMAX PROPERTY
OF THE TEST R?

(Presented by Academician Yu. V. Linnik on 8 I 1968)

Let X;,..., Xy be independent p-dimensional vectors obeying the normal law
N(&,Y) (here, as usual, § = EX;, ¥ = B(X, — &)(X, — )7 is the vector of
means and the correlation matrix; vectors are written as columns, T' denotes
transposition). Put

NX=)X;, S= ZNXXZ» —X)(X; =X,

=1 %
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(where Xy, Sy are (p — 1) x (p — 1)-matrices).

p? = %1985 801 /811

We shall test the statistical hypothesis H,, : p? = 0 against the alternative
H,:p* =26, 0 <J <1, and against the alternative H; : p> > §, with level
a, 0<a<l.

To solve the two indicated problems one usually uses the R2-test, which rejects
the hypothesis H, when R? = S,,5555,,/S;; > C, where the constant C' is
determined by the level a.

In the case N < p, if € is unknown, or N < p — 1, if £ is known, the test R? is
equal to a constant (if it exists).

In 1964, H. Giri and J. Kiefer proved the minimax property of the test R? for
the case p =3, N =4 (or N = 3, when £ is known).

The study of samples of size N > 4 for p = 3 encounters considerable difficulties.
However, for N — oo, as in (®), we proved the e-minimaxity of the test R? for
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arbitrary values p > 3 (¢ = O(1/N'7°1), where &, is any prescribed small
positive number).

In the present paper we apply the methods used by Yu. V. Linnik, Yu. V.
Prokhorov, O. V. Shalaevskii, H. Giri, and J. Kiefer in (3>%1), in order to prove
e-minimaxity for the test R? when p = 3, N is large. (¢ = O(1/N¥), where k
is any prescribed natural number.)

Theorem 1. The test R?> : R? > C for testing the hypothesis H, against H,
is e-minimaz for any level o € (0,1).

For any € > 0 the relation holds:
Sup, eiergl Ey® — eier}{fl Eyoy <e (1)
for N > Ny(g). Here 0 = (£,X) is the parameter; ®  is the test R?; ® ranges

over all tests of level < .

More precisely: if the level « = ay s subject to the conditions

O(MN/N*¥)<a<A—0(1/InN) (2)
and
1/NInN <§<1, (3)
then
. o _ k
Supg Glergl E,® eler};fl E,®5 = O(1/N¥). (4)

When the hypothesis H; is replaced by the hypothesis H;, an analogous theorem
holds:

Theorem 2. The test R*: R? > C for testing H, against the composite
hypothesis Hi is e-minimaz for any o € (0,1) and 0 < 6 < 1. Under the
conditions of Theorem 1, relation (1) holds with H, replaced by Hj.

To prove these theorems we establish a lemma asserting the existence of an
approximate solution A of the Giri-Kiefer integral equation.

This equation has the form (the case p = 3)
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where T is the simplex (0q,05), §; > 0, dy + 05 = J; (ry,73) are parameters,
To, 73 >0, 79 +13 =C; 7, =1— Z] 50,711 =1, a? = 8;v3/v;—17; F is the
hypergeometric function.

Lemma. As N — oo and 1/NInN < ¢ < 12KInn/N, 2/InN < C <
2K 1Inn/N, there exists a continuous probability distribution \o5n on T which,
when substituted into (2), gives a residual, uniformly in rq,r5 >0, rog + 15 =C,
not exceeding O(1/N¥*), where k is any fized prescribed natural number.

In conclusion, I express my deep gratitude to Acad. Yu. V. Linnik, and also to
0. V. Shalaevskii.
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