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THEORY OF ELASTICITY

LIVIU LIBRESCU (L. LIBRESCU)

ON A THEORY OF BENDING OF ANISOTROPIC
THREE-LAYER ELASTIC PLATES WITH A
CORE

(Presented by Academician L. I. Sedov, 3 VI 1968)

1. Theories of three-layer shells and plates with a core have recently received
considerable attention (1~3). Nevertheless, the theory of anisotropic three-layer
plates has not yet received sufficient development.

In what follows, a theory of bending of symmetric three-layer elastic plates will
be justified separately for the cases of a light and of a stiff core, and the matching
conditions on the boundary surfaces will be strictly satisfied.

2. The case of three-layer plates with a stiff core. Let us have a three-
layer plate of constant thickness 2h+h’+h”, h’ = h” being the thickness of the
outer layers; 2h the thickness of the middle layer. Here and below, quantities
characterizing the upper and lower layers and the middle layer will be denoted
respectively by primes ’, double primes 7, and by an overbar. It is assumed
that the material of the outer layers possesses identical physicomechanical char-
acteristics. The middle surface of the plate (coinciding with the middle surface
of the core) is referred to an arbitrary curvilinear coordinate system z° (Greek
indices everywhere take the values 1, 2, and Roman indices the values 1, 2, 3);
the coordinate 2® = z (|z| < h+h’) is normal to the middle surface of the plate.

The following hypotheses are adopted:

A. The layers of the plate are regarded as anisotropic, having at each point an
elastic plane of symmetry parallel to the middle surface of the plate.

B. For the outer layers, the Love-Kirchhoff hypothesis is assumed to be valid.

C. For the middle layer, the theory of plates of moderate thickness is assumed
to be valid (see (%)), to which we add the hypothesis of incompressibility of the
core in the normal direction (e33 = 0).

On the basis of these hypotheses (see also (°)) we take

70 = (2 — %) + £, (1)
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where o = @¥(z?), f¥ = f¥(2) are as yet unknown functions, whose meaning
is clear.

On the basis of hypothesis B we obtain expressions for the tangential displace-
ments in the outer layers

Vi=U,+ (A—2)Vj|, for h+h >z>

h,
_ _ 2
V)=-U,—(A+2)V{|, for —h—h" <z<—h, @)

where A = h + h’/2; U, are the tangential displacements in the middle surface
of the upper layer.

From the equation
Va,?) = 4Fa3)\3%)\3 - ‘73|ou (3)
obtained from the physical equation
€x3 = 2Fa3A3%w3 (4)

and the geometrical equation
_ 1= =,
€5 = §(Vz|J + Vi) (5)

(the comma and the index ¢ following it denote partial differentiation with re-
spect to the coordinate z*; the vertical bar denotes covariant differentiation;

E"™ and Fjj,,, are the tensors of elastic moduli of the material of the layers

(%)); taking into account that in the present case Vi = V§ = V3, from (3)—(5)
we obtain

Vo = =2V + 42F o353 (f* — 20 + §Z3Fa3,\3¢’\ for |2/ <h.  (6)
From the exact equilibrium equation

TR, + T8 =0 (7)
taking (1) into account, we derive
733 = —%(po‘mz?’ + (Bzgo"“a — fa‘a)z. (8)

At z = +(h + h’) it satisfies the conditions
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1
rya3 _ /ral 0; 'r33 = :I:ip(o)» (9)

where p(y) = p(g)(z) is the external normal load. According to hypothesis B,

" = (PeTon e (10)

op’

where ’eop is the tensor of tangential deformation corresponding to the upper
layer,

/E'wﬂ33 /E330p

TEETOP =T ERTOP — T /3333 (11)

Applying relations (10), (9), (5), (2), from the exact equilibrium equations we
derive

1

/7'ﬂ3 = 5 /EOLB[)O [(Up\a + U9|pa)(;7’+ h/ —Z)+

+ A+ 1 —2) = (h+1)? + 22) VS 90 ] - (12)
17338 — Logasen [ U LG )2 — () + 222
=5 (Uptas + Uglpas) 5( +h')° —2(h + )+§Z +

1 / n 1 / 7 / 1 / 1
Imposing the geometrical and static matching conditions

Va|z:h70 = Vo/c|z:i7,+0’ /Tﬂ3|z:71+0 = 77_63'2:71707 (13)

we derive, respectively,

I - W
B = g [P = EOSUy + AV f7 = 5 BT (U + Usfa):

2h3
(14)

Knowing that the tensors of shearing forces and moments are determined by
the relations
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h h+h’ h h+h’
Né{)) = 2/ 73 dz+2/ w3 dz, Lfl’; = 2/ %wﬁzdz+2/ ‘TPz dz,
0 h 0 h
(15)

where

~WPOT Fwp33
TP =FE e, + 73, (16)

3333

and taking (1), (8), (10), (12), (15) into account in the equilibrium equations

o _ wp po_
Noja TP0) =0, Ly, — N =0, (17)

we derive the resolving system of equations in the principal unknowns U, and
Vs

1 12 ) e 1 13 1 o e
SH B U0t Uslpap) = gh " B Vs 90t 2B (U 5+ AVijap) +P(0) = 0,

2/3h3E#>\Wﬂ‘/3\w7r - QEIO‘B)\S(U(X + A‘/?)\a)—’—

+8 /52 E**F3 (U 1y + AVijamp) Fuzgs T Uajon + AVajawu) Frags] BP9 —

_ EaSﬁBEuASB
2 U,

O“BM + AV}"QBN) + ilh/E'quﬂ(Uw‘TrM + UYTr = O (18)

~1/sh W( oop)

Let us note that the first equation (18) can also be obtained from the conditions

77_33|z:370 — /7_33’ (19)

2=h+0"
The system (18) is a generalization of the system obtained in (5). The equa-
tions corresponding to the case of a transversely isotropic three-layer plate are
obtained by taking for E“* and Fj;,,,, the expressions given in (4). Expressing
U, from the relation

_ _ 2 h? G E E’hl
2G.UY = DV.A—2G AV perg, (210 (o2 5 =) 4 =0 N e
(20)
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we reduce equations (18) to the equations

2 h? G E E'hiW
DV‘UJ)\: ) (o= —p. = +} | , 21
3wr — P(0) {5 1—2 ( G, Vs E3> Ga(1—1v72) P(0) e (21)
L
G

lo

2-55 1T [Ap lo _
<ghG+th><I>W) —® " =0,
where

R ((h+ W) — W)E

1—22 1—v2

_2
3

E’, v are the modulus of elasticity and Poisson’ s ratio of the material of the
outer layers, and E, v and Ej, i; are those of the filler material in the plane,
respectively parallel and perpendicular to the middle plane of the filler. Let us
note that in the case h — 0 one obtains the equations of plate bending within
the framework of the classical theory, corresponding to the material of the outer
layers; in the case b’ — 0, the equations of bending of homogeneous plates with
the filler material, these equations being a generalization to the transversely
isotropic case of the equations obtained in (6) in the isotropic case by applying
the algorithm given in (7).

3. The case of three-layer plates with a light filler. Suppose that hy-
potheses A and B are valid. For the middle layer, the theory of plates of mean
thickness will be supplemented by the hypothesis 7™ = 0. We shall also assume
that through the thickness

R (2)
Va=V,+22V,. (22)

From the exact equilibrium equations we obtain

7*_0.13 = gw, 77_33 = _Zgw‘u” (23)
where g* = g¥(2?).
The displacement components X_/a are given by the relation

(0) (2)
Va = _VS\a - 4Fa)\3/3§>\z - 5L 1/323‘/3\04’ (24)

where ¢, identifies the effect of compressibility of the filler in the normal direc-
tion (6, = 1 in the case when this effect is taken into account; §, = 0 in the
opposite case, €35 = 0).
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@)
Knowing that V 5 is determined by relation (4)

(2)
2 1
V3 -

=33 _ 3308
0 [73333 (7% = E¥Pe.s) (25)
and, taking into account (23), (24), (5), from the geometric matching condition

V| - o= V5l, we obtain

2=h— =h+0’

N L (N I - W e ()
Vi=Vy — W{g Yo+ E® b <2<Ea/\39 )igt Fprsg \a> — Vs \aﬂ}'
(26)

Condition (13,2) leads for §” to an expression identical with that given by re-
lation (14,2), while from condition (13,1), with account of (24) and (2,1), we
obtain

W2 (h KW\ E3rTEPY_0)

13 g + 5 E3333 3 ‘pﬂa‘
(27)

This is one of the resolving equations of the problem, to which must be added

the equation

(Ua ¥ AV?)‘Q) Fess %hh B (Vg + Uplpy) =0

2
o R’ nled (0)
EP (U, 03 + Uplpars) — +2E 343 (an + AV, m) _

n?

L BeboVy s = 61k (h h/> BOR BT 0
6

3 |phas 373 Wvg, jpray T Do) =0, (28)
which is obtained either from (17,1), (15), (2), (12,1), (26), or from condition
(19).

The resolving system of equations consists of equations (27,1) in the basic un-

—(0
knowns Vé) and U, (from equation (17,2) an equation is obtained which is
identically satisfied by equation (27)).

It is noted that in the case 6; = 0 (e33 = 0), the equations corresponding to
three-layer plates with a light core are obtained for the case with a rigid core
by taking in the latter E*f7™ = F833 —

In the transversely isotropic case, introducing the potential ¥(z*) by means of
the relation
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ANE —0),., A5 <=0),
V| —ZGSV?, w4

1 -
-G w WA
h 3UY = e,

1—v

Roh WY By o, WE
_ _ _ e w - w 9
013 (3 + 2) RE AN yPor (29)

we obtain the equations

2E ((h+h')3—h?) 2n° Ev, —(0)|pw
lg 1—v? _51<3+hh>2(1+z73)(1—17) Vs jpw =

B E’hR w WG B\ e
= P(o) G, — V,2>p(0)\w (1/1 a, ¢|)\) =01 (30)

For ¢, = 0, equations (30) are obtained from (21), taking in the latter £/E = 0.

As for the natural boundary conditions, they can readily be obtained in the
case of three-layer plates with either a rigid or a light core, using the general
formulation given for them in (4).

Institute of Fluid and Gas Mechanics
Academy of the Socialist Republic of Romania
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