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Abstract
Full Text

THEORY OF ELASTICITY
LIVIU LIBRESCU (L. LIBRESCU)

ON A THEORY OF BENDING OF ANISOTROPIC
THREE-LAYER ELASTIC PLATES WITH A
CORE
(Presented by Academician L. I. Sedov, 3 VI 1968)

1. Theories of three-layer shells and plates with a core have recently received
considerable attention (1−3). Nevertheless, the theory of anisotropic three-layer
plates has not yet received sufficient development.

In what follows, a theory of bending of symmetric three-layer elastic plates will
be justified separately for the cases of a light and of a stiff core, and the matching
conditions on the boundary surfaces will be strictly satisfied.

2. The case of three-layer plates with a stiff core. Let us have a three-
layer plate of constant thickness 2ℎ̄+ℎ′ +ℎ″, ℎ′ = ℎ″ being the thickness of the
outer layers; 2ℎ̄ the thickness of the middle layer. Here and below, quantities
characterizing the upper and lower layers and the middle layer will be denoted
respectively by primes ′, double primes ″, and by an overbar. It is assumed
that the material of the outer layers possesses identical physicomechanical char-
acteristics. The middle surface of the plate (coinciding with the middle surface
of the core) is referred to an arbitrary curvilinear coordinate system 𝑥𝑖 (Greek
indices everywhere take the values 1, 2, and Roman indices the values 1, 2, 3);
the coordinate 𝑥3 = 𝑧 (|𝑧| ≤ ℎ̄ + ℎ′) is normal to the middle surface of the plate.

The following hypotheses are adopted:

A. The layers of the plate are regarded as anisotropic, having at each point an
elastic plane of symmetry parallel to the middle surface of the plate.

B. For the outer layers, the Love–Kirchhoff hypothesis is assumed to be valid.

C. For the middle layer, the theory of plates of moderate thickness is assumed
to be valid (see (4)), to which we add the hypothesis of incompressibility of the
core in the normal direction ( ̄𝑒33 = 0).
On the basis of these hypotheses (see also (5)) we take

̄𝜏𝜔3 = 𝜑̄𝜔(𝑧2 − ℎ̄2) + 𝑓𝜔, (1)
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where 𝜑̄𝜔 = 𝜑̄𝜔(𝑥𝜆), 𝑓𝜔 = 𝑓𝜔(𝑥𝜆) are as yet unknown functions, whose meaning
is clear.

On the basis of hypothesis B we obtain expressions for the tangential displace-
ments in the outer layers

𝑉 ′
𝛼 = 𝑈𝛼 + (𝐴 − 𝑧)𝑉 ′

3 |𝛼 for ℎ̄ + ℎ′ ≥ 𝑧 ≥ ℎ̄,
𝑉 ″

𝛼 = −𝑈𝛼 − (𝐴 + 𝑧)𝑉 ″
3 |𝛼 for − ℎ̄ − ℎ′ ≤ 𝑧 ≤ −ℎ̄,

(2)

where 𝐴 = ℎ̄ + ℎ′/2; 𝑈𝛼 are the tangential displacements in the middle surface
of the upper layer.

From the equation

̄𝑉𝛼,3 = 4 ̄𝐹𝛼3𝜆3 ̄𝜏𝜆3 − ̄𝑉3|𝛼, (3)

obtained from the physical equation

̄𝑒𝜆3 = 2 ̄𝐹𝛼3𝜆3 ̄𝜏𝜔3 (4)

and the geometrical equation

̄𝑒𝑖𝑗 = 1
2( ̄𝑉𝑖|𝑗 + ̄𝑉𝑗|𝑖) (5)

(the comma and the index 𝑖 following it denote partial differentiation with re-
spect to the coordinate 𝑥𝑖; the vertical bar denotes covariant differentiation;
𝐸𝑖𝑗𝑚𝑛 and 𝐹𝑖𝑗𝑚𝑛 are the tensors of elastic moduli of the material of the layers
(6)); taking into account that in the present case ̄𝑉3 = 𝑉 ′

3 = 𝑉3, from (3)—(5)
we obtain

̄𝑉𝛼 = −𝑧𝑉3|𝛼 + 4𝑧 ̄𝐹𝛼3𝜆3(𝑓𝜆 − ℎ̄2𝜑̄𝜆) + 4
3𝑧3 ̄𝐹𝛼3𝜆3𝜑̄𝜆 for |𝑧| ≤ ℎ̄. (6)

From the exact equilibrium equation

̄𝜏𝜔3|𝜔 + ̄𝜏33
,3 = 0 (7)

taking (1) into account, we derive

̄𝜏33 = −1
3𝜑𝛼

|𝛼𝑧3 + (ℎ̄2𝜑𝛼
|𝛼 − 𝑓𝛼

|𝛼)𝑧. (8)

At 𝑧 = ±(ℎ + ℎ′) it satisfies the conditions
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′𝜏𝛼3 = ″𝜏𝛼3 = 0; ′𝜏33 = ±1
2𝑝(0), (9)

where 𝑝(0) = 𝑝(0)(𝑥𝜔) is the external normal load. According to hypothesis B,

′𝜏𝜔𝜋 = ′𝐸𝜔𝜋𝜎𝜌 ′𝑒𝜎𝜌, (10)

where ′𝑒𝜎𝜌 is the tensor of tangential deformation corresponding to the upper
layer,

′𝐸𝜔𝜋𝜎𝜌 = ′𝐸𝜔𝜋𝜎𝜌 −
′𝐸𝜔𝜋33 ′𝐸33𝜎𝜌

′𝐸3333 . (11)

Applying relations (10), (9), (5), (2), from the exact equilibrium equations we
derive

′𝜏𝛽3 = 1
2

′𝐸𝛼𝛽𝜌𝜃 [(𝑈𝜌|𝛼 + 𝑈𝜃|𝜌𝛼)(ℎ̄ + ℎ′ − 𝑧)+

+ ⟨2𝐴(ℎ̄ + ℎ′ − 𝑧) − (ℎ̄ + ℎ′)2 + 𝑧2⟩ 𝑉 ′
3 |𝜌𝜃𝛼] , (12)

′𝜏33 = 1
2

′𝐸𝛼𝛽𝜌𝜃 [(𝑈𝜌|𝛼𝛽 + 𝑈𝜃|𝜌𝛼𝛽) ⟨1
2(ℎ̄ + ℎ′)2 − 𝑧(ℎ̄ + ℎ′) + 1

2𝑧2⟩ +

+ ⟨1
3(ℎ̄ + ℎ′)2 (ℎ̄ − 1

2ℎ′) − 𝑧ℎ(ℎ̄ + ℎ′) + 𝑧2𝐴 − 1
3𝑧3⟩ 𝑉 ′

3 |𝜌𝜃𝛼𝛽] + 1
2𝑝(0).

Imposing the geometrical and static matching conditions

̄𝑉𝛼|𝑧=ℎ̄−0 = 𝑉 ′
𝛼|𝑧=ℎ̄+0, ′𝜏𝛽3|𝑧=ℎ̄+0 = ̄𝜏𝛽3|𝑧=ℎ̄−0, (13)

we derive, respectively,

𝜑̄𝜔 = 3
2ℎ̄3 [ℎ̄𝑓𝜔 − ̄𝐸𝛼3𝜔3(𝑈𝛼 + 𝐴𝑉3|𝛼)] , 𝑓𝜌 = ℎ′

2
′𝐸𝜆𝜌𝜔𝜋(𝑈𝜔|𝜋𝛼 + 𝑈𝜋|𝜔𝛼).

(14)

Knowing that the tensors of shearing forces and moments are determined by
the relations
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𝑁𝜔
(0) = 2 ∫

ℎ̄

0
̄𝜏𝜔3 𝑑𝑧+2 ∫

ℎ̄+ℎ′

ℎ̄
′𝜏𝜔3 𝑑𝑧, 𝐿𝜔𝜌

(1) = 2 ∫
ℎ̄

0
̄𝜏𝜔𝜌𝑧 𝑑𝑧+2 ∫

ℎ̄+ℎ′

ℎ̄
′𝜏𝜔𝜌𝑧 𝑑𝑧,

(15)

where

̄𝜏𝜔𝜌 = ̃̄𝐸
𝜔𝜌𝜎𝜋

̄𝑒𝜎𝜋 +
̄𝐸𝜔𝜌33

̄𝐸3333 ̄𝜏33, (16)

and taking (1), (8), (10), (12), (15) into account in the equilibrium equations

𝑁𝛼
(0)|𝛼 + 𝑝(0) = 0, 𝐿𝜔𝜌

(1)|𝜔 − 𝑁𝜌
(0) = 0, (17)

we derive the resolving system of equations in the principal unknowns 𝑈𝛼 and
𝑉3

1
2ℎ′2 ′𝐸𝛼𝛽𝜌𝜃(𝑈𝜌|𝜃𝛼𝛽+𝑈𝜃|𝜌𝛼𝛽)−1

6ℎ′3 ′𝐸𝛼𝛽𝜌𝜃𝑉3|𝜌𝜃𝛼𝛽+2 ̄𝐸𝛼3𝛽3(𝑈𝜔|𝛽+𝐴𝑉3|𝛼𝛽)+𝑝(0) = 0,

2/3ℎ̄3 ̄𝐸𝜇𝜆𝜔𝜋𝑉3|𝜔𝜋 − 2 ̄𝐸𝛼3𝜆3(𝑈𝛼 + 𝐴𝑉3|𝛼)+
+8/5ℎ̄2 ̄𝐸𝛼3𝛽3[(𝑈𝛼|𝜋𝜇 + 𝐴𝑉3|𝛼𝜋𝜇) ̄𝐹𝜔3𝛽3 + (𝑈𝛼|𝜔𝜇 + 𝐴𝑉3|𝛼𝜔𝜇) ̄𝐹𝜋3𝛽3] ̄𝐸𝜇𝜆𝜔𝜋−

−4/5ℎ̄2 ̄𝐸𝛼3𝛽3 ̄𝐸𝜇𝜆33

̄𝐸3333 (𝑈𝛼|𝛽𝜇 + 𝐴𝑉3|𝛼𝛽𝜇) + ℎ̄ℎ′ ̄𝐸𝜇𝜆𝜔𝜋(𝑈𝜔|𝜋𝜇 + 𝑈𝜋|𝜔𝜇) = 0. (18)

Let us note that the first equation (18) can also be obtained from the conditions

̄𝜏33∣𝑧=ℎ̄−0 = ′𝜏33∣𝑧=ℎ̄+0. (19)

The system (18) is a generalization of the system obtained in (5). The equa-
tions corresponding to the case of a transversely isotropic three-layer plate are
obtained by taking for 𝐸𝑖𝑗𝑘𝑙 and 𝐹𝑖𝑗𝑚𝑛 the expressions given in (4). Expressing
𝑈𝛼 from the relation

2 ̄𝐺3𝑈𝜔 = 𝐷𝑉 𝜔𝜆
3|𝜆 −2 ̄𝐺3𝐴𝑉 |𝜔

3 +𝜀𝜔𝜆Φ|𝜆−⟨2
5

ℎ̄2

1 − ̄𝜈 (2
̄𝐺
̄𝐺3

− ̄𝜈3
̄𝐸
̄𝐸3

) + 𝐸′ℎ̄ℎ′

̄𝐺3(1 − 𝜈′2)⟩ 𝑝 |𝜔
(0)

(20)

(𝜀11 = 𝜀22 = 0; 𝜀12 = −𝜀21 = 1),
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we reduce equations (18) to the equations

𝐷𝑉 |𝜔𝜆
3|𝜔𝜆 = 𝑝(0) − {2

5
ℎ̄2

1 − ̄𝜈 (2
̄𝐺
̄𝐺3

− ̄𝜈3
̄𝐸
̄𝐸3

) + 𝐸′ℎ̄ℎ′

̄𝐺3(1 − 𝜈′2)} 𝑝 |𝜔
(0)|𝜔, (21)

1
̄𝐺3

(2
5ℎ̄2 ̄𝐺 + 𝐺′ℎ̄ℎ′) Φ |𝜆𝜌

|𝜆𝜌 − Φ |𝜎
|𝜎 = 0,

where

𝐷 = 2
3 [

̄𝐸ℎ̄3

1 − ̄𝜈2 + ((ℎ̄ + ℎ′)3 − ℎ̄3)𝐸′

1 − 𝜈′2 ] ;

𝐸′, 𝜈′ are the modulus of elasticity and Poisson’s ratio of the material of the
outer layers, and ̄𝐸, ̄𝜈 and ̄𝐸3, ̄𝜈3 are those of the filler material in the plane,
respectively parallel and perpendicular to the middle plane of the filler. Let us
note that in the case ℎ̄ → 0 one obtains the equations of plate bending within
the framework of the classical theory, corresponding to the material of the outer
layers; in the case ℎ′ → 0, the equations of bending of homogeneous plates with
the filler material, these equations being a generalization to the transversely
isotropic case of the equations obtained in (6) in the isotropic case by applying
the algorithm given in (7).

3. The case of three-layer plates with a light filler. Suppose that hy-
potheses A and B are valid. For the middle layer, the theory of plates of mean
thickness will be supplemented by the hypothesis ̄𝜏𝜔𝜋 = 0. We shall also assume
that through the thickness

̄𝑉3 =
(0)

̄𝑉 3 + 𝑧2
(2)

̄𝑉 3. (22)

From the exact equilibrium equations we obtain

̄𝜏𝜔3 = ̄𝑔𝜔, ̄𝜏33 = −𝑧 ̄𝑔𝜔
|𝜔, (23)

where ̄𝑔𝜔 = ̄𝑔𝜔(𝑥𝜆).
The displacement components ̄𝑉𝛼 are given by the relation

̄𝑉𝛼 = −
(0)

̄𝑉 3|𝛼 − 4 ̄𝐹𝛼𝜆3𝛽 ̄𝑔𝜆𝑧 − 𝛿⟂
1/3𝑧3

(2)
̄𝑉 3|𝛼, (24)

where 𝛿⟂ identifies the effect of compressibility of the filler in the normal direc-
tion (𝛿⟂ = 1 in the case when this effect is taken into account; 𝛿⟂ = 0 in the
opposite case, ̄𝑒33 = 0).
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Knowing that
(2)

̄𝑉 3 is determined by relation (4)

(2)
̄𝑉 3 = 1

2 ̄𝐸3333 ( ̄𝜏33 − ̄𝐸33𝛼𝛽 ̄𝑒𝛼𝛽) , (25)

and, taking into account (23), (24), (5), from the geometric matching condition
𝑉 3∣𝑧=ℎ̄−0 = 𝑉 ′

3 |𝑧=ℎ̄+0, we obtain

𝑉 ′
3 = 𝑉 (0)

3 − ℎ̄2

2 ̄𝐸3333 { ̄𝑔𝛼𝛾
|𝛼 + ̄𝐸33𝛼𝛽 ⟨2( ̄𝐸𝛼𝜆3 ̄𝑔𝜆)|𝛽 + ̄𝐹𝛽𝜆3 ̄𝑔𝜆

|𝛼⟩ − 𝑉 (0)
3 |𝛼𝛽} .

(26)

Condition (13,2) leads for ̄𝑔𝛽 to an expression identical with that given by re-
lation (14,2), while from condition (13,1), with account of (24) and (2,1), we
obtain

(𝑈𝛼 + 𝐴𝑉 (0)
3 |𝛼) ̄𝐸𝛼3𝛾3 = 1

2ℎℎ′ 𝐸𝜔𝛾𝜌𝜃 (𝑉𝜌|𝜃𝜔 + 𝑈𝜃|𝜌𝜔)−𝛿1
ℎ̄2

2 (ℎ̄
3 + ℎ′

2 )
̄𝐸33𝜌𝜋 ̄𝐸𝜌3𝛾3

̄𝐸3333 𝑉 (0)
3 |𝜌𝜋𝛼.

(27)

This is one of the resolving equations of the problem, to which must be added
the equation

′𝐸𝛼𝛽𝜌𝜃 (𝑈𝜌|𝜃𝛼𝛽 + 𝑈𝜃|𝜌𝛼𝛽) ℎ′2

2 + 2 ̄𝐸𝛼3𝛾3 (𝑈𝛼|𝛾 + 𝐴𝑉 (0)
3 |𝛼𝛾) −

−ℎ′3

6 𝐸𝛼𝛽𝜌𝜃𝑉 (0)
3 |𝜌𝜃𝛼𝛽 = 𝛿1ℎ2 (ℎ̄

3 + ℎ′

2 )
̄𝐸𝛼3𝛾3 ̄𝐸33𝜌𝜋

̄𝐸3333 𝑉 (0)
3 |𝜌𝜋𝛼𝛾 + 𝑝(0) = 0, (28)

which is obtained either from (17,1), (15), (2), (12,1), (26), or from condition
(19).

The resolving system of equations consists of equations (27,1) in the basic un-
knowns 𝑉 (0)

3 and 𝑈𝛼 (from equation (17,2) an equation is obtained which is
identically satisfied by equation (27)).

It is noted that in the case 𝛿1 = 0 ( ̄𝑒33 = 0), the equations corresponding to
three-layer plates with a light core are obtained for the case with a rigid core
by taking in the latter ̄𝐸𝛼𝛽𝜎𝜋 = ̄𝐸𝛼𝛽33 = 0.

In the transversely isotropic case, introducing the potential 𝜓(𝑥𝜆) by means of
the relation
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1
ℎ̄

̄𝐺3𝑈𝜔 = 𝜀𝜔𝜆𝜓|𝜆 − 𝐴ℎ′𝐸′

1 − 𝜈′2 𝑉 (0)
3

|𝛼𝜔 − 𝐴
ℎ̄

̄𝐺3𝑉 (0)
3

|𝜔+

+𝛿1
ℎ̄
2 (ℎ̄

3 + ℎ′

2 )
̄𝐸𝜈3

2(1 + ̄𝜈3)(1 − ̄𝜈)𝑉 (0)
3 |𝜌

|𝜌𝜔 − ℎ′𝐸′

2 ̄𝐺3(1 − 𝜈′2)𝑝(0)
|𝜔, (29)

we obtain the equations

[2
3

𝐸′ ((ℎ̄ + ℎ′)3 − ℎ̄3)
1 − 𝜈′2 − 𝛿1 (2ℎ̄3

3 + ℎ̄2ℎ′)
̄𝐸𝜈3

2(1 + ̄𝜈3)(1 − ̄𝜈)] 𝑉 (0)
3

|𝜌𝜔
|𝜌𝜔 =

= 𝑝(0) − 𝐸′ℎ̄ℎ′

̄𝐺3(1 − 𝜈′2)𝑝(0)
|𝜔
|𝜔 (𝜓 − ℎ̄ℎ′𝐺′

𝐺3
𝜓|𝜆

|𝜆) |𝜎
|𝜎 = 0). (30)

For 𝛿1 = 0, equations (30) are obtained from (21), taking in the latter ̄𝐸/ ̄𝐸 = 0.

As for the natural boundary conditions, they can readily be obtained in the
case of three-layer plates with either a rigid or a light core, using the general
formulation given for them in (4).

Institute of Fluid and Gas Mechanics
Academy of the Socialist Republic of Romania

10 VI 1967
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Note: Figure translations are in progress. See original paper for figures.
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