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Let y,(t) and y,,(t) be the values of the outputs of the object and of the model,
respectively. For real objects z(t) is a finite function, i.e., one that vanishes
outside a certain finite interval [ty,¢;]. Then, as is known (1), the relation
between the output and the input of the object has the form

0, t < to,
t
y(t) = [Ox(u)ko(t—u) du, to<t<ty, o

ty
/ x(u)ky(t —u)du, t>t.
t

[¢]

An analogous relation (2) is valid for y,,(¢). Applying the direct and inverse
Fourier transforms to relations (1) and estimating |y, (t) — y,,(t)|, we obtain

00) = (0] = |5 [ [0 i) = By )] X i)™
tfiltagxtl lz()|(t; — to) I | |
< o /L |P,(iw) — @, (iw)| dw (2)
+ % /_OO [®@,(iw) — @, (iw)] X (iw)e? dw|,

where @, (iw) and ®,,(iw) are the transfer functions of the object and the
model; [—L, L] is a finite interval on the axis (its choice will be discussed below);

’

/.

is the integral over the remaining part of the axis.
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Let us first estimate the integral over the finite part of the axis

L
I = / 19, (i) = @, (i) s (3)

The integrand is the error of approximation of the transfer function of the object
on the interval [—L, L] by means of the interpolation polynomial (?)

. k: n N 7]@
w+ i« 1 w,; + 1«
un( ’w) ;Oak(wia> ’ Ay ”*1; (u"‘}j) (wjia> ) ()
0;
wj:actgg, 9j:n_|_1(2]—|—1)7 —m <0, <m, a>0
Make the change of variables
1 0 ; .
w:iaTJr = actg -, T:erZ,a:ew, —r <0<,
T—1 2 w — i

and obtain an estimate for the approximation of the function ¢(7) = ® (ia:—f})
on the part of the unit circle 4" that does not include a certain neighborhood

of the singular point 7 = 1.

Lemma 1. The estimate

4 2 2
{f +—In <7(n + 1))} max |¢(7)] for even n,
N ™ s ™ TEY

|u (o, 7)] < ()
" 2 1. (2
[— +1+—In <7(n + 1))] max |p(7)| for odd n,
T T s Tey

(6)
holds, where the estimate (5) cannot be improved in the sense of its attainability.

The proof of estimates (5) and (6) follows easily from relation (5.5) of work (3).

Consider an estimate of the accuracy of approximation of the function ¢(7),
specified on 7/, by means of partial sums in Faber polynomials. For this purpose
we construct the function 7 = ¢(w), which conformally maps the exterior of the
unit disk onto the exterior of the arc 4/ (*). It has the form

iwecosa/2 —1
7= ww+icosa/2’ TET (7)

sovietrxiv.org/items/ru-196801.88943 Machine Translation


https://sovietrxiv.org/items/ru-196801.88943

where « is the angle between the radius drawn to the endpoint of the arc v and
the positive direction of the abscissa axis; w = ®(7) is the function inverse to

(w).

Let x*(w) be the function analytic inside the unit disk (|w| < 1), obtained from
the function x(w) = ¢[¢)(w)] by the Sokhotskii formula (°)

=g+ o [ R =Y anm, ®
k=0

2t ) u—w
Y

where ®,(7) are the Faber polynomials for the continuum +’, and the a;, are
such that

= puX" (w)].

n
XH(w) =)t
k=0

= inf [x " (w) — Zakwk
“ k=0
In the notation introduced above, the following theorem holds:

Theorem 1. The estimate

max
TeY

< 3pu[x*(w)] (9)

o(T) — Z a, @i (7)
k=0

is valid.

Proof. For the Faber polynomials the relation (°)

() = T € Ly, plwy) =Pp(wy) =,

(10)

witws 1 [ [®(0)]"d¢
2 +27ri/L

holds, where L, is a closed curve consisting of two banks of 4’. Further,

o(1) — Zak@k('r) = % [X(wl) - Zakw’f + % [X(”LUQ) - Zakwlﬁz]
k=0 k=0 k=0

Y (w) dw.

21

1 xw) =X et
*-1}1 lw) — ()

Using the relation
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and taking into account that

R O W SN
37 Juyes 0] — o) 7 T ) e

Y (w 1 1 1 ., 1—ircosa/2

P(w —1/)(7')_w—T_w+icosa/2+w—T*’ ~ T+icosa/2’
we arrive at the proof of estimate (9).

The obtained estimate (9) for the accuracy of approximation of the function
(1), specified on v/, by means of partial sums of Faber polynomials is analogous
to the results given in works (679). The method of proving estimate (9) differs
from the methods used in works (67%8).

Theorem 2. The estimate

max lo(7) — uf (o, 7)| <

3 {1 + 4 + 2 In (%(n + 1))] PnlxT(w)]  for n even, (11)

s m

3 {2 + % + %ln (%(n + 1))] PnlxT(w)]  for n odd.

The proof of Theorem 2 follows from Theorem 1 and Lemma 1. As a result, we
obtain an estimate for I; (for example, for n even)

I, <6L [14—%—&-;111 (%(ml))]pn[mw)y (13)

Let us now estimate the integral over the remaining part of the axis

’

I, = [ [® (iw) — @/ (iw)] X (iw)e™ dw) . (14)

We shall carry out the estimate under the following restrictions on X (iw) and

. 1 - oo . . (&
LX) = g D e H X)Xl < g
(15)
2. By(iw) = wF Y e+ @y (iw), | (iw)| < 2wt
s=1
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k>0, p>k+1l,  ¢>0, d

¢;,dg are real, and ¢ and ¢ are absolute constants.

Further,

’

[e9)
/ ® (iw) X (iw)e? dw| +

’

e}
I, < / D/ (iw) X (iw) cos wt dw| +

’

o
+ / D/ (iw) X (iw) sin wt dw| .

Lemma 2. The estimate

/ D, (iw) X (iw) cos wt dw
I

(16)

r [27r|AO| ()n]+ 2 [|A0 L 2e{n)n

- L"€+1 t+a k+1 Lr-1|{n—1 (p+1)L?

where A, is the first coefficient of the expansion of ®,,(iw) into partial fractions.

, - iw—a\" Ay A,
@M(zw):Zak( ) :A0+i o (17)

= iw+ a w+ o (iw + @)

is valid.

From relation (17) we have

A
Ay 4, (1) — ik () ).

D, — A, = S S
M 0 iw+a+(iw+a)2+ +(iw+a)”

Further, using Bernstein’ s inequality, we obtain
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[t (0, 7) = (0, )| < max[fuy, (¢, 7)]'| [T = 1] < e(n)n - 2/|w — 1,

| Dy (iw) — Aol < |A4g| + 2¢(n)n/v/1+ w?. (19)

Using relations (18) and (19), we arrive at the proof of relation (16).

Theorem 3. If relation (15) is valid, then

9 - r
L<4ﬂzzt+a + B, CJX_;CJ)

Jj=1s
i
2 _, dyg C
+ e (P25 o
Lp k—p+1 (k—p)L (20)
" 27T|AO|
L’Hl t+a; k:+
2¢ \A | 2nc
+ Lr—1 | p— 1

The proof follows from relations (16)—(19).

As a result, under assumption (15), taking into account relations (2), (13), and
(20), we obtain the following theorem.

Theorem 4. The estimate

yo(t) = yar ()] < 6L[L + c(n)]p,[x " (w)]
2 r l c.d T
+ — | 4n e C;
L( j:1;t+aj+ﬁs ;]>
N 2c Zizl dg L_¢
L1 \k—p+1 " (k—p)L (21)
N 4 & 2nt|Ay| | e(n)n
L+1 Tlt+ta; k41
2¢ [ |4 2¢(n)n
+
Lr-1|{p—1 (p+1)L?
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