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As is well known, one of the methods for the approximate computation of a
derivative is to replace it by the differentiated Lagrange interpolation polynomial
(1-3). In connection with this, for a function f(z) continuously differentiable on
the segment [—1, 1], consider the quantity

Ry (f, 2, M) = f'(2) — Ly (f, 2, M), (1)

where

W2 M) =37 f(a ) i (2), (2)
0

lk7n+1(x) _ wn+1(m> , _ H n+1 (3)
0

@ oy ol

and M = ka +1)|| is a certain infinite triangular matrix of nodes located on the
segment [—1,1]. In papers (}, 4, %) cases are considered in which the quantity

(1) is estimated in terms of the derivative of order n of the function f(z).

In the present paper estimates are given for the rate of decrease of the quantity
(1) under the condition that the function f(x) is only continuously differentiable
n [—1,1], and the matrix of nodes is defined by one of the formulas

N n n 2k —1
zg +2) _ (n+2) _ _q 2n2) oo 7 (k=1,...,n); (4)

Tpt1 ) k m

zgcnﬂ) = cos k% (k=0,..,n). (5)
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From (3) and (4) it follows that w, ,(z) = (2% — DT, (z), where T, (z) is
the Chebyshev polynomial of the first kind with leading coeflicient equal to
one. Similarly, under condition (5) we have w,,,;(z) = (2? — 1)U,,_; (), where
U,

n

_1(z) is the Chebyshev polynomial of the second kind.

Let us denote the matrices of nodes (4) and (5), respectively, by M, and M,,
and put

n

Dy (x, My) =l 1 io(2)] sin 0 (6)
1
Dn(Ml) = Inax Dn<x7M1) (7)
ze[—1,1]

Lemma 1. If the matrix of nodes is defined by formula (4), then the inequalities
hold

2
nln —
v sinm/n

2
<D, (M) < ?6 nlnn + O(n),

eyn < max D, (z, M;) < con,
TEA,,

where the set A, consists of the points x;") =coskn/n (k=1,...,n—1) and
the zeros of the derivative of the polynomial w,_,(z) = (2% — DT, (z).

The proofs of these inequalities are obtained with the aid of formulas (2) and
(3), if one takes into account that, by virtue of (4), here we have w,,  ,(z) =
(22 — 1)7,,(z). Analogous results also hold for the matrix M,.

Theorem 1. If the function f(z) is continuously differentiable on the segment
[—1,1] and w(d, f’) is the modulus of continuity of its derivative f’(z), then
for the Lagrange interpolation polynomial corresponding to the matrix M; the
inequalities

‘R;L—O—l(fvxaMl)’ S C3W(1/’I’L,f’) lnn7 HAS [_17 1]7 (8>
|R;l+1(f,1',M1)’ g 040‘)(1/”; f/)v S An (9)
hold.

Under the conditions of Theorem 1, in paper (7) the existence is proved of
polynomials {Q,,(z)} for which, for k = 0, 1, the estimates

1-k
’f<k)(x)*Q£qk)<SC)’§c5\/1;1?2 w (\/1n1'27f/> , 136[*1,1]
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Using these polynomials in the inequality

n

|/ (x) = Ly oy (f, 2, My)| < [ (2) — Qo (@) [+ [£(27) = Qu (21| |l msa ()]

1
with the aid of Lemma 1 we obtain the estimates (8) and (9).
It is not hard to prove that estimate (9) is sharp in order. Indeed, if, for example,
filx) = —2?(1—2?%) for =1 <2 <0 and f;(x) = 22(1 —2?) for 0 < z < 1, then
we shall have f{(z) € Lip1 and f;(0) = 0. Therefore, for n = 2p we find

1
,0, M _.
Lol 1) = ncosT/2n
If the function f(z) has p continuous derivatives on the segment [—1,1], with
the p-th derivative having modulus of continuity w(d, fP)), then in the case of
the matrix M, the estimates

Inn 1
‘RnJrl fvxaM1>| < Cﬁnpfl w (ﬁmf(p)) ) S [_13 l]a (10)
1 1 (p)
|Rn+1 f7x7M1>| SC’?np_lw Evf ) ZL’EAn (11)

are valid.

Analogous facts also hold for the matrix M,. Further, one may consider a matrix
M for which the conditions

0<cg < max |w, \/ max (2)] < g < 00,

[kny (n) [(n) (1)1]

are fulfilled, where w,, () is defined by formula (3) for the matrix M, and a:é") =

1, 3351 +>1 = —1. The convergence of the interpolation process for such matrices

is considered in papers (39). It is not hard to show that estimates of the form
(8), (10) also hold here.

Let us now consider the quantity

T2n+1<f7x’M> :f/<x) 2n+1(f7m M) (12)

where

Hy iy (f2, M) =3 f(2 ™) Up s (2 +Zf( VY Vi (@), (13)
0

Wit (xgw-l)) (n+1)
Uhmna(@) = | 1= 2oy (2= ™) [ s (00
n+
Vi (@) = (z =2 2 (@), (15)
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Similarly to (6) and (7), here we set

B, . (f,z, o) Z|fk | sin 9"“ , >0, (16)
Bn+1(f7E’a> :I;leaanJrl(ﬁxaa)? E= [_171]' (17)

Lemma 2. If the matrix of nodes is determined by formula (4), then for
€ [—1, 1] the inequality

Bua(Vi1) < - [ufn()| {2 o) 1an + 0(1) } + O(0).

holds.

Lemma 3. If the matrix of nodes is M, then the inequalities
cionlnn < B, (U, [—1,1],2) < ¢;ynlnn,

¢1on < By (U, A,,) < eyzn.

hold.

Theorem 2. If the matrix of nodes is M; and the function f(z) is twice
continuously differentiable on the segment [—1,1], then the estimates

Inn 1,
7913 (f> 2, My)| < ¢y—— w (Evf )7 r e [~1,1], (18)

1 1,
Fhsfa M)l S e (5.7), wea, (19)

hold.

Theorem 3. If the matrix of nodes is M, and the function f(x) is continuously
differentiable on the segment [—1, 1], then the inequalities

1
(o M)l < ey (of Jlam, wel-L1, (20)

1 / /
|T2n+1(f73j M2)| Cr7wW (n f ) ) T e An7 (21)
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hold, where A/, is the set of zeros of the derivative of the polynomial
Wnt1 (.I) = <I2 - 1)Un71(x)

As examples show, inequalities (19) and (21) are exact in order. If the function
f(z) has p continuous derivatives, then the estimates (18)—(21) are modified
analogously to (10)—(11).

One can consider analogous questions for the matrices M} and M;, obtained
respectively from the matrices M; and M, by deleting the end points z = +1.

Theorem 4. If the matrix of nodes is M; and the function f(z) is twice
continuously differentiable on the segment [—1,1], then the estimates

1
|R:7,—1<f7xaMf)| <618("} (gaf”> 111’[’1,7 MRS [_171]7

’ * 1 1 " "
R (fa M) < eyw(07), weal,

hold, where A is the set of zeros of the derivative of the polynomial
w, (z) =T, (z).

n

Theorem 5. If the matrix of nodes is M; and the function f(z) is continuously
differentiable on the segment [—1,1], then the estimates

1 1
Rica (0, M| < ey (E,f/) I, we(=1,1)

1
Roa(fon M) S epwr (1. 87), we

Estimates of the same form are also valid for the case of Hermite interpolation.
For example, if f'(z) € Lip1 and « € A}, then the estimate

‘rén—l(f7x7M1)| <022/7’L, CEGA;’l

holds.

On the other hand, if one sets f,(z) = —22/2 for —1 < 2 < 0 and f,(z) = 22/2
for 0 <z <1, then fj(z) € Lip1, f5(0) =0, and for n = 2p we have

1 1

Hypy(f2,0, M7) = =3 nZsinm/2n’

In conclusion, we note some results on the approximate differentiation of peri-
odic functions. Denote by mj] the matrix of nodes
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2n—-2k+1
s a—

(n) _
T T 2n

and let there correspond to it the trigonometric interpolation polynomial
tn—l(f7x7m>{>'

Theorem 6. If an even periodic function f(z) is continuously differentiable
p times, and E, (f®)) is the best approximation of f®)(x) by trigonometric
polynomials of degree not exceeding n, then the estimate

|72 (@) — 7 (f, 2,m3)| < (g5 + g Inn) B, (fP).

holds.

In particular, if p = 1, then the first estimate of Theorem 5 follows from this.
Analogous results are obtained also in the case where the matrices M; and M,
are transformed in the corresponding way.

In all the estimates given above, certain (not best possible) values of the con-
stants have been computed.

I express my gratitude to my scientific adviser P. K. Suetin for suggesting the
topic and for valuable advice in carrying out this work.
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