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In the present article we study properties of the analytic continuation of the
Dirichlet series composed of the eigenvalues of an elliptic operator. This problem
for the Laplace operator was considered in papers (1−5).
Let 𝑔 be an arbitrary bounded 𝑁 -dimensional domain with sufficiently smooth
boundary Γ.
1∘. Consider in the domain (𝑔 + Γ) the following eigenfunction problem:

Δ𝑢 + 𝜆𝑢 = 0 in the domain 𝑔,

𝑢|Γ = 0 or 𝜕𝑢/𝜕𝑛|Γ = 0. (1)

Here Δ is the Laplace operator, {𝜆𝑖} are the eigenvalues, and {𝑢𝑖} are the
orthonormal eigenfunctions of problem (1).

Theorem 1. The Dirichlet series
∞

∑
𝑖=1

1
𝜆𝑧

𝑖
,

convergent for Re 𝑧 > 𝑁/2, admits an analytic continuation 𝜑(𝑧) to the entire
complex plane; moreover, the formula

𝜑(𝑧) =
𝑁

∑
𝑘=1

𝑎𝑘
𝑧 − 𝑘/2 +

[(𝑠+1)/2]
∑
𝑘=2

𝑏𝑘
𝑧 + (2𝑘 − 3)/2 + 𝜓(𝑧); (2)

holds, where 𝑠 is an arbitrary natural number, and the function 𝜓(𝑧) is regular
for

Re 𝑧 > −(𝑠 − 1)/2.
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Thus, formula (2) makes it possible to indicate explicitly all singularities of the
function 𝜑(𝑧) in any finite domain of the complex plane.

Theorem 1, both in result and in method, is a generalization of Pleijel’s papers
(4,5), in which he considered the cases of 2 and 3 dimensions (𝑁 = 2, 3). The
proof of Theorem 1 is based on the following two facts (see below formulas (5)
and (6)). Denote by 𝐺(𝑥, 𝑦, 𝜘2) the Green’s function of the problem

Δ𝑢 − 𝜘2𝑢 = 𝑓 in the domain 𝑔,

𝑢|Γ = 0 or 𝜕𝑢/𝜕𝑛|Γ = 0. (3)

The Green’s function 𝐺(𝑥, 𝑦, 𝜘2) is representable in the form

𝐺(𝑥, 𝑦, 𝜘2) = 𝜘(𝑁−2)/2

𝑎𝑁𝑟(𝑁−2)/2
𝑥𝑦

𝐾(𝑁−2)/2(𝜘𝑟𝑥𝑦) − 𝛾(𝑥, 𝑦, 𝜘), (4)

where 𝑎𝑁 > 0 is a constant; 𝐾(𝑁−2)/2(𝜘𝑟𝑥𝑦) is a Macdonald function; 𝛾(𝑥, 𝑦, 𝜘)
is a function ensuring fulfillment of the boundary condition in (3). For

an asymptotic formula has been established for 𝛾(𝑥, 𝑦, 𝜒)

𝛾(𝑥, 𝑥, 𝜒) = ∑
𝑘,𝑙,𝑝

𝐶𝑘𝑙𝑝(𝜉) 𝜂𝑝𝜒(𝑁−2)/2+𝑘 [ 𝑑
𝑑𝜂 ]

𝑙
{

𝐾(𝑁−2)/2+𝑘(2𝜒𝜂)
𝜂(𝑁−2)/2+𝑘 }+𝑂(𝜒−𝑠𝑒−2𝑎𝜒𝜂).

(5)

Here the sum contains a finite number of terms; the degree in 𝜂 of each of them
is not less than −(𝑁 − 2); 𝜂 is the distance from the point 𝑥 to the boundary
Γ; 𝜉 is a point on Γ; 𝑠 is any natural number; 𝑎 < 1.
In addition, a formula has been established which expresses the difference of the
Green function of problem (3) for two different values of 𝜒 through a bilinear
series in the eigenfunctions of problem (1). (This formula generalizes Carleman’
s formula, valid for 𝑁 ⩽ 3, see (1).)

𝐺(𝑥, 𝑦, 𝜒2) −
𝑛−1
∑
𝑘=0

𝐶𝑘
𝑛−1(𝜒2 − 𝜒2

0)𝑘𝐺(𝑘+1)(𝑥, 𝑦, 𝜒2
0) =

= (𝜒2 − 𝜒2
0)𝑛

∞
∑
𝑖=1

(𝜆𝑖 + 2𝜒2
0 − 𝜒2)𝑛−1𝑢𝑖(𝑥)𝑢𝑖(𝑦)

(𝜆𝑖 + 𝜒2
0)𝑛 [(−1)𝑛(𝜆𝑖 + 𝜒2

0)𝑛 − (𝜒2 − 𝜒2
0)𝑛] ; (6)

here 𝑛 = [𝑁/2]; 𝐺(𝑘) is the 𝑘-th iteration of the Green function 𝐺(𝑥, 𝑦, 𝜒2
0).
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2∘. Consider in the domain (𝑔 + Γ) the eigenfunction problem for an elliptic
system of differential equations of order 2𝑚 with real coefficients

𝐴𝑢 ≡ ∑
|𝑘|⩽2𝑚

𝐴𝑘(𝑥)𝐷𝑘𝑢 = −𝜆𝑢 in the domain 𝑔,

𝐵𝜈(𝑥, 𝐷)𝑢∣Γ =
𝑟

∑
𝑗=1

∑
|𝑘|⩽𝑟𝜈

𝑏(𝑘)
𝜈𝑗 (𝑥)𝐷𝑘𝑢𝑗∣Γ = 0; (7)

𝜈 = 1, 2, … , 𝑚𝑟; 𝑟𝜈 ⩽ 2𝑚 − 1; 𝑢 = (𝑢1, 𝑢2, … , 𝑢𝑟) is an 𝑟-vector.

We shall assume that the operator 𝐴, with domain of definition

𝐷(𝐴) = {𝑢; 𝑢 ∈ 𝐶(2𝑚)(𝑔 + Γ), 𝐵𝜈(𝑥, 𝐷)𝑢 = 0},

is formally self-adjoint and bounded below, i.e.

(𝐴𝑢, 𝑢) ⩾ 𝑎‖𝑢‖2
𝑊 𝑚

2
;

the system {𝐴, 𝐵𝜈} satisfies the Lopatinskii condition, and the coefficients of
the system 𝐴𝑘(𝑥) and 𝑏(𝑘)

𝜈𝑗 (𝑥) are sufficiently smooth (more precisely, they must
belong to the classes indicated in Theorem 1 of (6)).
Theorem 2. Let {𝜆𝑖} and {𝑢𝑖} be the eigenvalues and the orthonormal eigen-
functions of the unique self-adjoint extension in 𝐿2 of the operator 𝐴. The
Dirichlet series

∞
∑
𝑖=1

1
𝜆𝑧

𝑖
,

which converges for Re 𝑧 > 𝑁/2𝑚, has an analytic continuation 𝜑(𝑧), equal to

𝜑(𝑧) = 𝐶
𝑧 − 𝑁/2𝑚 + 𝜓(𝑧), (8)

where the function 𝜓(𝑧) is regular for Re 𝑧 > (𝑁 − 1)/2𝑚.

From (8), with the aid of a Tauberian theorem, one obtains the asymptotic
formula for the number 𝜃(𝜆) of eigenvalues of problem (7) not exceeding 𝜆∗:

𝜃(𝜆) ∼ 𝑐0𝜆𝑁/2𝑚. (9)
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This last result, even in a more general situation, was obtained by Browder (7)
by another method.

* We note that the constants in formulas (2), (8), and (9) can be written explicitly.

The proof of Theorem 2 is carried out by the method of Minakshisundaram (2),
based in our case on representing the Green matrix of the parabolic problem
corresponding to problem (7) in the form of a bilinear series in the eigenfunctions
of problem (7)

𝐺(𝑥, 𝑦, 𝑡) =
∞

∑
𝑖=1

𝑒−𝜆𝑖𝑡 𝑢𝑖(𝑥) ⊗ 𝑢𝑖(𝑦).

The estimates of the Green matrix in the closed cylinder (𝑔+Γ)×[0, 𝑇 ] needed for
carrying out this method were established in the work of Ivasišen and Eidelman
(6).

Let us note that, along the way, we obtain the following result: the bilinear
series of the form

∞
∑
𝑖=1

𝑢𝑖(𝑥) ⊗ 𝑢𝑖(𝑦)
𝜆𝑁/2𝑚+𝜀

𝑖
,

where 𝜀 > 0 is arbitrary, converges absolutely and uniformly in the closed do-
main (𝑔 + Γ).
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