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Abstract
Full Text
UDC 531.382

Mechanics

A. A. SHILOV

THE INFLUENCE OF MASS AND AERODY-
NAMIC ASYMMETRY OF A BODY ON THE
CHARACTER OF ITS SPATIAL MOTION
(Presented by Academician A. A. Dorodnitsyn on 1 III 1968)

The motion of a body about its center of mass, moving uniformly and rectilin-
early, is considered. It is assumed that the body has an axisymmetric shape,
and that the distance from the center of mass to the axis of symmetry is Δ𝑦 ≠ 0.
The possibility and conditions are established for the occurrence, under the in-
fluence of mass asymmetry, of an increasing rotation of the body about the
velocity vector (autorotation). The direction of the flight velocity V in the at-
tached axes 𝑂𝑥𝑦𝑧 is specified by the direction cosines (2) 𝛾𝑥, 𝛾𝑦, 𝛾𝑧. The origin
of coordinates coincides with the center of mass, the axis 𝑂𝑥 is parallel to the
symmetry axis of the shape, and the axis 𝑂𝑦 lies in the plane center of mass—
axis of symmetry of the shape.

The mass distribution is such that the centrifugal moments of inertia are small
in comparison with the moments of inertia with respect to the axes 𝑂𝑥, 𝑂𝑦, 𝑂𝑧.
The plane passing through the axis of symmetry and the velocity vector will be
called the plane of the angle of attack ̃𝛼. We note that 𝛾𝑧, 𝛾𝑦 characterize the
magnitudes of the sideslip and angle-of-attack angles.

The aerodynamic moments are written in the form

𝑀𝑥 = −Δ𝑦 ̄𝑐𝛼𝑞𝑆𝐿𝛾𝑧; 𝑀𝑦 = −𝑚̄𝛼𝑞𝑆𝐿𝛾𝑧; 𝑀𝑧 = (Δ𝑦𝑐𝜏 + 𝑚̄𝛼𝛾𝑦)𝑞𝑆𝐿

Here ̄𝑐𝛼 = 𝑐𝑛( ̃𝛼)/ sin ̃𝛼 = 𝑓( ̃𝛼), 𝑚̄𝛼 = −𝑚( ̃𝛼)/ sin ̃𝛼 = 𝑓1( ̃𝛼) ≥ 0, 𝑐𝜏 = 𝑐𝜏( ̃𝛼),
̃𝛼 = arccos 𝛾𝑥, where 𝑐𝜏 , 𝑐𝑛 are the coefficients of the aerodynamic forces acting

along the axis of symmetry and perpendicular to it; 𝑚( ̃𝛼) is the coefficient of
the moment of the rotating body in the plane (𝑂𝑥, V) for Δ𝑦 = 0.
The damping moments for small Δ𝑦 may be regarded as the same as for Δ𝑦 = 0,
and represented through the coefficients 𝑚𝜔2( ̃𝛼) (resistance to rotation of the
body in the plane ̃𝛼) and 𝑚𝜔1( ̃𝛼) (resistance to rotation about an axis lying in
the plane ̃𝛼 and perpendicular to 𝑂𝑥):
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𝑀𝑦(𝜔⃗) = [(𝑚𝜔2 + Δ𝑚𝜔𝛾2
𝑦)𝜔𝑦 + Δ𝑚𝜔𝛾𝑦𝛾𝑧𝜔𝑧] 𝑞𝑆𝐿2/𝑉 ,

𝑀𝑧(𝜔⃗) = [(𝑚𝜔2 + Δ𝑚𝜔𝛾2
𝑧 )𝜔𝑧 + Δ𝑚𝜔𝛾𝑦𝛾𝑧𝜔𝑦] 𝑞𝑆𝐿2/𝑉 ,

where Δ𝑚𝜔 = (𝑚𝜔1 − 𝑚𝜔2)/ sin2 ̃𝛼 (as ̃𝛼 → 0, Δ𝑚𝜔 is a finite quantity).

The motion of the body is described by Euler’s equations

̃𝑑K/𝑑𝑡 + 𝜔⃗ × K = M; ̃𝑑 ⃗𝛾/𝑑𝑡 + 𝜔⃗ × ⃗𝛾 = 0, (1)

where M is the principal moment of the external forces with respect to the
center of mass; ⃗𝛾 = V/|V| is the unit vector; |V| is the velocity of motion of
the center of mass; K = 𝐼 ⋅ 𝜔⃗ is the kinetic moment; 𝐼 is the inertia tensor.

From equations (1) it follows that

𝑑
𝑑𝑡 (𝐼𝑥

𝜔2
𝑥

2 + 𝐼𝑦
𝜔2

𝑦
2 + 𝐼𝑧

𝜔2
𝑧

2 − 𝐼𝑥𝑦𝜔𝑥𝜔𝑦 − 𝐼𝑦𝑧𝜔𝑦𝜔𝑧 − 𝐼𝑥𝑧𝜔𝑥𝜔𝑧) =

= Δ𝑦𝑐𝜏𝜔𝑧𝑞𝑆𝐿 − Δ𝑦 ̄𝑐𝛼𝑞𝑆𝐿𝛾𝑧𝜔𝑥 + 𝑚̄𝛼𝑞𝑆𝐿 ̇𝛾𝑥+

+ [𝑚𝜔1
(𝜔𝑦𝛾𝑦 + 𝜔𝑧𝛾𝑧)2

𝛾2𝑦 + 𝛾2𝑧
+ 𝑚𝜔2 ̇𝛼2] 𝑞𝑆𝐿2

𝑉 , (2)

whence it is seen that for Δ𝑦 ≠ 0, 𝛾𝑧, 𝜔𝑥 = 0 (plane motion) and sign-definite
𝜔𝑧, the increment of kinetic energy

Δ𝑇 = Δ𝑦 ∮
𝛼

𝑐𝜏(𝛼)𝑞𝑆𝐿 𝑑𝛼

is positive for the corresponding sign of traversal in 𝛼 and for sufficiently small
𝑚𝜔̄1 , 𝑚𝜔̄2 (plane autorotation).

From equations (1) it also follows that

𝑑(K ⋅ ⃗𝛾)/𝑑𝑡 = Δ𝑦 (𝑐𝜏 − ̄𝑐𝑎𝛾𝑥)𝑞𝑆𝐿𝛾𝑧 + 𝑚𝜔̄1(𝜔𝑦𝛾𝑦 + 𝜔𝑧𝛾𝑧)𝑞𝑆𝐿2/𝑉 . (3)

Let us note that (𝑐𝜏 − ̄𝑐𝑎𝛾𝑥) = 𝑐𝑦(sin ̃𝛼)−1, where 𝑐𝑦 is the lift coefficient. For
𝛾𝑧 not equal to zero on the average, the projection (K ⋅ ⃗𝛾) may grow without
bound when Δ𝑦 𝑐𝑦 ≠ 0 (in particular, when 𝑚𝜔̄1 = 0).
Consider the special regime
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𝜔⃗ = Ω ⃗𝛾 + 𝜀𝜔⃗1 = Ω ̄⃗𝛾 + 𝜀Ω ⃗𝛾1 + 𝜀𝜔⃗1, (4)

where 𝜀 ⃗𝛾1, 𝜀𝜔⃗1 are small vectors*, equal to zero on the time average; Ω is the
mean value of the speed of rotation of the body about the velocity vector, and
̄ ⃗𝛾 is the position of the vector ⃗𝛾 averaged over a unit interval of time. Using (4),

we write

𝑑(K ⋅ ⃗𝛾)
𝑑𝑡 =

̃𝑑K
𝑑𝑡 ⃗𝛾+K

̃𝑑 ⃗𝛾
𝑑𝑡 = [Ω̇ (𝐼 ⃗𝛾) + Ω (𝐼

̃𝑑 ⃗𝛾
𝑑𝑡 ) + 𝜀(𝐼𝜔⃗1)] ⃗𝛾+[Ω(𝐼 ⃗𝛾) + 𝜀(𝐼𝜔⃗1)]

̃𝑑 ⃗𝛾
𝑑𝑡 ;

(5)

̃𝑑 ⃗𝛾
𝑑𝑡 = ⃗𝛾 × 𝜔⃗ = 𝜀( ⃗𝛾 × 𝜔⃗1) = 𝜀 [( ̄⃗𝛾 × 𝜔⃗1) + 𝜀( ⃗𝛾1 × 𝜔⃗1)] . (6)

Average (6) over time. Since

𝜀
2𝑇 ∫

+𝑇

−𝑇
𝜔⃗1 𝑑𝑡 ∼ 𝜀2,

then

̃𝑑 ⃗𝛾
𝑑𝑡 ∼ 𝜀2, 𝑑(K ⋅ ⃗𝛾)/𝑑𝑡 = Ω̇ [(𝐼 ⃗𝛾) ⋅ ⃗𝛾] + 𝑂(𝜀2).

Using the latter, we write the averaged equation of rotation of the body about
the velocity vector

[𝐼𝑥 + 𝐼𝑦
̄𝛾2
𝑦
̄𝛾2𝑥

+ 𝐼𝑧
̄𝛾2
𝑧
̄𝛾2𝑥

− 2𝐼𝑥𝑦
̄𝛾𝑦
̄𝛾𝑥

− 2𝐼𝑦𝑧
̄𝛾𝑦 ̄𝛾𝑧
̄𝛾2𝑥

− 2𝐼𝑥𝑧
̄𝛾𝑧
̄𝛾𝑥

] ̇𝜔̄𝑥 = Δ𝑦 ( 𝑐𝜏
̄𝛾𝑥

− ̄𝑐𝑎) 𝑞𝑆𝐿 ̄𝛾𝑧+𝑚𝜔̄1
̄𝛾2
𝑦 + ̄𝛾2

𝑧
̄𝛾2𝑥

𝜔̄𝑥
𝑞𝑆𝐿2

𝑉
(7)

and the relations

𝜔̄𝑥 = Ω ̄𝛾𝑥, 𝜔̄𝑦 = Ω ̄𝛾𝑦, 𝜔̄𝑧 = Ω ̄𝛾𝑧.

Averaging the moment equations (1) over time, we obtain

̇𝜔̄𝑥 (−𝐼𝑥𝑦 + 𝐼𝑦
̄𝛾𝑦
̄𝛾𝑥

− 𝐼𝑦𝑧
̄𝛾𝑧
̄𝛾𝑥

) = 𝑀̄Σ𝑦; (8,1)
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̇𝜔̄𝑥 (−𝐼𝑥𝑧 − 𝐼𝑦𝑧
̄𝛾𝑦
̄𝛾𝑥

+ 𝐼𝑧
̄𝛾𝑧
̄𝛾𝑥

) = 𝑀̄Σ𝑧, (8,2)

* The vectors 𝜀 ⃗𝛾1, 𝜀𝜔⃗1 are small if the oscillations of the angles of attack and slip are small, which can always be ensured by the choice of the initial values ⃗𝛾, 𝜔⃗.

where

𝑀Σ𝑦 = −𝑚𝑎𝑞𝑆𝐿𝛾𝑧 − [ 𝛾𝑧
𝛾𝑥

(𝐼𝑥 − 𝐼𝑧) − 𝐼𝑥𝑦
𝛾𝑦𝛾𝑧
𝛾2

𝑥
+ 𝐼𝑥𝑧 (1 − 𝛾2

𝑧
𝛾2

𝑥
) + 𝐼𝑦𝑧

𝛾𝑦
𝛾𝑥

] 𝜔2
𝑥,

(9,1)

𝑀Σ𝑧 = (Δ𝑦𝑐𝜏+𝑚𝑎𝛾𝑦)𝑞𝑆𝐿−[
𝛾𝑦
𝛾𝑥

(𝐼𝑦 − 𝐼𝑥) − 𝐼𝑦𝑧
𝛾𝑧
𝛾𝑥

− 𝐼𝑥𝑦 (1 −
𝛾2

𝑦
𝛾2

𝑥
) + 𝐼𝑥𝑧

𝛾𝑦𝛾𝑧
𝛾2

𝑥
] 𝜔2

𝑥,

(9,2)

where 𝑐𝜏 , 𝑐𝑎, 𝑚𝑎 are taken at the point 𝛾𝑥 = √1 − 𝛾2
𝑦 − 𝛾2

𝑧. The left-hand side
of equation (8,2) is a quantity of order 𝜀2, since 𝜔̇𝑥 ∼ 𝜀, 𝐼𝑥𝑧/𝐼𝑥 ∼ 𝜀, 𝛾𝑧 ∼ 𝜀.
Equating to zero the sum of the principal terms in (9,2), we obtain the first
approximation for 𝛾𝑦 (independent of 𝛾𝑧):

(Δ𝑦𝑐𝜏 + 𝑚𝑎𝛾𝑦)𝑞𝑆𝐿 = [
𝛾𝑦
𝛾𝑥

(𝐼𝑦 − 𝐼𝑥) − 𝐼𝑥𝑦 (1 −
𝛾2

𝑦
𝛾2

𝑥
)] 𝜔2

𝑥. (10)

Substituting 𝜔̇𝑥 from (7) into (8,1), and taking (9,1) into account, for
known 𝛾𝑦 we obtain an equation for 𝛾𝑧. Neglecting terms of order

𝜀2 (𝛾2
𝑧 ≪ 𝛾2

𝑥; 𝛾2
𝑧 ≪ 𝛾2

𝑦; 𝐼𝑖𝑘
𝐼𝑗

𝛾𝑧
𝛾𝑥

= 𝑂(𝜀2)), we write it in the form

𝛾𝑧 = −
(𝐼𝑥𝑧 +

𝛾𝑦
𝛾𝑥

𝐼𝑦𝑧) 𝜔2
𝑥 + Δ0 [𝑚𝜔1

𝛾2
𝑦

𝛾2
𝑥

𝑞𝑆𝐿2

𝑉 𝜔𝑥]

𝑚𝑎𝑞𝑆𝐿 + 𝜔2
𝑥

𝛾𝑥
[𝐼𝑥 − 𝐼𝑧 − 𝐼𝑥𝑦

𝛾𝑦
𝛾𝑥

] + Δ0Δ𝑦 ( 𝑐𝜏
𝛾𝑥

− 𝑐𝑎) 𝑞𝑆𝐿
, (11)

where

Δ0 = (
𝛾𝑦
𝛾𝑥

− 𝐼𝑥𝑦
𝐼𝑦

) (𝐼𝑥
𝐼𝑦

− 2
𝐼𝑥𝑦𝛾𝑦
𝐼𝑦𝛾𝑥

+
𝛾2

𝑦
𝛾2

𝑥
)

−1

.
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Fig. 1. Phase portrait of the motion for Δ𝑦(𝑐𝜏 − ̄𝑐𝑎 ̄𝛾𝑥) ̄𝛾𝑧 > 0.
𝛿 = 𝐼𝑥 − 𝐼𝑧 − 𝐼𝑥𝑧 ̄𝛾𝑦/𝛾𝑥. 1—𝑀𝑥0

> 0, 𝛿 > 0; 2—𝑀𝑥0
= 0, 𝛿 < 0; 3—𝑀𝑥0

=
0, 𝛿 > 0; 4—𝑀𝑥0

< 0, 𝛿 > 0

Figure 1: Fig. 1. Phase portrait of the motion for Δ𝑦(𝑐𝜏 − ̄𝑐𝑎 ̄𝛾𝑥) ̄𝛾𝑧 > 0.
𝛿 = 𝐼𝑥 − 𝐼𝑧 − 𝐼𝑥𝑧 ̄𝛾𝑦/𝛾𝑥. 1—𝑀𝑥0

> 0, 𝛿 > 0; 2—𝑀𝑥0
= 0, 𝛿 < 0; 3—𝑀𝑥0

=
0, 𝛿 > 0; 4—𝑀𝑥0

< 0, 𝛿 > 0

If in (1) M contains the moment 𝑀𝑥0, arising with a certain screw-like shape
of the body and acting along the 𝑂𝑥 axis, then the term 𝑀𝑥0 is added to the
right-hand side of (7) and to the square bracket of the numerator of (11).

Equation (7), with (10), (11) taken into account, makes it possible to analyze a
number of features of the body’s rotation.

1. Let 𝑀𝑥0 = 0 and 𝑚𝜔1 = 0; then, for 𝐼𝑥𝑧, 𝐼𝑦𝑧 ≠ 0, Δ𝑦 ≠ 0, and 𝜔𝑥(0) ≠ 0,
the quantity 𝛾𝑧 ≠ 0. This leads, for example, when Δ𝑦(𝑐𝜏/𝛾𝑥 − 𝑐𝑎)𝛾𝑧 > 0,
to damping of 𝜔𝑥(𝑡) for 𝜔𝑥(0) < 0 and to an increase of 𝜔𝑥(𝑡) for 𝜔𝑥(0) ≷ 0.
Under a random disturbance 𝜔𝑥(0) ≷ 0, as 𝑡 → ∞ one will necessarily have
𝜔𝑥(𝑡) ≷ 0.

2. As 𝜔2
𝑥 increases, when (𝐼𝑥 −𝐼𝑧 −𝐼𝑥𝑦𝛾𝑦/𝛾𝑥) < 0, the denominator of expres-

sion (11) decreases and, for some 𝜔∗
𝑥, becomes zero. This is associated with

loss of stability with respect to the sideslip angle (1) (𝛾𝑧, computed from
(10), (11), increases without bound). For 𝜔𝑥 close to 𝜔∗

𝑥, it is necessary to
determine 𝛾𝑦, 𝛾𝑧 by solving equations (8), (9) exactly.

A similar tendency also arises if 𝐼𝑦 − 𝐼𝑥 > 0 and 𝜔𝑥 → 𝜔∗∗
𝑥 in determining 𝛾𝑦

from (10).

For 𝐼𝑥 > 𝐼𝑦, 𝐼𝑧, no unbounded increase of 𝛾𝑦, 𝛾𝑧 occurs as 𝜔𝑥 increases, since
the rotation of a disk-like body about the axis of maxi-

of the small moment of inertia, is stable. In this case the quantity ̄𝛾𝑧 tends
to a limit depending only on the mass distribution, and, correspondingly, for
𝑚𝜔 = 0,

̇𝜔̄𝑥(𝑡) → lim
𝜔̄𝑥→∞

̇𝜔̄(𝜔̄𝑥).

Uniformly accelerated autorotation occurs, which in principle can be stopped
by damping.

3. When damping is taken into account, in the region of small 𝜔̄𝑥 there may
exist a stability region (7). For small 𝜔̄𝑥 the principal term will be the
term proportional to the first power of 𝜔̄𝑥. But when the quantity |𝜔̄𝑥|
exceeds a certain value |𝜔𝑥1|, the influence of the term Δ𝑦(𝑐𝜏/𝛾𝑥 − ̄𝑐𝑎) ̄𝛾𝑧
in (7) will be stronger than the influence of the damping term. As a result,
the magnitude of the velocity 𝜔̄𝑥 increases in the direction coinciding with
the sign of 𝜔𝑥1.
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Fig. 1. Phase portrait of the motion for Δ𝑦(𝑐𝜏 − ̄𝑐𝑎 ̄𝛾𝑥) ̄𝛾𝑧 > 0. 𝛿 = 𝐼𝑥 − 𝐼𝑧 −
𝐼𝑥𝑧 ̄𝛾𝑦/𝛾𝑥.
1—𝑀𝑥0

> 0, 𝛿 > 0; 2—𝑀𝑥0
= 0, 𝛿 < 0; 3—𝑀𝑥0

= 0, 𝛿 > 0; 4—𝑀𝑥0
<

0, 𝛿 > 0.
4. For a sufficiently large moment 𝑀𝑥0

and

𝑀𝑥0
Δ𝑦(𝑐𝜏/𝛾𝑥 − ̄𝑐𝑎) ̄𝛾𝑧 > 0,

the product ̇𝜔̄𝑥 ⋅ 𝑀𝑥 is positive for all 𝜔̄𝑥 (9). For

𝑀𝑥0
Δ𝑦(𝑐𝜏/𝛾𝑥 − ̄𝑐𝑎) ̄𝛾𝑧 < 0,

the phase trajectory ̇𝜔̄(𝜔̄𝑥) (Fig. 1) intersects the axis ̇𝜔̄𝑥 = 0 twice.
The intersections determine the speed of established rotation 𝜔̄(𝑠)

𝑥 and the
critical value 𝜔̄(𝑐)

𝑥 , which determines the boundary of the autorotation
region on the 𝜔̄𝑥 axis.

5. The consideration given for the case 𝑞 = const is also valid for 𝑞 = 𝑞(𝑡),
if (4) is valid. Then, for 𝑀𝑥0

= 𝑀𝑥0
(𝑞), the values 𝜔̄(𝑠)

𝑥 , 𝜔̄(𝑐)
𝑥 (item 4),

as well as 𝜔̄∗
𝑥 and 𝜔̄∗∗

𝑥 (item 2), will depend on time, and a loss of sta-
bility may occur, associated with the relative change of the quantities
𝜔̄𝑥, 𝜔̄∗

𝑥, 𝜔̄∗∗
𝑥 , 𝜔̄(𝑠)

𝑥 , 𝜔̄(𝑐)
𝑥 .

Thus, it has been shown that, in the motion of an axisymmetric body having
Δ𝑦 ≠ 0, under the influence of the peculiarities of the mass distribution, a
progressive increase of rotation about the velocity vector (autorotation) may
arise.
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