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MATHEMATICS

A. D. BERIEV

EMBEDDING THEOREMS FOR WEIGHTED
FUNCTION SPACES

(Presented by Academician S. L. Sobolev, 13 III 1968)
In the present paper we consider embedding theorems for the weighted function

+ +
spaces Wy ,(E™), L, ,(E™) into a space with mixed norm. E" is the set of
points {zq, zg, ..., x,, } of the n-dimensional Euclidean space E™ for which z,, >
0.

Let f(z) be a smooth function defined in the space E™. The numbers «, 7;
(i =1,...,n), and p are real and satisfy the conditions a > —1, 0 < r; < 1,

+
1 < p < oco. We shall say that f € Ly’ (E™) if

< dt 1/P
= ([ 75 a0 0ldx) <o
W, = 1

f + = f et + f .
I HW;Q(EH) ;H IILpfa(En> I ||Lp<;3n)

The closures of smooth finite functions in the corresponding norms will

+ +
be denoted by W  (E") and L (E™). We shall say that f(x) €
Lps (p7p17p27 7pm)(Em) lf

.....

[ole) dt 1/p
HfHL()pS,PLPz Pm)<Em) = (/O t1+PsP ”AS(t)f(X)||}£<P1;P2,~~-7Pm)(Em>) < 0,

(PsP1:P25s

m
170z ooy (E™) z:l ”fHL(’;_’plszv___’pm)(Em),
p
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Hf“v*v(;,plmwpm,wm) =flep,,..p, ) Em) + Hf“i(;m 11111 (BT

where 0 < p, <1 (s=1,...,m),

1/p,
P /Pm-1 /Pm

e’} 00 e’} P2/P1
et aiom = | [ (/ ([ i) ) ar,,

We formulate the results obtained in the form of embedding theorems.

+
Theorem 1. If f(z) € W, ,(E™) and the conditions

l<p<p < <p,, <00, 0<m<n—-1, a>-—1,

are satisfied,

then, for z,, =0, f € L y(E™), and the inequality

DP1,P25-Pm

||fHL(p17p27_wpm§(Em) <clflwy  ezns

holds.
Theorem 2. If f(z) € L} ,(E"+) and the conditions

l1<p<p <<p,, <00, 0<m<<n—1, a>-1,

are satisfied, then, for z, =0, f € L y(E™), and the inequality

P1:P25-sPm
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171, .

(mmy < clfloy

,,,,, Pm

holds.
Theorem 3. If f(x) € W) ,(E"+) and the conditions

1<I’<P1<<pm<ooa O<m<n*17 C¥>*1,

O<r, <1l (i=1,..,n),

| I¢~1 o'
O0<ps<er, (s=1,..,m), 5:14—2——7 —— — >0,
i1 PiTi P Ti PTa
are satisfied, then, for z,, =0, f € pr — )(Em), and the inequality
s oy < g o

holds.
Theorem 4. If f(x) € W ,(E"+) and the conditions

l<p<p <<p,, <00, O0<m<K<n—1, a>-—1,

0<r, <l (i=1,..,n),

o1 1.1
0<p,<er, (s=1,..,m), s:1+Z——f ——i>0,
i=1 T;Dq p':1 T bry,

K3

are satisfied, then, for z, =0, f € 1474

[ )(Em), and the inequality

I lwe,. e < W lw ooy

holds.
In proving these theorems, the integral representation of V. P. II' in (?) is used.

We shall outline the proof of one of the stated theorems, for example, Theorem
3.
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We have

[e'e] dt 1/p
e w(,;m)_( / R IOV C . WW)) S

we represent the function f(x) in the form

where
‘ Bt o)
fan = [ fa e dg,
0
" Yoo RS Vi
pEem==>- [ Gm [ [ ARG
n h dv NS voiYi
f3(.’1),t,h> = _CZ/ 14w dg/ AZ(T)f(j—*—g)Rz(gaTvU) dTa
i=1 Jties U 0 0
where o, = 1/7;.
Taking equality (2) into account, we have
3
”AS(t)f(x)HL(pl,pQ,, o (Em) Zl f ”L (b1 PQ,--v,pm)(Em) . (3)

The following estimates hold:

(4)

i, mo 5
”As(t)fl(:ih)”L(m(Em) Scth pzl J+Zl p; s

tl/os

dv
X
v1+)\i76+'yaifoz/prn

”As(t)fZ(:fvt h ”L Em S Z
=1

v7i z+vz711'”j _
AT @) -
X/O T’YdT/m Tﬂ‘dy 5 (5)

L, (E™)
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=1

dv
X
1/0 pltAi—etyo;+o,—a/pr,

o

y /0 o dT/:MEM A0S 4o . (6)

T1/pt+r;
Lipy (E™)

We have

e} dt » 1/p
([ a0, ) <

YL N » e A » 1/p<
<([ #0180 ) <

i=1

3 hes 1/p o 1p
dt dt
S Z (_ér m || ( )f ||L( ) Em ) + (/has m || S( ) ( )HL( ) Em > =

3
=Y Ai+B (7)

If we take into account (4), (5), and (6), then after a series of estimates we
obtain

hos gt 1/p
_ (6
A= (/O ey |As(t)fl|i<p><Em>> < ch Ot f] (B’
Ay, Ay < chsP:0s :
5 As < f||L;1a<E+")
Consequently,

A< (6+ps0s) N hE—PsTs . 8
Z (m gl whels ) (5)

It is not difficult to show that B is no greater than the right-hand side of
inequality (8); therefore
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- h—(6+ps0) hE—PsTs . .
1 i < A, g HHP,

Hence, putting h = 1, we obtain the required result.

Corollary. If e — p,o0, =0, then as h — oo

“f”Li,(p,pl7...,pm)(Em) < C||f||L;a(§”)
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