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ON THE CHOICE OF ITERATION PARAM-
ETERS IN THE METHOD OF VARIABLE
DIRECTIONS FOR A DIFFERENCE DIRICH-
LET PROBLEM OF HIGHER ORDER OF
ACCURACY

A difference Dirichlet problem of higher order of accuracy O(|h|*) or O(h®), for
hy = hy = h, is considered for the Poisson equation in a rectangle. For its
solution an iterative method of variable directions is proposed with two sets
of parameters {7,} and {w,}. The minimax problem of choosing the optimal
parameters is reduced to a problem solved by Jordan (). With such a choice
of parameters, the number of iterations for the scheme O(|h|*), in comparison
with the scheme O(|h|?), increases only slightly (by no more than 10% for h; =
hy = h < 1/10 in the case of a square of side I).

1. Consider a scheme of higher order of accuracy on the rectangular grid
wh = {(ilhlviZh’Q)a Z(y = Oa 17 7Nou hoz = la/Nou a = 1v2}
(for notation see (%)).

, 1
Ny= (A4 Aot BN )y = —p0),  w€wp = ala),
(1)
(where wy, = {(i1hy,i5hs), 0 < i, < N,, a = 1,2}, v, is the set of boundary
nodes), corresponding to the Dirichlet problem for the Poisson equation in the

rectangle
G=(0<z; <1}, 0<ay, <lIy):

Au = —f(z), x = (T1,2y), O0<a, <l,, a=12 ulp = p(x).
(2)
Here Ay =y , , o= f+ Sh2AL f 4+ 5h3A,f, and T is the boundary of the
rectangle. Scheme (1) has accuracy O(|h|*), |h|? = h3+h3, and for hy = hy =h
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and the corresponding ¢, accuracy O(hS). For its solution in (27*), variable-

direction schemes with a cyclic set of parameters {7,} were proposed. However,
as follows from (1), a cyclic set of parameters is not optimal even in the case of
schemes O(|h|?).

2. For solving problem (1), the following variable-direction scheme with two
sets of parameters {7,} and {w,} is proposed:

(B — (1, — n)A) g™t = (B4 (1, + n9) Ay) y* + (T4 — 1) 03

y2 =7 formy =0, 0< 2y <ly; o=+ (e + no) Ay

(B — (wy = #2)Ao) ™ = (B + (wg +50)Ay) g2 + (wg + 1) (3)

Yy = pu(z) for zy = 0,1y,

where #, = 5h2, o= 1,2, and E is the identity operator (Ey = y).

If equation (1) is written in matrix form, then the boundary conditions on -,
will be homogeneous, y\vh = 0, and the right-hand side ¢ in (3) is replaced by
a function @, which differs from ¢ only at the near-boundary nodes:

p=¢ forh,<z,<l,—h, a=12

y 1, .
50:90+h72<p’ ! +(%1+%2)Aﬁu) fOI‘ ‘ra:haa o‘#ﬂa a7ﬂ:172;

- 1
go:go—i—h—Q(u”a—i—(%l—i—%Q)AB,u) forz,=1,—h,, a#*pB, aof=12.

[e%

Then homogeneous boundary conditions will be imposed:

s s+1 _ y5+1/2 =0 forxe X

y =y

and in equations (3) one must write @ instead of .

The optimal set of parameters {7,} and {w,} is found by Jordan’ s method (1)
for the operators —A, (o = 1,2), whose smallest and largest eigenvalues are
determined by the formulas
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~ Ay 'B o

4
aa_l_haXa, a_l_baon a_ha ' 2la

3. Let us pass to the justification of the proposed method. Consider the operator
equation

A/U =@, A/ == Al + A2 - (%1 + %2)141142, %1 > 07 %2 > O7 (5)

where A; and A, are linear operators defined on a finite-dimensional linear space
H with scalar product (, ), and ¢ € H.

Assume that:

I. A, and A, are positive self-adjoint operators with bounds a;,b; and as, b,
respectively, so that a, E < A, < b, F (a, > 0), a = 1,2, or a,(z,z) <
(A, z,z) <b,(r,z) forall z € H.

1
—, so that the positive definite operators (E — »,A,)"!, a = 1,2,

II. <
N 5

. «
exist.

III. The operators A; and A, are permutable, A; A, = A;A;.
Lemma 1. If conditions I and II are satisfied, then the operator

A, =(E—n,A) 1A

«

(a=12) (6)

(03

has bounds a, and 7)&, determined by the formulas

ba a=12 ™)

o= 1—mn.b,’

a, Z

§,=— o
1—n,a,

(o3

Represent Za in the form Za = (A;' — »,E)"!. From the condition a, E <
A, < b, E, in view of the self-adjointness of A,, A, and At —» E > 0, it
follows that

1 1 1 1
b—EgAglg—E, (b—%a>E<A;1—%aE<<—%a>E;
« aOL

since
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we have a, F < ga = (A;' — %, E)"! <b,E. The lemma is proved.

We note that the lemma is valid for nonpermutable operators A; and A, defined
in a Hilbert space of any number of dimensions.

Theorem. If conditions I-1II are satisfied, then equation (5) is equivalent to
the equation

(A + Ay)v =&, §=(E = A) HE —ny45) Mo, (8)
where El and /TQ are determined according to (6) and are self-adjoint positive

operators with bounds 51,7)1 and Gq, by.

Indeed, (5) can be rewritten in the form

AL (E = nyAg)v + (B — ny Ay) Agu = o (8")

Applying to (8) the operator (E—ux; A, )1 (E—»yA4,)~! and taking into account
the permutability of all the operators, we obtain (8). The reverse course of
reasoning is obvious.

Thus, the solution of equation (5) has been reduced to the solution of equation
(8) with permutable, self-adjoint, and positive operators.

Xl and ZQ; the eigenvalues of the operators Zl and /TQ belong to the intervals
[alﬁ bl]) [an bQ]'

The alternating-direction iterative scheme for solving equation (8) was consid-
ered in [1], where, in particular, a method due to Jordan for choosing optimal
(more precisely, practically optimal) iteration parameters {7,}, {w,} is given.
Let us write the corresponding scheme [1]

~

(E+7,4))(E +w, Ay = (B — w,A))(E — 7,4,)y° + (1, +w,)F.

Apply to both sides of this equation the operator (E — »;A;)(E — nyA,) and
take into account that all the operators are permutable and

(B —n A )(E+T7,A)) = E—n Ay + 7,(E — %1141)21 =E+ (1, —#1) A,
(B —n1A)) X (B —wAy) = F— (w; — )4
and so on. As a result we obtain the scheme
(B 4 (1y = 1) A (B + (wy — #9) Ag)y™™ =
= (B — (ws + %) A)(E — (7, 4+ 2,) A3)y° + (1, + wy)p. 9)

Writing it in canonical form,

sovietrxiv.org/items/ru-196801.87569 Machine Translation


https://sovietrxiv.org/items/ru-196801.87569

s+1 s

(E+ (ry — 1) A (E + (w, — 09) Ag) L arys —
TS +wS

we see that it approximates (4) exactly on the solution v. We implement scheme
(9) by means of the algorithm

(B + (1, — #1)ADy* T2 = (B — (1, + 59) Ag)y* + (1, — 1) 0,

(B + (wy = #2) Ag)y* ! = (B — (w, +#0) A)y* 2 + (w, + 7). (10)

The equivalence of (9) and (10) is proved by analogy with (5). From (10) we
find

(we + 7)Y 2 = (wg + 50 (B — (7, + 1) Ag)y*+
(g =) (B + (W, — #5) A )Jy* " (11)

Substituting (11) into (10), we obtain (9). The reverse course of the reasoning
is obvious.

We note that all the preceding arguments remain valid also in the case of an
abstract Hilbert space H, if A; and A, satisfy conditions I-III.

The results obtained in this section are, evidently, applicable not only to the
Dirichlet problem (1), but also to other problems leading to an equation of the
form (5).

4. Let us now turn to the scheme of increased order of accuracy (1). In this
case

1., 4 . o 7h, 4 o Th
a’ %aziﬁh(w aa:ESIH %a ba* B2 o1

If, for y**1/2, we want to impose the ordinary conditions on Y, then one should
use equation (11) for #; = 0,/;. Indeed, putting in (11) y* = y*™ = u, = € v,
we obtain

s+1/2 m=p+ (n; +uy)Aop forzy =0,1;, 0 <zy <ly.

y = s

The order of computation is: 1) @, and b, are computed; 2) from d,,b,, ac-

cording to [1], the parameters {7,} and {w,} corresponding to scheme (8) are
found; 3) after
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this tridiagonal-matrix algorithm solves system (3) (its solvability follows from
the fact that A, >0, 7, > 0, w, > 0).
In [1] an approximate formula was obtained for the number of iterations v(e)

ensuring accuracy € > 0. For problem (5) it has the form

I S S
v(e) = = In 7 In = (12)

where

)by — )
)by + )

Using this formula, it is not difficult to compare the numbers of iterations for the
five-point scheme of second-order accuracy (v(¢)) and for the scheme of higher
order of accuracy (¥(¢)). From (12) it is clear that

@ ilni/lné7
v(e) i 7

where 7 is determined by the same formulas as 7, if in them a,, is replaced by

Q| 2N

1)(by —
2)(by +

a,, and T)a by b,. We give the results of the comparison for the case of a square
with side [; =1, = 1 and a square mesh hy = hy = h (7 =a/b, n =a/b, a; =
a/2:a/7 b1:b2:b)

1.1 for h =0.1,
=< 1.05 for h=0.02,
1.04 for h = 0.01.

R

The amount of computation per iteration for both schemes is practically the
same, while the difference in the number of iterations is insignificant. Since the
scheme of higher order of accuracy makes it possible to use a coarser mesh to
attain a prescribed accuracy, its application is especially advantageous in those
cases where the solution v = u(x) of problem (2) possesses sufficient smoothness.
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