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(Presented by Academician S. L. Sobolev on 14 XII 1967)

The basic biharmonic problem for a given plane domain 𝐺, as is known (1),
consists in determining a function 𝑢(𝑥, 𝑦) having in the domain 𝐺 continuous
partial derivatives up to the fourth order inclusive, which inside 𝐺 satisfy the
equation

𝜕4𝑢/𝜕𝑥4 + 2𝜕4𝑢/𝜕𝑥2𝜕𝑦2 + 𝜕4𝑢/𝜕𝑦4 = 0,

and on the boundary of the domain 𝐺 the conditions

𝑢∣Γ = 𝑓(𝑠), 𝜕𝑢/𝜕𝑛∣Γ = ℎ(𝑠),

where 𝑛 is the direction of the normal outward to Γ; 𝑓(𝑠) and ℎ(𝑠) are given
functions of the arc 𝑠 of the contour Γ. Here the case is considered when 𝐺 is
a disk, 𝑟 = √𝑥2 + 𝑦2 < 1, 𝑥 = 𝑟 cos 𝜑, 𝑦 = 𝑟 sin 𝜑, and ℎ(𝜑) ≡ 0.

Denote by 𝑢𝑓(𝑟, 𝜑) the solution of the biharmonic problem corresponding to the
function 𝑓(𝜑) prescribed on the boundary of the disk 𝐺, under the condition
that 𝜕𝑢𝑓(𝑟, 𝜑)/𝜕𝑟∣𝑟=1 = 0.

In the present note the question is investigated of the magnitude of the oscil-
lations of the biharmonic function 𝑢𝑓(𝑟, 𝜑) at arbitrary two points (𝑟1, 𝜑) and
(𝑟2, 𝜑) inside the disk (along radii), and also for arbitrary 𝑟 along arcs of circles
concentric with 𝐺.

Theorem 1. Whatever the continuous, 2𝜋-periodic function 𝑓(𝜑), for 0 ≤
𝑟1, 𝑟2 ≤ 1 and for any 0 ≤ 𝜑 < 2𝜋 the inequality holds

|𝑢𝑓(𝑟2, 𝜑) − 𝑢𝑓(𝑟1, 𝜑)| ≤
⎧{
⎨{⎩

𝑐1 ∫
𝑟2

𝑟1

𝜔2(1 − 𝑟)
1 − 𝑟 𝑑𝑟, if 𝑟2 − 𝑟1 < 1 − 𝑟2,

𝑐2𝜔2(𝑟2 − 𝑟1), if 𝑟2 − 𝑟1 ≥ 1 − 𝑟2,
(1)
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where 𝑐1, 𝑐2 are certain absolute constants,

𝜔2(𝑡) = sup
0≤ℎ≤𝑡

|𝑓(𝜑 + ℎ) − 2𝑓(𝜑) + 𝑓(𝜑 − ℎ)|

is the modulus of smoothness of the function 𝑓(𝜑).
From Theorem 1, for 𝑟2 = 1, follows the inequality |𝑓(𝜑)−𝑓(𝑟, 𝜑)| ≤ 𝑐𝜔2(1−𝑟),
obtained earlier by S. Kaniev (see (2), Theorem 1).

Consider the class 𝑊 (𝑝) (𝑝 ≥ 1 an integer) of 2𝜋-periodic functions 𝑓(𝜑) having
an absolutely continuous derivative of order 𝑝 − 1 and such that |𝑓 (𝑝)(𝜑)| ≤ 1
almost everywhere.

For biharmonic functions inside the disk 𝑢𝑓(𝑟, 𝜑), corresponding to functions
𝑓(𝜑) ∈ 𝑊 (𝑝) under the condition that 𝜕𝑢𝑓(𝑟, 𝜑)/𝜕𝑟∣𝑟=1 = 0, the following holds.

Theorem 2. Whatever the function 𝑓(𝜑) ∈ 𝑊 (𝑝), for any values 𝑟1, 𝑟2 (0 ≤
𝑟1, 𝑟2 ≤ 1) the exact equality holds

sup
𝑓∈𝑊 (𝑝)

max
0≤𝜑≤2𝜋

|𝑢𝑓(𝑟2, 𝜑) − 𝑢𝑓(𝑟1, 𝜑)| = 4
𝜋 ∣

∞
∑
𝜈=0

(−1)𝜈(𝑝+1) 𝑟2𝜈+1
2 − 𝑟2𝜈+1

1
(2𝜈 + 1)𝑝+1 + (2)

+1 − 𝑟2
2

2
∞

∑
𝜈=0

(−1)𝜈(𝑝+1) 𝑟2𝜈+1
2

(2𝜈 + 1)𝑝 − 1 − 𝑟2
1

2
∞

∑
𝜈=0

(−1)𝜈(𝑝+1) 𝑟2𝜈+1
1

(2𝜈 + 1)𝑝 ∣ .

In the particular case when 𝑟2 = 1, the assertion of Theorem 2 was obtained in
(2).

For an arbitrary natural value of 𝑘, denote by

Δ𝑘
ℎ𝑢𝑓(𝑟, 𝜑) =

𝑘
∑
𝜈=0

(−1)𝜈(𝑘
𝜈)𝑢𝑓(𝑟, 𝜑 + 𝜈ℎ) (3)

the difference of the function 𝑢𝑓(𝑟, 𝜑) with respect to 𝜑 of order 𝑘 with step ℎ.

Theorem 3. Whatever the function 𝑓(𝜑) ∈ 𝑊 (𝑝) and the natural 𝑘 ≤ 𝑝 + 1,
for every positive ℎ ≤ 𝜋, everywhere in the disk the sharp inequality

∣Δ𝑘
ℎ𝑢𝑓(𝑟, 𝜑)∣ ≤ 4

𝜋 ∣
∞

∑
𝜈=0

(−1)𝜈(𝑝+𝑘+1)𝑟2𝜈+1 {2 sin((2𝜈 + 1)ℎ/2)}𝑘

(2𝜈 + 1)𝑝+1 + (4)

+1 − 𝑟2

2
∞

∑
𝜈=0

(−1)𝜈(𝑝+𝑘+1)𝑟2𝜈+1 {2 sin((2𝜈 + 1)ℎ/2)}𝑘

(2𝜈 + 1)𝑝 ∣ .
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Inequality (4) holds for all 0 ≤ 𝑟 < 1, 0 ≤ 𝜑 < 2𝜋, and also when 𝑝 = 0, i.e.,
for every function 𝑓(𝜑) satisfying the condition |𝑓(𝜑)| ≤ 1, if 𝑘 = 1.

Considering the class 𝑊 (𝑝)𝐿 (𝑝 ≥ 1 an integer) of 2𝜋-periodic functions having
an absolutely continuous derivative of order 𝑝 − 1 and such that

∫
2𝜋

0
|𝑓 (𝑝)(𝜑)| 𝑑𝜑 ≤ 1,

one can also obtain sharp inequalities for the mean oscillations along radii and
along circles concentric with 𝐺 of the solutions of the corresponding biharmonic
problem.

Theorem 4. For all natural 𝑝 and arbitrary 𝑟1, 𝑟2 (0 ≤ 𝑟1, 𝑟2 ≤ 1), the equality

sup
𝑓∈𝑊 (𝑝)𝐿

∫
2𝜋

0
|𝑢𝑓(𝑟2, 𝜑) − 𝑢𝑓(𝑟1, 𝜑)| 𝑑𝜑 = 4

𝜋 ∣
∞

∑
𝜈=0

(−1)𝜈(𝑝+1) 𝑟2𝜈+1
2 − 𝑟2𝜈+1

1
(2𝜈 + 1)𝑝+1 + (5)

+1 − 𝑟2
2

2
∞

∑
𝜈=0

(−1)𝜈(𝑝+1) 𝑟2𝜈+1
2

(2𝜈 + 1)𝑝 − 1 − 𝑟2
1

2
∞

∑
𝜈=0

(−1)𝜈(𝑝+1) 𝑟2𝜈+1
1

(2𝜈 + 1)𝑝 ∣

holds.

The particular case of equality (4), when 𝑟2 = 1, was obtained in (3).

Theorem 5. For all natural 𝑘 and 𝑝 (𝑘 ≤ 𝑝 + 1), for arbitrary values of 𝑟 and
ℎ (0 ≤ 𝑟 < 1, 0 < ℎ ≤ 𝜋), the equality

sup
𝑓∈𝑊 (𝑝)𝐿

∫
2𝜋

0
|Δ𝑘

ℎ𝑢𝑓(𝑟, 𝜑)| 𝑑𝜑 = 4
𝜋 ∣

∞
∑
𝜈=0

(−1)𝜈(𝑝+𝑘+1)𝑟2𝜈+1 {2 sin((2𝜈 + 1)ℎ/2)}𝑘

(2𝜈 + 1)𝑝+1 +

(6)

+1 − 𝑟2

2
∞

∑
𝜈=0

(−1)𝜈(𝑝+𝑘+1)𝑟2𝜈+1 {2 sin((2𝜈 + 1)ℎ/2)}𝑘

(2𝜈 + 1)𝑝 ∣

holds.

Equality (6) for 0 ≤ 𝑟 < 1, when 𝑘 = 1, 𝑝 = 0, is also true in the case where the
class 𝑊 (𝑝)𝐿 is replaced by the class of all functions satisfying the conditions

∫
2𝜋

0
𝑓(𝑡) 𝑑𝑡 = 0 and ∫

2𝜋

0
|𝑓(𝑡)| 𝑑𝑡 ≤ 1.
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We note that problems analogous to those considered here (Theorems 2–5) for
functions harmonic in a disk were studied in the work [4]. In the study of
oscillations of the solution of the biharmonic problem, additional difficulties
arise, connected with the more complicated character of the behavior of the
kernel in the corresponding integral representation for differences (1) and (3).

In conclusion, the author expresses his sincere gratitude to A. F. Timan and V.
N. Trofimov for their attention to the work.

Dnepropetrovsk
Chemical-Technological Institute

Received
29 XI 1967
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