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STUDY OF A MIXED PROBLEM FOR ONE
CLASS OF QUASILINEAR DIFFERENTIAL
EQUATIONS OF THE THIRD ORDER

(Presented by Academician A. N. Tikhonov on 14 IV 1967)

In the present work we study the mixed problem A
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:F[tamaU7UmaUt7UrmaUtm]a (1)

U(t70) = U(t7 77) =0, U(va) = @(x)v Ut(oa‘r) = 1ﬁ($>, (2)

where 0 < z < m; 0 <t < T < oo0; a > 0is a fixed number; F,p, 1 are
prescribed functions. By means of the method of successive approximations
and the strengthened Schauder principle (see (1), p. 206), nonlocal theorems
on existence and uniqueness of a generalized, almost everywhere, and classical
solution of problem A are proved; the continuous dependence of all three types
of solutions of problem A on the initial data and on the right-hand side of
equation (1) is studied; in addition, the boundedness (in a certain metric) and
the behavior as ¢ — 400 of solutions of problem A are studied when these
solutions exist for every T > 0.

We adopt the following notation and definitions. Denote by

Bao,..‘,al
T

the set of all functions of the form
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considered in the domain D;(0 < ¢t < T, 0 < z < m), where each of the
functions U,,(t) is I > 0 times continuously differentiable on the interval [0, T
and

> 2
@ (¢) S _
7;:1 {n Org{a;%ﬂ’Un (t)|} < 00 (; > 1,i=0,...,1).

In this set we define the norm as follows:

l o0 . 2 1/2
UGt 2)] o QZZ{Z[ “ s |00 } . (3)

It is obvious that this space is a Banach space.

Denote by E; (i > 1) the set of all functions f(z) that are i—1 times continuously
differentiable on [0, 7], with f@)(z) € Ly(0,7), and f23(0) = f?)(x) = 0,
where s =0,...,[(1 —1)/2].

Definition 1. A generalized solution of problem A is a function U(t,x)
that belongs to B%l, assumes all values (2) in the ordinary sense, and satisfies
the integral identity

T
oU OV 92U 02U oV
L F[t da dt
l l‘{8t8t+é?2v a5 a5+ Flt,o.UU,, Uz@mU]v} o di+

+/O Y(x)V(0,2)dz =0

for every function V(¢,z) continuously differentiable in the domain D and
satisfying the conditions

V(t,0) = V(t,®) = V(T,z) = 0.

Definition 2. By an almost-everywhere solution of problem A we shall
mean a function U (¢, z), continuous in the closed domain D together with all its
derivatives entering equation (1), with the possible exception of the derivatives
U,; and U,,2, which belong to Ly(Dy), assume all the values (2) in the usual
sense, and satisfy equation (1) almost everywhere in Dy..

Definition 3. By a classical solution of problem A we shall mean a func-
tion U(¢,z) which is continuous in the closed domain Dy together with all its
derivatives entering equation (1), and satisfies all conditions (1) and (2) in the
usual sense.

We give some of the results obtained.
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Generalized solution of problem A

Theorem 1. Suppose: 1) ¢(z) € E,, (z) € E;; 2) the function
Flt,z,U,...,Us], defined in the domain

DTX(lUi‘<OO) <7’:17a5)7
is continuous with respect to the totality of its variables and

|F[t,z,U,,...,U] — Flt,z,U,,...,Ug]| <

3 5
<a(t,) Y Uy = Ul +b(t) > |U, — T,
k=1 k=4

where a(t,x) € Ly(Dy) and b(t) € L(0,T).

Then problem A has a unique generalized solution U (¢, z), which can be found
by the method of successive approximations; moreover, the convergence of the
successive approximations U (t,x) to U(t,x) is characterized by the following
inequality for i =2, j=1:

|Uk(t,2) = U(t,2)| gis < agbf/VEL  (k=0,1,2,..), (4,5)
where ap, b are definite constants depending only on 7.

Everywhere below, the problem A corresponding to the data f, 2, {Zj will be
called problem A.

Theorem 2. Suppose: 1) all the conditions of Theorem 1 are fulfilled, and the
functions @, 1, F satisfy the same (corresponding) conditions; 2) in the domain

7 . :
Dy x <|Ui|§\/6R> x (|Uy] < o0) (i=1,2,3; j=4,5)

|F[t, 2, Uy, ..., U] — Flt,z,U,, ..., Us]| < f(t,z),

where f(t,x) € Ly(Dr), and R > 0 is a finite number with which all generalized
solutions of problem A are a priori estimated in the sense

[U(t )] o < R

Then for the unique generalized solutions U (¢, ) and rﬁ(t, x), respectively of the
problems A and A, one has

Ut 2) =Tt )l 2o < C{le” =¥ Iiy0m + 10 =¥ lry0m + Mliyop }

where C' > 0 is some constant.

Theorem 3. If conditions 1) and 2) (for T' = +00) of Theorem 1 are fulfilled and
F[t,z,0,...,0] € Ly(D,), then for the function U(t, ) (where U(t,x) = Up(t, x)
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for (t,xz) € Dy and Uy (¢, x) is the unique generalized solution of problem A in
Dr)

up U (1,2 g = Co < o

T>0 T

and in inequality (45 ;) the index T" at the coefficients a; and by may be omitted.
If, in addition, it is assumed that

TETOO Te ™ [||etF[t,:c, 0,.,0llr,p,) +lletalt,z)lz,p,) + ||etb(t)HL2(0,T)]} =0,
(5)

* The existence of such a finite R is easily established with the aid of Gronwall’
s inequality.

where ¢ = min{1/a, a/2}, then all the functions 9°U /dt'0x7 (s = 0,1) tend to
zero as t — +oo uniformly with respect to x € [0, 7].

Theorem 4. Suppose: 1) condition 1) of Theorem 1 is fulfilled; 2) F =
Flt,z,U,U,,U,], and the function F[t,z,U;,Us,,Us], defined in the domain
Dy x (JU;] < o) (i = 1,2,3), is continuous in the totality of its variables
and

3
|F[t,$,U1, U2) US]l S a(t’m) Z |U7,‘ + b(t,l’),
i=1

7

where a(t,x),b(t,x) € Ly(Dyp).

Then problem A has a generalized solution.

Solution almost everywhere of problem A

Theorem 5. Suppose: 1) p(z) € E5, ¥(x) € Ey; 2) F = Flt,z,U,U,,U,],
and the function F[t,z,U;,Us,, Us], defined in the domain Dy x (|U;] < o0)
(i =1,2,3), is continuous in the totality of its variables,

F[t,0,0,U,,0] = F[t,x,U,,0] =0,

3
|F[t,$,U1,U2,U3] 7F[t7xaﬁ1”l72aﬁ3” < a(tvx)z ‘U’L 7,UJz|a
i=1

where a(t,x) € Ly(Dy); 3) in the domain

™

QRDTX<|§1|§\/6R> (Z:2a3a4>

a) the functions OF[t, &, ..., §4]/0¢; (j = 1,2,3,4) are continuous in the to-
tality of their variables;
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b)

aF[t7§1a527€37£4] _ aF[t7517527537g4]
9&; 9&;

4
< {a(t, &) sign[(3 — i)(4 — )] + b(t) sign[(1 — )2 = )]} Y 1§=E;1;
j=2

where i = 1,2,3,4, a(t,z) € Ly(Dy), b(t) € Ly(0,T), and R > 0 is a finite
number with which (under conditions 1) and 2) of this theorem) all generalized
solutions (and, in particular, solutions almost everywhere) of problem A are a
priori estimated in the sense

U (@) 0 < .

Then problem A has a unique solution almost everywhere U(¢,x), which can
be found by the method of successive approximations, and the convergence of
the successive approximations U, (t,x) to U(t,z) is characterized by inequality

(43a 2)'
Theorem 6. Suppose: 1) all the conditions of Theorem 5 are fulfilled, and

the functions @, ¢ and F satisfy the same (corresponding) conditions; 2) in the
domain Qp,

|F —F| < f(t,z),

OF oF ,

aé-z - 852 S f(t7£1) (Z = 1?2>7
OF OF ,
87@787@. <g(t) (j=3,4),

where f(t,z) € Ly(Dy) and g(t) € Ly(0,T).

Then for the unique solutions almost everywhere U(t, ), U(t, z) of problems A
and A, respectively, one has

U, 2)=U(t, @)l gs2 < Crile” =& | y0,m 1" = Ny 0,m HIF |y H9 20,7}

where C > 0 is a constant depending only on 7.

Theorem 7. Suppose: 1) conditions 1) and 2) (for 7' = +o00) of Theorem 5
are fulfilled; 2) the functions OF|[t,&,...,&,]/0¢; (i = 1,2,3,4) are continuous
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in the totality of their variables in the domain D_ x (|| < o0) (j = 2,3,4); 3)

J
for every C' > 0* in the domain D x (|§;| < C) (i =2,3,4)

|8F/a§]| < fC(tagl) (] = 1a2>

and

|0F /08, < go(t) (k= 3,4),

where F[t,2,0,...,0], fo(t,z) € Ly(Dy,) and g-(t) € Ly(0, 00).

Then the function U(t, z) (where U(t,z) = Up(t, z) for (t,x) € Dp; Up(t,x) is
the unique solution almost everywhere of problem A in D) is

* Tt is sufficient to require fulfillment of this condition only for Cy, where Cj is
the designation of Theorem 3.

in the domain D__ the unique almost-everywhere solution of problem A,

sup [U (1, 2) e < o0,
T>0 T

and in inequality (43 ,) the index T" on the coefficients a and by may be omit-
ted. If, in addition, condition (5) is fulfilled (for b(¢) = 0), then the functions
0°U Jox'ot) (s =0,1,2, i =0,1,2, j=0,1) tend to zero as t — +oo uniformly
with respect to € [0, 7).

Theorem 8. Suppose: 1) condition 1) of Theorem 5 is fulfilled; 2) condition 2)
of Theorem 4 is fulfilled and

F[t,0,0,U,,0] = F[t,n,0,U,,0] = 0;

3) the functions

aF[t7§17...7§4]/a€i (7’:17Z>

are continuous jointly in their variables in the domain Dy x (|;| < o0) (j =
2,3,4).

Then problem A has a unique almost-everywhere solution.

Classical solution of problem A

Theorem 9. Suppose: 1) p(z) € E3, ¥(x) € Ey; 2) condition 2) of Theorem 5
is fulfilled; 3) in the domain

™
DTX<|§|<R (2227374>
(3 \/6
a) the functions

85F[t7£1a"'a§4]/6§(111'”8524 (8: 1)2)
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are continuous jointly in their variables; b)

|02 F[t,€,, 85, &5, &4 /08 - 065 — 02 F[t, £, &, &, £4]/0€T™ -+ €L

4
<B(t€) Y165,
=2

where b(t,z) € Ly(Dy) and R is the notation of Theorem 5.

Then problem A has a unique classical solution U(t,x), which can be found by
the method of successive approximations; moreover the convergence of the suc-
cessive approximations Uy (t,z) to U(t, ) is characterized by inequality (45 3).
Theorem 10. Suppose: 1) conditions 1), 2) and 3a) of Theorem 9 are fulfilled,
and the functions @, ¢ and F' satisfy the same (corresponding) conditions; 2) in
the domain Q5 the condition

|02F O - 065 — 92 F /O - 9Ey

S f(ta 51)
is fulfilled, as well as condition 2) of Theorem 6.

Then for the unique classical solutions U(t, ) and U(t, z) of problems A and A,
respectively, we have

HU(t,x)—U(t,x)||B3T,3,1 < Crlle” =" I n, 0,710 =" |00l Ly N9l Ly 0,1 3

Theorem 11. Suppose: 1) condition 1) of Theorem 9 and condition 2) (for
T = +0o0) of Theorem 5 are fulfilled; 2) the functions

8SF[t7£1v'“a§4]/8§?1'"6524 <S: 152)

are continuous jointly in their variables in the domain D x (|&;]
2,3,4); 3) for every C > 0, in the domain D x (|¢;| < C) (i = 2,3,

|0°F (081" 981" | < fo(t, &),
and condition 3) of Theorem 7 is fulfilled.

Then the function U (¢, z) (where U(t,z) = Up(t, x) for (t,z) € Dy, and Up(t, )
is the unique classical solution of problem A in Dy) is, in the domain D__, the
unique classical solution of problem A,

sup U (t, )] .o < oo,
T>0 T

and in inequality (43 3) the index T" on the coefficients a and by may be omit-
ted. If, in addition, condition (5) is fulfilled (for b(¢) = 0), then the functions
0%V )02z 0t) (s = 0,1,2,3,i=0,1,2, j = 0,1) tend to zero as t — +oo uniformly
with respect to « € [0, 7.

Theorem 12. Suppose: 1) condition 1) of Theorem 9 and condition 2) of
Theorem 8 are fulfilled; 2) the functions

85F[t7£1a"'a§4]/6§(111'”8524 (8: 1)2)
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are continuous jointly in their variables in the domain Dy x (|§;] < o0) (i =
2,3,4).

Then problem A has a unique classical solution.
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