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MATHEMATICS

A. A. LETICHEVSKII

EQUIVALENCE OF AUTOMATA WITH A FI-
NAL STATE RELATIVE TO A FREE SEMI-
GROUP WITH RIGHT ZERO
(Presented by Academician V. M. Glushkov on 23 February 1968)

The equivalence of automata with a final state relative to a class of automata
was considered in the works (1,2 ). This concept makes it possible to investigate
various strong forms of equivalence of algorithms. Here we shall consider the
equivalence of 𝑋—𝑌 -automata with a final state relative to the class 𝔉(𝐺, 𝑋𝐺),
where 𝐺 is a free semigroup with identity 𝑒, right zero 𝜗, and a system of free
generators 𝑍, regarded as a 𝑌 -automaton with initial state 𝑒, where 𝑌 = 𝑍∪{𝜗}.
In other words, 𝐺 is a semigroup all of whose relations reduce to the identities
𝑔𝜗 = 𝜗, 𝑔𝑒 = 𝑒𝑔 = 𝑔, and 𝐺 is regarded as a 𝑌 -automaton with transition
function 𝛿𝐺(𝑔, 𝑦) = 𝑔𝑦. If the automata 𝐴1 and 𝐴2 are equivalent relative to
the class of automata 𝔉(𝐺, 𝑋𝐺), then we shall say that they are equivalent
relative to 𝐺. The main result is that the problem of equivalence of finite
automata with a final state relative to the semigroup 𝐺 is decidable.

Let us indicate one possible application of this result. Let 𝐵 be an operational
automaton (3) with input alphabet 𝑌 = 𝑍 ∪ {𝜗} and output alphabet 𝑋. Each
element 𝑦 ∈ 𝑌 determines some transformation of the set 𝐵 into itself. Suppose
moreover that 𝜗 always takes the operational automaton into one and the same
state 𝑏0. Two controlling automata are equivalent relative to the semigroup 𝐺 if
and only if they determine one and the same transformation of the set of states
of any operational device of the indicated type.

The semigroup 𝐺 is the union of its disjoint subsemigroups 𝐹𝑍 and 𝐺(𝜗), where
𝐹𝑍 is the subsemigroup generated by the set 𝑍 and the identity, and 𝐺(𝜗) is
the set of elements of the form 𝜗𝑔 (𝑔 ∈ 𝐺). Each of these two semigroups we
shall regard as a 𝑍-automaton, taking as the initial state of the first automaton
the element 𝑒, and as the initial state of the second automaton the element 𝜗.
Both automata are free 𝑍-automata.

If 𝜇1 ∶ 𝐹𝑍 → 𝑋, and 𝜇2 ∶ 𝐺(𝜗) → 𝑋, then by 𝜇1 + 𝜇2 we shall denote the
mapping 𝜇 ∶ 𝐺 → 𝑋 equal to 𝜇1 on 𝐹𝑍 and to 𝜇2 on 𝐺(𝜗). If 𝐿1 ⊂ 𝑋𝐹𝑍 , and
𝐿2 ⊂ 𝑋𝐺(𝜗), then by 𝐿1 + 𝐿2 we shall denote the set of all 𝜇 = 𝜇1 + 𝜇2, where
𝜇1 ∈ 𝐿1, 𝜇2 ∈ 𝐿2.
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If 𝐴 is an 𝑋—𝑌 -automaton with a final state and 𝑌 ′ ⊂ 𝑌 , then one may speak of
applying the automaton 𝐴 to a 𝑌 ′-automaton 𝐵, regarding 𝛿𝐴(𝑎, 𝑥) as undefined
whenever 𝜆𝐴(𝑎, 𝑥) ∉ 𝑌 ′. In other words, 𝐴(𝐵) = 𝐴′(𝐵), where 𝐴′ is an 𝑋—
𝑌 ′-automaton obtained from 𝐴 by regarding 𝛿𝐴(𝑎, 𝑥) and 𝜆𝐴(𝑎, 𝑥) as undefined
if 𝜆𝐴(𝑎, 𝑥) ∉ 𝑌 ′. On the basis of this definition, one may likewise consider
equivalence of 𝑋—𝑌 -automata relative to a 𝑌 ′-automaton and to the set of its
output functions, if 𝑌 ′ ⊂ 𝑌 .

Let 𝑎 and 𝑏 be states of an 𝑋–𝑌 -automaton 𝐴 with final state, and let 𝑥 ∈ 𝑋.
Introduce the notation:

𝑀𝐴
𝑎,𝑥 = {𝜇 ∈ 𝑋𝐹𝑍 ∣ 𝑆𝐴(𝐹𝑍,𝜇) = (𝑝, 𝑞)(𝑟, 𝑠), 𝑎0

𝐴𝑝 = 𝑎, 𝜇(𝑞) = 𝑥};

𝑀𝐴
𝑎 = ⋃

𝑥∈𝑋
𝑀𝐴

𝑎,𝑥;

𝐿𝐴
𝑎,𝑏,𝑥 = {𝜇 ∈ 𝑋𝐺(𝜗) ∣ 𝑆𝐴(𝑎)(𝐺𝜇(𝜗)) = (𝑝, 𝑞)(𝑟, 𝑠), 𝑎𝑝 = 𝑏, 𝜇(𝜗𝑞) = 𝑥};

𝐿𝐴
𝑎,𝑏 = ⋃

𝑥∈𝑋
𝐿𝐴

𝑎,𝑏,𝑥;

𝑀𝐴
0 = 𝑀𝐴

𝑎∗
𝐴

+ 𝑋𝐺(𝜗).

Here 𝐹𝑍,𝜇(𝐺𝜇(𝜗)) is the automaton 𝐹𝑍(𝐺(𝜗)) with output function 𝜇; the words
(𝑟, 𝑠) may also be infinite.

Let Γ𝐴 be the set of all sequences of pairs

𝛾 = ((𝑎1, 𝑥1), … , (𝑎𝑘, 𝑥𝑘))

such that 𝑎𝑖 ∈ 𝐴, 𝑥𝑖 ∈ 𝑋, all the states 𝑎𝑖𝑥𝑖 are distinct, and

𝜆𝐴(𝑎𝑖, 𝑥𝑖) = 𝜗 (𝑖 = 1, … , 𝑘).

For any sequence
𝛾 = ((𝑎1, 𝑥1), … , (𝑎𝑘, 𝑥𝑘)) ∈ Γ𝐴

denote
𝐿𝐴

𝛾 = 𝐿𝐴
𝑎1,𝑥1,𝑎2,𝑥2

∩ ⋯ ∩ 𝐿𝐴
𝑎𝑘−1,𝑥𝑘−1,𝑎𝑘,𝑥𝑘

∩ 𝐿𝐴
𝑎𝑘𝑥𝑘,𝑎∗

𝐴

and
𝑀𝐴

1 = ⋃
𝛾∈Γ𝐴

(𝑀𝐴
𝑎1,𝑥1

+ 𝐿𝐴
𝛾 ) (𝛾 = ((𝑎1, 𝑥1), …)).

Lemma 1. The automaton 𝐴 is applicable to 𝐺𝜇 if and only if

𝜇 ∈ 𝑀𝐴
0 ∪ 𝑀𝐴

1 .

Moreover, if 𝜇 = 𝜇1 + 𝜇2, where 𝜇1 ∈ 𝑋𝐹𝑍 , 𝜇2 ∈ 𝑋𝐺(𝜗), 𝜇 ∈ 𝑀𝐴
0 , then

𝐴(𝐺𝜇) = 𝐴(𝐹𝑍,𝜇1
);
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whereas if 𝜇 ∈ 𝑀𝐴
1 , 𝜇1 ∈ 𝑀𝐴

𝑎1,𝑥1
, 𝜇2 ∈ 𝐿𝐴

𝛾

(𝛾 = ((𝑎1, 𝑥1), … , (𝑎𝑘, 𝑥𝑘))),

then
𝐴(𝐺𝜇) = 𝜗(𝐴(𝑎𝑘𝑥𝑘)(𝐺𝜇2

(𝜗))).

As a consequence of this lemma we obtain the following criterion for equivalence
of automata.

Theorem 1. 𝑋–𝑌 -automata 𝐴′ and 𝐴″ with final state are equivalent with
respect to 𝐺 if and only if

𝑀𝐴′
0 = 𝑀𝐴″

0 , 𝑀𝐴′
1 = 𝑀𝐴″

1 ,

the automata 𝐴′ and 𝐴″ are equivalent with respect to the free 𝑍-automaton
𝐹𝑍 and the set of functions 𝑀𝐴′

𝑎∗
𝐴′

, and, for any 𝛾′ ∈ Γ𝐴′ and 𝛾″ ∈ Γ𝐴″ , if

𝑀𝐴′
𝑎′

1,𝑥′
1

∩ 𝑀𝐴″
𝑎″

1 ,𝑥″
1

≠ ∅,

(𝛾′ = ((𝑎′
1, 𝑥′

1), … , (𝑎′
𝑘′ , 𝑥′

𝑘′)), 𝛾″ = ((𝑎″
1 , 𝑥″

1), … , (𝑎″
𝑘″ , 𝑥″

𝑘″))),
then the automata 𝐴′(𝑎′

𝑘′𝑥′
𝑘′) and 𝐴″(𝑎″

𝑘″𝑥″
𝑘″) are equivalent with respect to

the free 𝑍-automaton 𝐺(𝜗) and the set of output functions

𝐿𝛾′ ∩ 𝐿𝛾″ .

If 𝑅 is an event in the alphabet 𝑋 × 𝑍, then by 𝑊𝑅 we shall denote the set

⋃
(𝑝,𝑞)∈𝑅

𝑊𝑝,𝑞

(𝑊𝑝,𝑞 is understood in the sense of the set of mappings of the free 𝑍-automaton).
Each of the sets

𝑀𝐴
𝑎,𝑥, 𝑀𝐴

𝑎 , 𝐿𝐴
𝑎,𝑏,𝑥, 𝐿𝐴

𝑎,𝑏

can be specified in the form 𝑊𝑅, where 𝑅 is a regular event. For example,

𝑀𝐴
𝑎,𝑥 = 𝑊𝑅,

where

𝑅 = {(𝑝𝑥, 𝑞𝑧) ∈ (𝑋×𝑍)∗ ∣ 𝑎0
𝐴𝑝 = 𝑎, 𝜆𝐴(𝑎, 𝑝) = 𝑞} = 𝑅𝑎0

𝐴,𝑎 ( ⋃
𝑧∈𝑍

(𝑥, 𝑧))∩(𝑋×𝑍)∗,

where
𝑅𝑎,𝑏 = {(𝑝, 𝑞) ∣ 𝜆𝐴(𝑎, 𝑝) = 𝑞}
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is representable in the 𝑋 × 𝑌 -automaton 𝐴 by the state 𝑏 with initial state 𝑎.
Therefore the question of the equalities

𝑀𝐴′
0 = 𝑀𝐴″

0 , 𝑀𝐴′
1 = 𝑀𝐴″

1

and of the nonemptiness
𝑀𝐴′

𝑎′
1,𝑥′

1
∩ 𝑀𝐴″

𝑎″
1 ,𝑥″

1
≠ ∅

reduces to the question of comparing finite intersections of sets of the form 𝑊𝑅,
where 𝑅 is a regular event.

To solve this question, introduce the following closure operation 𝑅 in the set of
events in the alphabet 𝑋 × 𝑍:

(𝑝, 𝑞) ∈ 𝑅 ⟺ 𝑊𝑝,𝑞 = 𝑊𝑅.

It is not difficult to see that 𝑊𝑅1
= 𝑊𝑅2

if and only if 𝑅1 = 𝑅2 (indeed,
moreover, 𝑊𝑅1

⊂ 𝑊𝑅2
if and only if 𝑅1 ⊂ 𝑅2).

Therefore the question of equality of two sets of the form 𝑊𝑅 is decidable
effectively if the closures of regular events are regular.

Lemma 2. The closure 𝑅 of an event 𝑅 is the smallest set satisfying the
conditions:

1. 𝑅 ⊂ 𝑅.
2. If (𝑝𝑥, 𝑞𝑧) ∈ 𝑅, then (𝑝𝑥, 𝑞𝑧′) ∈ 𝑅 for any 𝑧′ ∈ 𝑍.
3. If for each 𝑥 ∈ 𝑋 there is a 𝑧 ∈ 𝑍 such that (𝑝𝑥, 𝑞𝑧) ∈ 𝑅, then (𝑝, 𝑞) ∈ 𝑅.
4. If (𝑝, 𝑞) ∈ 𝑅, then (𝑝, 𝑞)(𝑟, 𝑠) ∈ 𝑅.

An immediate consequence of Lemma 2 is

Lemma 3. The closure of a regular event is regular.

For comparing intersections of sets of the form 𝑊𝑅, a new construction is re-
quired. Let 𝑅1, … , 𝑅𝑛 be events in the alphabet 𝑋 × 𝑍. Consider the event
𝜉(𝑅1, … , 𝑅𝑛) in the alphabet (𝑋 × 𝑍)𝑛, assuming that

((𝑝1, 𝑞1), … , (𝑝𝑛, 𝑞𝑛)) ∈ 𝜉(𝑅1, … , 𝑅𝑛) ⟺ 𝑊𝜎((𝑝1,𝑞1),…,(𝑝𝑛,𝑞𝑛)) ⊂⊂ 𝑊𝑅1
∩⋯∩𝑊𝑅𝑛

.

Here, just as in the case 𝑛 = 1, we identify a collection of 𝑛 pairs of words of
equal length with a word in the alphabet of collections of 𝑛 pairs of symbols,

𝜎((𝑝1, 𝑞1), … , (𝑝𝑛, 𝑞𝑛)) = 𝜎(𝑝1, 𝑞1) ∩ ⋯ ∩ 𝜎(𝑝𝑛, 𝑞𝑛).

It is not difficult to show that

𝑊𝑅1
∩ ⋯ ∩ 𝑊𝑅𝑛

= 𝑊𝑅′
1

∩ ⋯ ∩ 𝑊𝑅′𝑛
⟺ 𝜉(𝑅1, … , 𝑅𝑛) = 𝜉(𝑅′

1, … , 𝑅′
𝑛).
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Thus everything has been reduced to constructing the event 𝜉(𝑅1, … , 𝑅𝑛) from
given regular events 𝑅1, … , 𝑅𝑛. This construction is not difficult to carry out
with the help of the following lemma.

Lemma 4. If

𝑊𝜎((𝑝1,𝑞1),…,(𝑝𝑛,𝑞𝑛)) ≠ ∅,

then

𝑊𝜎((𝑝1,𝑞1),…,(𝑝𝑛,𝑞𝑛)) ⊂ 𝑊𝑅1
∩ ⋯ ∩ 𝑊𝑅𝑛

if and only if for each 𝑖 = 1, … , 𝑛 there is a 𝑗 = 1, … , 𝑛 such that

𝑊𝑝𝑗,𝑞𝑗
⊂ 𝑊𝑅𝑖

(i.e. (𝑝𝑗, 𝑞𝑗) ∈ 𝑅𝑖).

Checking the conditions of Theorem 1 also requires checking the equivalence of
the automata 𝐴′ and 𝐴″ relative to the free 𝑍-automata 𝐹𝑍 and 𝐺(𝜗). This is
the strict equivalence of automata relative to a set of output functions (1). In
order that the checking of such equivalence be effective, it is sufficient that the
corresponding sets of admissible pairs of words, i.e. the sets of admissible pairs
of words for the case when the set of output functions is a finite intersection of
events of the form 𝑊𝑅 with regular 𝑅, be regular. This is indeed so, since the
following lemma holds.

Lemma 5.

𝑊𝑝,𝑞𝑅1 ∩ ⋯ ∩ 𝑊𝑅 ≠ ∅

if and only if there exist words

(𝑟, 𝑠), (𝑝1, 𝑞1), … , (𝑝𝑛, 𝑞𝑛)

such that

((𝑝, 𝑞)(𝑟, 𝑠), (𝑝1, 𝑞1), … , (𝑝𝑛, 𝑞𝑛)) ∈ 𝜉((𝑝, 𝑞), 𝑅1, … , 𝑅𝑛).

Thus, checking the criterion of Theorem 1 can be performed effectively, and
therefore the following is true.

Theorem 2. There exists an algorithm which, for any two finite 𝑋—𝑌 -
automata with terminal state, determines whether or not they are equivalent
relative to the semigroup 𝐺.
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The result of Theorem 2 admits some generalizations, in particular to free semi-
groups with several right zeros.
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