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MATHEMATICAL PHYSICS

N. N. BOGOLYUBOV, Jr.

ON AN EXACTLY SOLVABLE QUASISPIN
THIRRING MODEL
(Presented by Academician I. N. Vekua, February 16, 1968)

Recently important papers by Thirring (1,2) have appeared, devoted to certain
aspects of obtaining asymptotically exact results for a quasispin model. In these
papers Thirring considers a quasispin system and gives a very interesting direct
method for computing the ground state of the system, correlation functions, and
Green’s functions. The Hamiltonian of such a system is represented by him in
the form

𝐻Ω =
Ω

∑
𝑝=1

𝜀𝑝(1 − 𝜎𝑧
𝑝) − 2𝑇𝑐

Ω
Ω

∑
𝑝=1

𝜎−
𝑝

Ω
∑
𝑝′=1

𝜎+
𝑝′ ; (1)

here Ω is the number of paired states—a quantity proportional to the volume
of the system; 𝑇𝑐 is the interaction constant; 𝜎𝑥

𝑝 , 𝜎𝑦
𝑝, 𝜎𝑧

𝑝 are the Pauli operators.
The operators 𝜎+

𝑝 , 𝜎−
𝑝 are expressed in the usual way through 𝜎± = 1

2 (𝜎𝑥 ± 𝑖𝜎𝑦).
We shall show that the results obtained by Thirring also follow directly from
our general consideration (3−6).
In our papers (3−6) we considered systems defined by the Hamiltonian

𝐻 = 𝑇 − 2Ω
𝑠

∑
𝛼=1

𝐼𝛼𝐼+
𝛼 , (2)

where 𝑇 , 𝐼, 𝐼+ are certain operators satisfying the following additional condi-
tions, the so-called commutation relations:

|𝐼𝛼| ≤ 𝐾1, |𝐼+
𝛼 𝐼𝛽 − 𝐼𝛽𝐼+

𝛼 | ≤ 𝐾3/Ω,
|𝑇 𝐼𝛽 − 𝐼𝛽𝑇 | ≤ 𝐾2, |𝐼𝛼𝐼𝛽 − 𝐼𝛽𝐼𝛼| ≤ 𝐾3/Ω

(1 ≤ 𝛼 ≤ 𝑠; 1 ≤ 𝛽 ≤ 𝑠),
(3)

and it was assumed that the free energy, computed per unit volume, is finite for
the Hamiltonian 𝐻 = 𝑇 ,
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|𝑓𝑇 | ≤ 𝐾0, 𝑓𝑇 = − 𝜃
Ω ln Sp 𝑒−𝑇 /𝜃.

Here 𝐾0, 𝐾1, 𝐾2, 𝐾3 are certain constants as Ω → ∞.

Under these conditions it was proved that the difference of the free energies
constructed on the basis of the model Hamiltonian (2) and the corresponding
approximating Hamiltonian tends to zero as Ω → ∞, i.e.

|𝑓𝐻 − 𝑓𝐻𝐵
| ≤ 𝜂(1/Ω) → 0 as Ω → ∞.

In this inequality 𝐻𝐵 is the approximating Hamiltonian

𝐻𝐵 = 𝑇 − 2Ω
𝑠

∑
𝛼=1

(𝐶𝛼𝐼+
𝛼 + 𝐶∗

𝛼𝐼𝛼) + 2Ω
𝑠

∑
𝛼=1

|𝐶𝛼|2. (4)

The constants 𝐶𝛼 entering it are determined from the condition of an absolute
minimum of the function

𝑓𝐻𝐵
(𝐶) = − 1

Ω 𝜃 ln Sp 𝑒−𝐻𝐵/𝜃

in the domain of all complex variables 𝐶 = (𝐶1, … , 𝐶𝑠).
Using the minimizing values 𝐶, we compute the free energy per unit volume Ω
by the method of the approximating Hamiltonian (7,8)

𝑓𝐻𝐵
= min

(𝑐)
𝑓𝐻𝐵

(𝐶).

It is clear that the Thirring model belongs precisely to this type of model Hamil-
tonians. Indeed, taking as the operators 𝐼, 𝐼+, 𝑇 the expressions

𝐼 = √2𝑇𝑐
Ω

Ω
∑
𝑝=1

𝜎+
𝑝 , 𝐼+ = √2𝑇𝑐

Ω
Ω

∑
𝑝=1

𝜎−
𝑝 , (5)

𝑇 =
Ω

∑
𝑝=1

𝜀𝑝(1 − 𝜎𝑧
𝑝), (6)

and substituting them in the case 𝑠 = 1 into (2), we arrive at the model system
(1).

Let us note that in expression (6), for convenience of calculation, it is usually
assumed that 𝜀𝑝 does not depend on 𝑝 and is taken to be a constant; systems
are also considered for which
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𝑇 = −𝜀
Ω

∑
𝑝=1

𝜎𝑧
𝑝.

For our approach this is immaterial. The commutation relations (3) for the
model (1):

|𝐼| ≤ 𝑎1, |𝐼+𝐼 − 𝐼𝐼+| ≤ 𝑎3/Ω, |𝑇 𝐼 − 𝐼𝑇 | ≤ 𝑎2, |𝑓𝑇 | ≤ 𝑎0,

where 𝑎0, 𝑎1, 𝑎2, 𝑎3 are certain constants as Ω → ∞, are obviously fulfilled.

Thus, we have shown that our generalized model problem includes the Thirring
model system and therefore our general results (3−6) will be applicable to the
model (1).

For example, it can be shown that the free energy for the model system (1)
is computed exactly as Ω → ∞. To this end we present the approximating
Thirring Hamiltonian for the system (1),

𝐻𝐵 = −𝜀
Ω

∑
𝑝=1

𝜎𝑧
𝑝 − 2𝑇𝑐

Ω
∑
𝑝=1

{𝜎+
𝑝 ⟨𝜎−

𝑝 ⟩𝐵 + ⟨𝜎+
𝑝 ⟩𝐵𝜎−

𝑝 } + 2𝑇𝑐Ω⟨𝜎+
𝑝 ⟩𝐵⟨𝜎−

𝑝 ⟩𝐵.

Here ⟨…⟩𝐵 denotes the usual statistical averaging with respect to the Hamilto-
nian 𝐻𝐵,

⟨𝜌𝑝⟩ = Sp 𝑒−𝐻𝐵/𝜃𝜎−
𝑝 / Sp 𝑒−𝐻𝐵/𝜃

is a quantity independent of 𝑝.

Let us also note that the approximating Thirring Hamiltonian is equal to our
Hamiltonian (4) for 𝑠 = 1. Its diagonalization for a spin system is most conve-
niently carried out by means of a rotation transformation, and in this way the
free energy 𝑓𝐻𝐵

can be calculated; moreover, these arguments for spin 𝜎 = 1/2
can be generalized to the case of a system with arbitrary spin value. In this
case, applying the method we have developed, one can establish the equality of
the free energies for the model and approximating Hamiltonians as Ω → ∞.

As was shown in our work (5,6), analogous results are also obtained for correla-
tion functions and Green’s functions.
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