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MATHEMATICS

A. G. RAMM

ASYMPTOTIC DISTRIBUTION OF THE
EIGENVALUES OF THE SCHRÖDINGER OP-
ERATOR WITH A GROWING POTENTIAL
IN DOMAINS WITH INFINITE BOUNDARY
(Presented by Academician A. A. Dorodnitsyn, March 14, 1968)

Consider the problem

{−Δ + 𝑞(𝑥) − 𝜆}𝑢 = 0 in 𝐷 ⊂ 𝐸3; (1)

𝑢|Γ = 0. (2)

It is assumed that 𝑞(𝑥) ≥ 1 is a real continuous function,

lim
|𝑥|→∞

𝑞(𝑥) = +∞. (3)

In the present paper we study the asymptotics of the number 𝑁(𝜆) of eigen-
values of the operator of problem (1)—(2) in an infinite domain 𝐷 with infinite
boundary Γ, not exceeding 𝜆. We single out a class Ω of domains 𝐷 for which
the problem posed can be solved.

We shall say that the domain 𝐷 ⊂ Ω if conditions I—III are satisfied.

I. The surface Γ is Lyapunov. The Lyapunov constants are uniformly bounded
when the center of the Lyapunov sphere runs over the surface Γ.

II.

sup
𝑠0⊂Γ

mes{𝑠 ∶ 𝑠 ⊂ Γ, 𝛿 ≤ 𝑅 ≤ |𝑠 − 𝑠0| ≤ 𝑅 + 1} < 𝐶𝑒𝑎𝑅,

where 𝑅 > 0 is an arbitrary number, 𝛿 > 0 is the radius of the Lyapunov sphere
for the surface Γ, and 𝑎 > 0, 𝐶 > 0 do not depend on 𝑅.
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III.

mes{𝑥 ∶ 𝑥 ⊂ 𝐷, |𝑥| = 𝑟, 𝜌(𝑥) ≤ 𝜀} ≤ 𝐶𝜀 mes{𝑥 ∶ 𝑥 ⊂ 𝐷, |𝑥| = 𝑟, 𝜌(𝑥) ≥ 𝜀}

for almost all 𝑟, where 𝐶 > 0 does not depend on 𝑟 and 𝜀, 0 < 𝜀 ≤ 𝜀0, 𝜀0 > 0,
and 𝜌(𝑥) is the distance from the point 𝑥 to the boundary Γ.

To formulate the first result, consider the problem

{−Δ + 𝑞𝑎(𝑥) − 𝜆}𝑢 = 0 in 𝐸3, (4)

where

𝑞𝑎(𝑥) =
⎧{
⎨{⎩

𝑞(𝑥), 𝑥 ⊂ 𝐷,
𝑎 + max

|𝑥|=𝑟, 𝑥⊂𝐷
|𝑞(𝑥)|, 𝑥 ⊂ 𝐸3/𝐷, 𝑎 = const > 0. (5)

If the domain 𝐷 satisfies condition I and the potential 𝑞(𝑥) satisfies condi-
tion (3), then the spectra of problems (1)—(2) and (4) are discrete. Denote
by 𝜆𝑛, 𝜓𝑛(𝑥), 𝜆𝑛,𝑎, 𝜓𝑛,𝑎(𝑥) the eigenvalues and eigenfunctions of problems (1)
—(2) and (4), respectively.

Theorem 1. Under the assumptions made, all eigenvalues and eigenfunctions
of problem (1)—(2) can be obtained as limit points of the sequences 𝜆𝑛,𝑎 and
𝜓𝑛,𝑎(𝑥) as 𝑎 → +∞.

The heuristic method for finding the leading term of the asymptotics of 𝑁(𝜆)
is as follows. Since for the function 𝑁𝑎(𝜆)—the number of eigenvalues—

eigenvalues of problem (4)—the formula holds

𝑁𝑎(𝜆) ∼ 1
6𝜋2 ∫

{𝑥∶𝑥⊂𝐸3, 𝑞𝑎(𝑥)<𝜆}
{𝜆 − 𝑞𝑎(𝑥)}3/2 𝑑𝑥, 𝜆 → +∞, (6)

then for 𝑁(𝜆) the formula

𝑁(𝜆) ∼ 1
6𝜋2 ∫

{𝑥∶𝑥⊂𝐷, 𝑞(𝑥)<𝜆}
{𝜆 − 𝑞(𝑥)}3/2 𝑑𝑥, 𝜆 → +∞. (7)

must be true.

We were unable to justify the passage, as 𝑎 → +∞, from formula (6) to formula
(7). We shall prove formula (7) by the method of T. Carleman—E. Titchmarsh
—B. M. Levitan (1). For this we shall need the following result, of independent
interest.
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Lemma 1. Let 𝐷 ⊆ Ω, suppose condition (3) is fulfilled and the inequality

max
|𝑥|=𝑟, 𝑦⊂𝐷

𝑞(𝑥) ≤ 𝐶 min
|𝑥|=𝑟, 𝑥⊂𝐷

𝑞(𝑥), (8)

where 𝐶 ≥ 1 does not depend on 𝑟.

Denote by 𝐺(𝑥, 𝑦, 𝜇) the resolvent kernel of the Laplace operator for the Dirichlet
problem in the domain 𝐷:

(−Δ + 𝜇2)𝐺(𝑥, 𝑦, 𝜇) = 𝛿(𝑥 − 𝑦) in 𝐷, 𝐺|Γ = 0. (9)

Then

0 ≤ 𝐺(𝑥, 𝑦, 𝜇) ≤ exp(−𝜇|𝑥 − 𝑦|)
4𝜋|𝑥 − 𝑦| , 𝑥, 𝑦 ⊂ 𝐷, (10)

𝐺(𝑥, 𝑦, 𝜇) = exp(−𝜇|𝑥 − 𝑦|)
4𝜋|𝑥 − 𝑦| (1 + 𝑟(𝑦, 𝜇)), 𝜇 → +∞, (11)

where the estimate is uniform with respect to 𝑥 and 𝑦 varying in the domain 𝐷,
|𝑥 − 𝑦| ≤ 1

2 max[𝜌(𝑦), 𝜌(𝑥)],

𝑟(𝑦, 𝜇) = 𝑂 (exp(−𝜇𝜌(𝑦))
𝜌2(𝑦) ) . (12)

Put

𝜒 = √𝜇2 + 𝑞(𝑦). (13)

Then

∫
𝐷

𝐺2(𝑥, 𝑦, 𝜒) 𝑑𝑥 = 1
8𝜋𝜒 (1 + 𝑂(𝑟(𝑦, 𝜒))). (14)

Moreover,

∬
𝐷𝐷

𝐺2(𝑥, 𝑦, 𝜒) 𝑑𝑥 𝑑𝑦 = ∫
𝐷

𝑑𝑦
8𝜋𝜒 (1 + 𝑂 ( 1

𝜇𝛾 )) , 𝜇 → +∞, 𝛾 > 0. (15)

For any natural number 𝑝 > 0 the estimate
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𝜕𝑝𝐺(𝑥, 𝑦, 𝜇)
(𝜕𝜇)2𝑝 = 𝜕𝑝 exp(𝜇|𝑥 − 𝑦|)

(𝜕𝜇)2𝑝 4𝜋|𝑥 − 𝑦| (1 + 𝑟1(𝑦, 𝜇)), 𝜇 → +∞, (16)

holds, where

𝑟(𝑦, 𝜇) = 𝑂 (𝜇2𝑝−1 exp(−𝛿𝜇𝜌(𝑦))
𝜌𝑝−1(𝑦) ) , 𝛿 > 0, |𝑥 − 𝑦| ≤ 1

2 max[𝜌(𝑥), 𝜌(𝑦)].

In proving Lemma 1, the methods of the papers (3,4) are used. We introduce
assumptions on the potential which coincide with the assumptions made in (1)
for the case 𝐷 = 𝐸3:

𝑞(𝑥) < 𝐶 exp(𝑐|𝑥|), 𝑐 > 0, 𝐶 > 0; (17)

|𝑞(𝑥) − 𝑞(𝑦)| < 𝐶𝑞𝑎(𝑥)|𝑥 − 𝑦|, |𝑥 − 𝑦| ≤ 1, 0 < 𝑎 < 3/2; (18)

𝑞(𝑦) < 𝐶 exp (1
2|𝑥 − 𝑦|√𝑞(𝑥)) , |𝑥 − 𝑦| > 1; (19)

∫
𝐷

𝑑𝑥
𝑞𝐴(𝑥) < ∞, 𝐴 > 0. (20)

With the aid of Lemma 1, using the methods set forth in the book (1), one can
obtain the relation

∫
∞

0

𝑑𝑁(𝑡)
(𝑡 + 𝜇)2𝑝 = ∫

∞

0

𝑑𝜑(𝑡)
(𝑡 + 𝜇)2𝑝 (1 + 𝑂 (( 1

𝜇𝛾 ))) , 𝜇 → +∞, (21)

where 𝑝 is an arbitrary natural number,

𝜑(𝑡) = 1
6𝜋2 ∫

∞

0
(𝑡 − 𝜏)3/2 𝑑𝜁(𝜏), (22)

𝜎(𝑡) = mes{𝑥 ∶ 𝑥 ⊂ 𝐷, 𝑞(𝑥) < 𝑡}.

If we assume that for sufficiently large 𝑡 the inequality

𝜎(𝑡) < 𝐶𝜎(𝑡/2), (23)
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is satisfied, then, as shown in (1), p. 525, the Tauberian condition sufficient for
applying to equality (20) the Tauberian theorem with a remainder term from
(2) will be satisfied. As a result we obtain the theorem:

Theorem 2. Let 𝐷 ⊂ Ω, and let conditions (3), (8), (17)—(20), (23) be satisfied.
Then

𝑁(𝜆) = 1
6𝜋2 ∫

{𝑥∶ 𝑥⊂𝐷, 𝑞(𝑥)<𝜆}
{𝜆 − 𝑞(𝑥)}3/2 𝑑𝑥 (1 + 𝑂 ( 𝜆

ln 𝜆)) , 𝜆 → +∞.

(24)

We note that condition (23) will be satisfied if the domain 𝐷 contains a cone
𝐾0 of arbitrarily small but fixed aperture and if, for sufficiently large |𝑥| = 𝑟,
the inequality

𝑎0𝑟𝑘 < 𝑞(𝑥) < 𝑎1𝑟𝑘, (25)

holds, where 𝑘, 𝑎0, 𝑎1 are positive constants. If estimate (25) holds and the
boundary Γ is contained between the paraboloids

𝑧 = 𝑎2(𝑥2 + 𝑦2)𝑝, 𝑧 = 𝑎3(𝑥2 + 𝑦2)𝑝, 0 < 𝑎2 < 𝑎3, 𝑝 > 1/2, (26)

then estimate (23) will also be satisfied.

Using the method of B. M. Levitan ((1), p. 511), one can show that under the
conditions of Theorem 2 the formula

𝑁𝜏(𝜆) = 1
6𝜋2 ∫

{𝑥∶ 𝑥⊂𝐷, 𝑞(𝑥)<𝜆}
𝑞𝜏(𝑥){𝜆−𝑞(𝑥)}3/2 𝑑𝑥 (1 + 𝑂 ( 1

ln 𝜆)) , 𝜆 → +∞;

(27)

is valid, where

𝑁𝜏(𝑥) = ∑
𝜆𝑛<𝜆

𝑎(𝜏)
𝑛 , 𝑎(𝜏)

𝑛 = ∫
𝐷

𝑞𝜏(𝑥)𝜓2
𝑛(𝑥) 𝑑𝑥. (28)

Consider a solution of equation (1) satisfying the boundary condition

𝜕𝑢/𝜕𝑛 + 𝜎𝑢|Γ = 0, (29)

where 𝜎(𝑠) ⊂ 𝐶1(Γ), and 𝑛 is the exterior normal. Denote by 𝑁𝜎(𝜆) and 𝑀(𝜆)
the number of eigenvalues of problem (1), (29) for 𝜎 ≥ 0 and 𝜎 ≡ 0, respectively.
From the variational principle it follows that
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𝑁(𝜆) ≤ 𝑁𝜎(𝜆) ≤ 𝑀(𝜆). (30)

Therefore, in order to prove the asymptotic formula (24) for the function 𝑁𝜎(𝜆),
it is sufficient to prove formula (24) for the function 𝑀(𝜆).
Remark 1. If 𝑞(𝑥) ⩾ 1 is a continuous function, and the boundary of the
domain 𝐷 satisfies conditions I, II, then the symmetric operator defined by the
differential expression (1) on the set of twice differentiable functions finite near
infinity and satisfying condition (2), as can be shown, is essentially self-adjoint
(has zero deficiency indices). In order to prove the analogous assertion for the
symmetric operator corresponding to the boundary condition (29), we had to
make an additional assumption, consisting of the following:

IV. Outside a sphere of arbitrarily large, but fixed, radius the boundary of
the domain 𝐷 is star-shaped with respect to the point 𝑂 introduced in
condition I.

In a somewhat different in form, but essentially equivalent, formulation this
condition was introduced in another problem in the papers (4). The results
formulated below are valid for any self-adjoint extension of the symmetric oper-
ator defined on the set of functions twice differentiable, finite near infinity, and
satisfying condition (29).

Theorem 3. Under the conditions of Theorem 2, for the function 𝑀(𝜆), and
consequently, by virtue of inequality (30), also for the function 𝑁𝜎(𝜆), formula
(24) is valid.

The proof of Theorem 3 is based on the lemma:

Lemma 2. Under the conditions of Lemma 1, the solution of the problem

(−Δ + 𝜇2)𝒢(𝑥, 𝑦, 𝜇) = 𝛿(𝑥 − 𝑦) in 𝐷, 𝜕𝒢
𝜕𝑛 + 𝜎𝒢∣Γ = 0; (31)

satisfies the estimates (11), (14), (15), (16) and the estimate

|𝒢(𝑥, 𝑦, 𝜇)| < 𝐶 exp(−𝛽𝜇|𝑥 − 𝑦|)/|𝑥 − 𝑦|, 𝑥, 𝑦 ⊂ 𝐷, (32)

where 0 < 𝛽 < 1 may be taken arbitrarily close to 1.

Remark 1. It is possible that estimate (32) is valid with 𝛽 = 1, but we have
not been able to prove this. For the proof of Theorem 3, the assertion of Lemma
2 is quite sufficient.

Remark 2. Formula (24) (without the remainder term), for the operator of the
Dirichlet problem, apparently can be obtained under other assumptions by the
method of paper (5), as B. M. Levitan and A. A. Arsen’ev indicated. However, by
the method of paper (5) it is not possible to consider other boundary conditions.
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In conclusion we note that the proof is essentially based on the fact that, under
the conditions of Lemma 1, the integral equation of potential theory

1
2𝑏(𝑠) − ∫

Γ

𝜕
𝜕𝑛𝑠

exp(−𝜇|𝑠 − 𝑡|)
4𝜋|𝑠 − 𝑡| 𝑏(𝑡) 𝑑𝑡 = 𝑏0(𝑠) (33)

as 𝜇 → +∞ is an equation with a “small kernel”; more precisely, the norm of
the integral operator in 𝐶(Γ) is 𝑂(𝜇−𝛼), where 𝛼 > 0 is the Lyapunov exponent
of the surface Γ.

In conclusion, the author expresses deep gratitude to B. M. Levitan for dis-
cussing this work.

Leningrad Institute
of Precision Mechanics and Optics
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