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Kh. Sh. Mukhtarov

ON SOME MULTIPLICATIVE INEQUALI-
TIES AND THEIR APPLICATION TO LIN-
EAR SINGULAR INTEGRAL OPERATORS

(Presented by Academician N. I. Muskhelishvili on 11 VII 1967)

Let the function w(zq,...,z,) be given in the n-dimensional cube D : {a <
Ty, Loy oy T, < b}

Definition. By the class H; we shall mean the collection of functions
w(xq, ..., x,), defined in D, if for any M and M from D the inequality holds

lu(M) —u(M)| < R, |, = &%,
=1

0<d<1, M=DMy,..,z,), M=DM@,,.. .7,

where R, is the Holder constant.

Theorem 1. For the class Hg, for any p > 0 there exists g > 0 such that

n n ) 26
lull: < gl (mHOP) e 260) oy P/ 4 20), (1)

where

w(M) — u(M
lule = max uD), Jul; = Jule + sup { LArD) =4I
Meb wmten | 2o 1 — &

ullh = / |u(M)|P dv, dv=dz,...dz,,
D
q < | = max{n(b _ a)al /26; 2n/p/(b o a>(13}1/<1+a3> 7

a; =62p/(n+6p), ay=ay/d, ag =n/p.
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Proof. Let My(z?,...,22) be a fixed point from D and u(M) € Hy (u(M) # 0).

rn

Consider the set

; (29, 29 +¢], fa<2?<(a+b)/2,
B (M) =4 o ;
['xi_c) xi]v 1f(a—|—b)/2<xi§b,

where

g a n+o 5 .
c=Ululf, 1=®=a)=2uld", F=p/m+dp), i=1,2.n.

It is not hard to notice that Eff)(MO) C [a,b].

Denote by E,(M,) the collection of points {zy, ..., z, }, where each of the com-
ponents respectively ranges over the sets E&l)(MO), ,E&M(MO). Then it is
clear that E, (M,) C D. Consequently,

fule, > [ Dl do = u(r) Pyl
B, (M)
M’ € E,(My), M ={&,&,...,&,}, & €ED(My), i=1,..,n.
Thus,
fu(M)] < 1"l 2.

Since u(M) € Hy and |¢; — 29| < ¢, we have

n
[u(Mo)| < Ry Y | — %] + [u(AD)] < (R,nld +1,"/7) [ul 32,

i=1

where

Roo s Q0 -G

“ M’ , M"eD ~
s € ’ Var)
E |z} — x|

i=1

If instead of I; we substitute its expression, we obtain (1).

Corollary. Let p(x) >0 (a < x <), and let, for p > 1, the integral converge:
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b
/ pYP) () da < 0.

Then for any u(z) € Hs (0 < § < 1) the following holds:

1+5 1+26 6/(1426 B
lulle < ¢ [lull§ Ml 2 (1)

¢’ is a constant independent of u(zx).

Let T be a closed or open smooth Lyapunov curve in the plane of the complex
variable. For functions u(7) given on the contour I and belonging to the Holder
class Hy (0 < 6 < 1), the following holds.

Theorem 2. For any u(7) € Hs and for any p > 0, the inequality

1+6 1+26 ) 1+26
lulle: < gy fullg P/ 200 o/ F207) (2)
holds, where
= : g P
lule = maxfu(r)l;  Julf, / lu(r)[P ds,

lulls = llullc + sup
T1,To €l

{|U(71) — u(my)|

|7_1 — 7_2|6 } , q; = const.

Inequalities of the type (1) and (2) have also been obtained in the case when
u(7) belongs to the class H(p) (for the definition see (1)).

For the Guseinov classes H, 4 ; (for the definition see (1)) the following result
has been obtained:

Theorem 3. For any u(z) € H,, 55 (a <x <b) and for any p > 0, there exists
a constant number g, > 0 such that

|(1+5op)/ 1+264p) ” H%:U/(l‘*-%op)7 (3)

HU’HC(p) < goul ,B,6,80 L,(p1)

where

0<8 <8, pyla) = (x—a) @D (b—z) P+,

luloy) = sup {lu(@)lp(x)},  ple) = (x —a)** (b — )7+,

a<z<b
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{IW(fc) — W)l

Dl W) = ).

lula,p.56, = lulcg) + sup
a<z,y<b

Now consider linear singular operators with Hilbert and Cauchy kernels
s L (" K, s)u(s) ctg 222 d
=—— s)u(s) ctg ——
1u or | €T,5)u g 5 T,

- b [HDIE)

21 T—1

where K (z, s) is a 2r-periodic function in x and s, satisfying a Holder condition
with exponent 6; > 0in z and § > 0 (6 < ¢;) in s, while h(t,7) is a function
defined on the closed Lyapunov contour I', satisfying the same condition as
K(z,s).

If we take into account that (2,3) the operators S;* and S, are bounded in the
spaces Hs and L, (0 < § <1, p > 1), then, by virtue of inequalities (1) and (2),
we have

Theorem 4. The operators S; and Sy act from Hs into Hs and satisfy the
inequalities

" 1+6p)/(1+26 Sp/(14268
[Syulle: < gl =P PP, (4)
« 1+6p)/(1+25 5p/(1+6
R i Vi s (5)
0<d<1; 1 <p; g; = const; 1=1,2.

For the singular operator

u(s) ds
(b—5)%(s —x)

b
Ssu=(z—a)®(b— x)&/ G_aF

it has been established (*) that it acts boundedly from H{** into H (0 < § < &).
Therefore, by virtue of Khvedelidze’ s theorem (®) and inequality (1), we prove

Theorem 5. The operator Sy acts from HY into HY and satisfies the inequality

1+6; 1+26 op/(1+26;
[Saulle < gslhuly ™ P2 /200, (6)

sovietrxiv.org/items/ru-196801.90943 Machine Translation


https://sovietrxiv.org/items/ru-196801.90943

where 0 < d < &, p>1/(1—@), g3 = const.

Finally, let us consider the operator

b
Su:/ u(s) ds,

S—X

which acts boundedly in the Banach space H,, 5 5 with norm

(W(z) = W(y) }

[loss = sup {fu@)hy(@)} + sup {
| £ a<x<b{ } |{E - y|6

a<z,y<b

W(z) = u(@)y(@), (@)= (z—a)*0b—2)"*.

Theorem 6. The operator S acts from H, s into H, 55 and satisfies the
inequality

1+6 1+26 op/(1+28
[Sulley < aalully g2 ful 7200, (7)

where
0<a+9, B+6<1, p>max{l/(1—a—9), 1/(1—F—19)},

q, = const.
Now let us consider a sequence {u,, } € Hy, satisfying the condition

. 1—
n}kliloo ”un - umH?I ”un - ru‘m”LpOt1 =Y, p > 17

ay = (14 6p)/(1+ 20p), 0<d<l. (8)

By virtue of (1) (n =1) or (2) or (3)*** (depending on where it is defined—

* We mean 27-periodic functions from Hj.

** HY contains all functions from Hj that vanish at the endpoints of the interval
[a, ).

*** In this case {u, ()} € H, 54, and under (8) one must understand
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n,'}}LIEoo ”un - ’u’m”z}ﬁ,&”un - um”},p((ln/l) =0.
chosen {u,}, this sequence is fundamental in the metric of the space of con-
tinuous functions (in the case (3) with weight p(z) = (z — a)®*°(b — z)7%9).
By virtue of the completeness of the space C there exists u, € C for which
lim, . [|u, — ug|] = 0. The sets of all such u,, corresponding in the sense
of fundamentality to the right-hand sides of inequalities (2), (3), (4), and (6),
will be denoted respectively by Og,p C5 5 C’gg, and C’g’A. For these sets, using
inequalities (1), (2), (3), (4), (5), (6), (7), one proves

Theorem 7. The sets C¥,, CY,, C¥ ., and CY , are invariant respectively with
respect to the operators Sy, Sy, Sg (& < 1), and S.

[

We note that the Holder or Huseynov classes corresponding to these sets are
proper subsets of these sets.
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