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The present work is devoted to the problem of expansion in eigenfunctions of
the non-self-adjoint operator generated by the Schrédinger equation

Lu = —(0%/0x% 4+ 02 /023 + 0%/0x3)u + q(z1, Ty, 5)u = Nu (1)

under the assumption that the complex-valued function q(zq,z4,25) = q(x),
(x = (x1,24,23)), is defined in the whole space E; and satisfies the inequality

lg(z)| < Cexp{—elx|}. (2)

1. The expansion in eigenfunctions of the operator L is given with the aid of
solutions of the scattering theory problem (s.t.p.) for equation (1). (When
L is self-adjoint, this was done in work (1).) The solution u(z; \,w) of the
integral equation

: 1 [ exp{idjz —yl}
wlx; \, w) = eA@w) — —/ ————q(y)u(y; \,w) dy, 3
(532, ) e R e UL 3)

where w is any unit vector in Ej, is called a solution of the s.t.p. for equation
(1).

The following assertions hold concerning the solvability of equation (3) and
concerning its solution u(xz; A\, w).

1°. Equation (3) is solvable for all A for which Im A > —&/2, with the possible
exception of a countable set M with possible limit points on the line Im A =
—e/2.

2°. If equation (3) is not solvable for A = 0, then zero is an eigenvalue of the
operator L.
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3°. The solution u(x; A\, w) of equation (3) is an analytic function of A in the
domain Im A > —e/2, except at the points of the set M, at which it has poles
of finite order.

4. If A; € M and ImA; > 0, then /\? is an eigenvalue of the operator L.
Since the set M N {A\;Im A > 0} is finite, the operator L has a finite number of
eigenvalues \?, ..., )\% with finite multiplicities my, ..., m;. The finiteness of the
number of eigenvalues was obtained earlier in work (?).

If we denote s = A2 (Im /s > 0), then

A Uy, —p,5(T)
ulasVa,w) = Y e g (n/E W), (4)
— (s —A9)P
p=1 J
where ug (), ..., Upp 1, ;() is a chain of eigenfunctions and associated functions

of the operator L corresponding to the eigenvalue )\?.

5°. The operator L has no positive eigenvalues (see T. Kato (3)). Therefore, if
p; € M and Im p; = 0, then u? cannot be an eigenvalue of the operator L, and
pj is called its spectral

singularity. The operator L has a finite number of spectral singularities
g5 e s Hpe

6°. In a neighborhood of the spectral singularity p;, the function u(z; A\ w) is
expanded in a Laurent series:

) =3 G ) 5)

Q

[y
"‘;

u

where v;(z; A\, w) is regular at the point ;. Substituting the expansion (5) into
the integral equation (3) and comparing the coefficients of equal powers of the
expression A — i;, we see that

exp(ip|lr —y L T —
v;() :—;/E expin;le —yl) (Z |y)> q(y) dy, (6)

|z — y

Put

exp{ (i, — )|z — ! ile — y)?
oy, 8) = — /E pilin; = Dlz ~4l) (Zvlq,j<y><'y'>>q<y>dy.

4m 3 |SU - y| q=0
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It is obvious that as § — 0 the function v; ;(z — &) — v, ;(z) uniformly in every
finite domain of variation of x. Suppose that the limit *

lim/ vy, (T, 0)vy, ;(x,6) dx:/ vy, (@), 5(z) dx (8)
00 /g, (pw)

exists. We shall call this limit the regularized integral of the functions
Ull,j(x)vlz,j(x)'

7°. The functions vy ;(z), ... (z) are linearly independent.

! Unjflyj

8°. If one puts

2 wn-qu(x)

u(z; A\, w) = — et wi( N\ w 9
(i) = 3 = A 9)
in a neighborhood of the point y;, then the functions wg (), ... 7wnj_1,j($> are
expressed through linear combinations of the functions vy ;(7), ... ,vnj_m(x),
and conversely. Therefore the regularized integrals for the functions w ;(z)

exist and the functions wy ;(z), ..., wnj71,j($) are linearly independent.

We shall call the system of functions wy ;(z), ... 7wnj71,j(x) a chain corre-
sponding to the spectral singularity p;.

9°. For each value of A for which equation (3) is solvable, the asymptotic relation

61’)\7"

wrne) =+ Loz vo( )b o

holds as || — oo. Here 0 < h < 1/2, & = z/|z|, and

~ 1 —iNE
FuEw) == [ e AEYg(y)u(y; A, w) dy. (11)
™ Jg,

10°. For real values of A with |A| > max {|u,| + 1}, the function u(x; \,w) is
uniformly bounded in all arguments.

2. Denote by R(z;y;\) the kernel of the resolvent of equation (1). Then it
is obvious that

1oexp(iNz—y|) 1 exp(iA|z — z|)

R(z;y;\) = 47TW 47T/E3 iz — 2| a(2)R(zy; A) dy. (12)
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* Here it should be noted that as |z| — oo the functions v, ;(x) grow, but not
faster than |z|"~*.

It is not difficult to prove that R(x;y; A) is an analytic function of A for Im A >
—e/2, with the exception of the set M. In neighborhoods of points of the
discrete spectrum, a method is known (see, for example, (+5)) for determining
the principal parts of the resolvent kernel. Therefore we shall not dwell on
this, and shall denote by R;(x;y;A) the principal part of the resolvent in a
neighborhood of the point )\?. We must also be able to determine the principal
parts Aj(x; y; A) of the resolvent in a neighborhood of the spectral singularities
p; (5 = 1,...,p) in terms of the principal parts w ;(x), ... 7UJTLFIJ(QC) of the
solution of the b.v.p. Without giving detailed arguments, we note that the
regularized integrals introduced above make it possible to find Aj(x;y; A) in

terms of wy ;(z), ... ,wnj_l,j(x) by the formulas*
()
Aj(w3y;0) = o : (13)
) 2 e =2y
n] q S
Olq](I, y) - Z C(s+q,_7 wy,]<x)ws—u,j<y>7 (14)
s=1 v=0
an,ga(oj,)nrl = -1, Cn771,J = a<1],>nr1/(0‘gj,izfl) ) (15)
0 L a(ljz)rlj—l a<0‘7z)7Lj—1 0,...; 0
Crmi1, = ( 1>l(an,nj71) 04(2{)7”71 (137)%_71 éﬁn , 0,..,0 |, (16)

where

ag) :/( )wkj(x)wlj(a:) dx. (17)
p,w

3. We now formulate the main result of the paper. First we introduce some
notation. Among the spectral singularities of equation (1) there may be some
symmetric with respect to zero. Suppose that the numbers i, ..., y,, are num-
bered so that py = —p. s ptyy = fy,p 41, and g, .o, i, < 0. Denote by I'
the curve composed of subsegments of the half-axis A > 0 and small semicir-
cles around the poles of the functions u(x; A\,w) and u(z; —A,w) on the half-axis
A > 0. The semicircle lies in the upper half-plane if its center is a pole of the
function u(z; A\, w), and in the lower half-plane if its center is a pole of the func-
tion u(xz; —\,w) and this pole does not coincide with any pole of the function
u(x; A\, w).
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Theorem. Let the function f(x) vanish outside a certain compact set, have
continuous first-order derivatives, and let Lf € Lo(FEs3). Let R(x;y; \) be the
resolvent kernel of equation (1) and satisfy condition (2). Then the following
assertions hold:

a) R(x;y; A) is an analytic function of A in the half-plane Im A > —e/2, with
the exception of a countable set M with possible limit points on the line
Im\ = —¢/2;

b) R(z;y; A) is a kernel of Carleman type if and only if Im A > 0 and X is
distinct from Ay, ..., \,;

¢) if ImA >0 and X is distinct from Ay, ..., \;,, then

+ /Ez‘lj(:v;y;)\)f(y)cly—l—(271T>3 /F/W u(?:s):;)) F(s,w)s?dsdw. (18)

* For simplicity we assume that each spectral singularity is assigned only one chain. Otherwise Aj(m; Y; A) eq

Here

F(S,W)z/E f(@)u(z; s,w) dx; (19)

3

W, is the unit sphere in F5;, and dw is the elementary measure on Wi;

d) the last integral in formula (18) converges uniformly with respect to the
variable x from Ej.

We shall make several remarks on the method of proof of assertion ¢), since
the remaining assertions are obvious. Formula (18) is in fact an expansion in
the solutions of the scattering-theory problem for equation (1). Expanding the
solution of the scattering-theory problem in spherical functions, our problem
can be reduced to the problem of expansion in the solutions of the scattering-
theory problem for an infinite system of ordinary differential equations with
singularities of the form I(I+1)/z2, 1 = 0,1, ..., which grow rapidly as [ increases.
Next we first obtain the expansion formula in the solutions of the scattering-
theory problem for a finite system of differential equations with singularities,
and then carry out the limiting passage from the finite system to the infinite
one, which leads us to the goal.
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Let us note that if the function f(x) is finite and lies in the domain of definition
of the operator L?, then the operator L — A\? can be applied to formula (18),
and from it one obtains an expansion of the function f(x) in the solutions of
the scattering-theory problem for equation (1).
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