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Abstract
Full Text

MATHEMATICS
Kh. Sh. Mukhtarov

ON SOME MULTIPLICATIVE INEQUALI-
TIES AND THEIR APPLICATION TO LIN-
EAR SINGULAR INTEGRAL OPERATORS
(Presented by Academician N. I. Muskhelishvili on 11 VII 1967)

Let the function 𝑢(𝑥1, … , 𝑥𝑛) be given in the 𝑛-dimensional cube 𝐷 ∶ {𝑎 ≤
𝑥1, 𝑥2, … , 𝑥𝑛 ≤ 𝑏}.
Definition. By the class 𝐻𝛿 we shall mean the collection of functions
𝑢(𝑥1, … , 𝑥𝑛), defined in 𝐷, if for any 𝑀 and 𝑀 from 𝐷 the inequality holds

|𝑢(𝑀) − 𝑢(𝑀)| ≤ 𝑅𝑢
𝑛

∑
𝑖=1

|𝑥𝑖 − ̃𝑥𝑖|𝛿,

0 < 𝛿 ≤ 1, 𝑀 = 𝑀(𝑥1, … , 𝑥𝑛), 𝑀 = 𝑀( ̃𝑥1, … , ̃𝑥𝑛),

where 𝑅𝑢 is the Hölder constant.

Theorem 1. For the class 𝐻𝛿, for any 𝑝 > 0 there exists 𝑔 > 0 such that

‖𝑢‖𝐶 ≤ 𝑞‖𝑢‖(𝑛+𝛿𝑝)/(𝑛+2𝛿𝑝)‖𝑢‖𝛿𝑝/(𝑛+2𝛿𝑝)
𝑝 , (1)

where

‖𝑢‖𝐶 = max
𝑀∈𝐷

|𝑢(𝑀)|, ‖𝑢‖𝛿 = ‖𝑢‖𝐶 + sup
𝑀,𝑀∈𝐷

{|𝑢(𝑀) − 𝑢(𝑀)|
∑𝑢

𝑖=1 |𝑥𝑖 − ̃𝑥𝑖|𝛿
} ,

‖𝑢‖𝑝
𝑝 = ∫

𝐷
|𝑢(𝑀)|𝑝 𝑑𝑣, 𝑑𝑣 = 𝑑𝑥1 … 𝑑𝑥𝑛,

𝑞 ≤ 𝑙 = max{𝑛(𝑏 − 𝑎)𝛼1/2𝛿; 2𝑛/𝑝/(𝑏 − 𝑎)𝛼3}1/(1+𝛼3) ,

𝛼1 = 𝛿2𝑝/(𝑛 + 𝛿𝑝), 𝛼2 = 𝛼1/𝛿, 𝛼3 = 𝑛/𝑝.
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Proof. Let 𝑀0(𝑥0
1, … , 𝑥0

𝑛) be a fixed point from 𝐷 and 𝑢(𝑀) ∈ 𝐻𝛿 (𝑢(𝑀) ≠ 0).
Consider the set

𝐸(𝑖)
𝑢 (𝑀0) = {[𝑥0

𝑖 , 𝑥0
𝑖 + 𝑐], if 𝑎 ≤ 𝑥0

𝑖 ≤ (𝑎 + 𝑏)/2,
[𝑥0

𝑖 − 𝑐, 𝑥0
𝑖 ], if (𝑎 + 𝑏)/2 < 𝑥0

𝑖 ≤ 𝑏,

where

𝑐 = 𝑙1‖𝑢‖𝛽
𝑝 , 𝑙1 = (𝑏 − 𝑎)𝛼2/2‖𝑢‖𝑝/(𝑛+𝛿𝑝)

𝐶 , ̃𝛽 = 𝑝/(𝑛 + 𝛿𝑝), 𝑖 = 1, 2, … , 𝑛.

It is not hard to notice that 𝐸(𝑖)
𝑢 (𝑀0) ⊂ [𝑎, 𝑏].

Denote by 𝐸𝑢(𝑀0) the collection of points {𝑥1, … , 𝑥𝑛}, where each of the com-
ponents respectively ranges over the sets 𝐸(1)

𝑢 (𝑀0), … , 𝐸(𝑛)
𝑢 (𝑀0). Then it is

clear that 𝐸𝑢(𝑀0) ⊂ 𝐷. Consequently,

‖𝑢‖𝐿𝑝
≥ ∫

𝐸𝑢(𝑀0)
|𝑢(𝑀)|𝑝 𝑑𝑣 = |𝑢(𝑀 ′)|𝑝𝑙𝑛1 ‖𝑢‖𝑛𝛽

𝐿𝑝
,

𝑀 ′ ∈ 𝐸𝑢(𝑀0), 𝑀 ′ = {𝜉1, 𝜉2, … , 𝜉𝑛}, 𝜉𝑖 ∈ 𝐸(𝑖)(𝑀0), 𝑖 = 1, … , 𝑛.

Thus,

|𝑢(𝑀)| ≤ 𝑙−𝑛/𝑝
1 ‖𝑢‖𝛼2

𝐿𝑝
.

Since 𝑢(𝑀) ∈ 𝐻𝛿 and |𝜉𝑖 − 𝑥0
𝑖 | ≤ 𝑐, we have

|𝑢(𝑀0)| ≤ 𝑅𝑢
𝑛

∑
𝑖=1

|𝜉𝑖 − 𝑥0
𝑖 | + |𝑢(𝑀)| ≤ (𝑅𝑢𝑛𝑙𝛿1 + 𝑙−𝑛/𝑝

1 )‖𝑢‖𝛼2
𝐿𝑝

,

where

𝑅𝑢 = sup
𝑀′, 𝑀″∈𝐷

⎧{{
⎨{{⎩

|𝑢(𝑀 ′) − 𝑢(𝑀″)|
𝑛

∑
𝑖=1

|𝑥′
𝑖 − 𝑥″

𝑖 |𝛿

⎫}}
⎬}}⎭

.

If instead of 𝑙1 we substitute its expression, we obtain (1).

Corollary. Let 𝜌(𝑥) ≥ 0 (𝑎 ≤ 𝑥 ≤ 𝑏), and let, for 𝑝 > 1, the integral converge:
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∫
𝑏

𝑎
𝜌1/(1−𝑝)(𝑥) 𝑑𝑥 < ∞.

Then for any 𝑢(𝑥) ∈ 𝐻𝛿 (0 < 𝛿 ≤ 1) the following holds:

‖𝑢‖𝐶 ≤ 𝑞′‖𝑢‖(1+𝛿)/(1+2𝛿)
𝛿 ‖𝑢‖𝛿/(1+2𝛿)

𝐿𝑝(𝜌) ; (1’)

𝑞′ is a constant independent of 𝑢(𝑥).
Let Γ be a closed or open smooth Lyapunov curve in the plane of the complex
variable. For functions 𝑢(𝜏) given on the contour Γ and belonging to the Hölder
class 𝐻𝛿 (0 < 𝛿 ≤ 1), the following holds.

Theorem 2. For any 𝑢(𝜏) ∈ 𝐻𝛿 and for any 𝑝 > 0, the inequality

‖𝑢‖𝐶 ≤ 𝑞1‖𝑢‖(1+𝛿𝑝)/(1+2𝛿𝑝)
𝛿 ‖𝑢‖𝛿𝑝/(1+2𝛿𝑝)

𝐿𝑝
(2)

holds, where

‖𝑢‖𝐶 = max
𝜏∈Γ

|𝑢(𝜏)|; ‖𝑢‖𝑝
𝐿𝑝

= ∫
Γ

|𝑢(𝜏)|𝑝 𝑑𝑠,

‖𝑢‖𝛿 = ‖𝑢‖𝐶 + sup
𝜏1,𝜏2∈Γ

{|𝑢(𝜏1) − 𝑢(𝜏2)|
|𝜏1 − 𝜏2|𝛿 } , 𝑞1 = const.

Inequalities of the type (1) and (2) have also been obtained in the case when
𝑢(𝜏) belongs to the class 𝐻(𝜑) (for the definition see (1)).

For the Guseinov classes 𝐻𝛼,𝛽,𝛿 (for the definition see (1)) the following result
has been obtained:

Theorem 3. For any 𝑢(𝑥) ∈ 𝐻𝛼,𝛽,𝛿 (𝑎 < 𝑥 < 𝑏) and for any 𝑝 > 0, there exists
a constant number 𝑞2 > 0 such that

‖𝑢‖𝐶(𝜌) ≤ 𝑞2‖𝑢‖(1+𝛿0𝑝)/(1+2𝛿0𝑝)
𝛼,𝛽,𝛿,𝛿0

‖𝑢‖𝛿0𝑝/(1+2𝛿0𝑝)
𝐿𝑝(𝜌1) , (3)

where

0 < 𝛿0 ≤ 𝛿, 𝜌1(𝑥) = (𝑥 − 𝑎)(𝛼+𝛿)𝑝(𝑏 − 𝑥)(𝛽+𝛿)𝑝,

‖𝑢‖𝐶(𝜌) = sup
𝑎<𝑥<𝑏

{|𝑢(𝑥)|𝜌(𝑥)}, 𝜌(𝑥) = (𝑥 − 𝑎)𝛼+𝛿(𝑏 − 𝑥)𝛽+𝛿,
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‖𝑢‖𝛼,𝛽,𝛿,𝛿0
= ‖𝑢‖𝐶(𝜌) + sup

𝑎<𝑥,𝑦<𝑏
{|𝑊(𝑥) − 𝑊(𝑦)|

|𝑥 − 𝑦|𝛿0
} , 𝑊(𝑥) = 𝑢(𝑥)𝜌(𝑥).

Now consider linear singular operators with Hilbert and Cauchy kernels

𝑆1𝑢 = − 1
2𝜋 ∫

𝜋

−𝜋
𝐾(𝑥, 𝑠)𝑢(𝑠) ctg 𝑠 − 𝑥

2 𝑑𝜏,

𝑆2𝑓 = 1
2𝜋𝑖 ∫

Γ

ℎ(𝑡, 𝜏)𝑓(𝜏)
𝜏 − 𝑡 𝑑𝜏,

where 𝐾(𝑥, 𝑠) is a 2𝜋-periodic function in 𝑥 and 𝑠, satisfying a Hölder condition
with exponent 𝛿1 > 0 in 𝑥 and 𝛿 > 0 (𝛿 < 𝛿1) in 𝑠, while ℎ(𝑡, 𝜏) is a function
defined on the closed Lyapunov contour Γ, satisfying the same condition as
𝐾(𝑥, 𝑠).
If we take into account that (2,3 ) the operators 𝑆1* and 𝑆2 are bounded in the
spaces 𝐻𝛿 and 𝐿𝑝 (0 < 𝛿 < 1, 𝑝 > 1), then, by virtue of inequalities (1) and (2),
we have

Theorem 4. The operators 𝑆1 and 𝑆2 act from 𝐻𝛿 into 𝐻𝛿 and satisfy the
inequalities

‖𝑆1𝑢‖𝐶 ≤ 𝑞∗
1‖𝑢‖(1+𝛿𝑝)/(1+2𝛿𝑝)

𝛿 ‖𝑢‖𝛿𝑝/(1+2𝛿𝑝)
𝐿𝑝

, (4)

‖𝑆2𝑓‖𝐶 ≤ 𝑞∗
2‖𝑓‖(1+𝛿𝑝)/(1+2𝛿𝑝)

𝛿 ‖𝑓‖𝛿𝑝/(1+𝛿𝑝)
𝐿𝑝

; (5)

0 < 𝛿 < 1; 1 < 𝑝; 𝑞∗
𝑖 = const; 𝑖 = 1, 2.

For the singular operator

𝑆𝛼𝑢 = (𝑥 − 𝑎)𝛼(𝑏 − 𝑥)𝛼 ∫
𝑏

𝑎

𝑢(𝑠) 𝑑𝑠
(𝑠 − 𝑎)𝛼(𝑏 − 𝑠)𝛼(𝑠 − 𝑥)

it has been established (4) that it acts boundedly from 𝐻0
𝛿 ** into 𝐻0

𝛿 (0 < 𝛿 < ̃𝛼).
Therefore, by virtue of Khvedelidze’s theorem (3) and inequality (1), we prove

Theorem 5. The operator 𝑆𝛼 acts from 𝐻0
𝛿 into 𝐻0

𝛿 and satisfies the inequality

‖𝑆𝛼𝑢‖𝐶 ≤ 𝑞3‖𝑢‖(1+𝛿𝑝)/(1+2𝛿𝑝)
𝛿 ‖𝑢‖𝛿𝑝/(1+2𝛿𝑝)

𝐿𝑝
, (6)
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where 0 < 𝛿 < ̃𝛼, 𝑝 > 1/(1 − ̃𝛼), 𝑞3 = const.

Finally, let us consider the operator

𝑆𝑢 = ∫
𝑏

𝑎

𝑢(𝑠)
𝑠 − 𝑥 𝑑𝑠,

which acts boundedly in the Banach space 𝐻𝛼,𝛽,𝛿 with norm

‖𝑢‖𝛼,𝛽,𝛿 = sup
𝑎<𝑥<𝑏

{|𝑢(𝑥)|𝛾(𝑥)} + sup
𝑎<𝑥,𝑦<𝑏

{|𝑊(𝑥) − 𝑊(𝑦)|
|𝑥 − 𝑦|𝛿 } ,

𝑊(𝑥) = 𝑢(𝑥)𝛾(𝑥), 𝛾(𝑥) = (𝑥 − 𝑎)𝛼+𝛿(𝑏 − 𝑥)𝛽+𝛿.

Theorem 6. The operator 𝑆 acts from 𝐻𝛼,𝛽,𝛿 into 𝐻𝛼,𝛽,𝛿 and satisfies the
inequality

‖𝑆𝑢‖𝐶(𝛾) ≤ 𝑞4‖𝑢‖(1+𝛿𝑝)/(1+2𝛿𝑝)
𝛼,𝛽,𝛿 ‖𝑢‖𝛿𝑝/(1+2𝛿𝑝)

𝐿𝑝(𝛾) , (7)

where

0 < 𝛼 + 𝛿, 𝛽 + 𝛿 < 1, 𝑝 > max{1/(1 − 𝛼 − 𝛿), 1/(1 − 𝛽 − 𝛿)},

𝑞4 = const.

Now let us consider a sequence {𝑢𝑛} ∈ 𝐻𝛿, satisfying the condition

lim
𝑛,𝑚→∞

‖𝑢𝑛 − 𝑢𝑚‖𝛼1
𝛿 ‖𝑢𝑛 − 𝑢𝑚‖1−𝛼1

𝐿𝑝
= 0, 𝑝 > 1,

𝛼1 = (1 + 𝛿𝑝)/(1 + 2𝛿𝑝), 0 < 𝛿 < 1. (8)

By virtue of (1) (𝑛 = 1) or (2) or (3)*** (depending on where it is defined—

* We mean 2𝜋-periodic functions from 𝐻𝛿.

** 𝐻0
𝛿 contains all functions from 𝐻𝛿 that vanish at the endpoints of the interval

[𝑎, 𝑏].
*** In this case {𝑢𝑛(𝑥)} ∈ 𝐻𝛼,𝛽,𝛿, and under (8) one must understand
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lim
𝑛,𝑚→∞

‖𝑢𝑛 − 𝑢𝑚‖𝛼1
𝛼,𝛽,𝛿‖𝑢𝑛 − 𝑢𝑚‖1−𝛼1

𝐿𝑝(𝛾) = 0.

chosen {𝑢𝑛}, this sequence is fundamental in the metric of the space of con-
tinuous functions (in the case (3) with weight 𝜌(𝑥) = (𝑥 − 𝑎)𝛼+𝛿(𝑏 − 𝑥)𝛽+𝛿).
By virtue of the completeness of the space 𝐶 there exists 𝑢0 ∈ 𝐶 for which
lim𝑛→∞ ‖𝑢𝑛 − 𝑢0‖ = 0. The sets of all such 𝑢0, corresponding in the sense
of fundamentality to the right-hand sides of inequalities (2), (3), (4), and (6),
will be denoted respectively by 𝐶𝑝

𝛿,1, 𝐶𝑝
𝛿,2, 𝐶𝑝

𝛿,3, and 𝐶𝑝
𝛿,4. For these sets, using

inequalities (1), (2), (3), (4), (5), (6), (7), one proves

Theorem 7. The sets 𝐶𝑝
𝛿,1, 𝐶𝑝

𝛿,2, 𝐶𝑝
𝛿,3, and 𝐶𝑝

𝛿,4 are invariant respectively with
respect to the operators 𝑆1, 𝑆2, 𝑆𝛼̃ ( ̃𝛼 < 1), and 𝑆.

We note that the Hölder or Huseynov classes corresponding to these sets are
proper subsets of these sets.

Dagestan State University
named after V. I. Lenin

Received
20 VI 1967
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