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(Presented by Academician V. I. Smirnov on 30 January 1967)

This note proposes a method for solving a system of nonlinear ordinary dif-
ferential equations describing relaxation in a nonequilibrium gas with internal
degrees of freedom. A sequence of functions is constructed that converges to
the solution of the Cauchy problem uniformly on any finite interval of variation
of the argument.

1°. Nonstationary spatially homogeneous motion is described by the system of
equations (see (1))

dn;/dt = ®,(n) —n;Q;(n), 1=1,2,...,7; (1)
(I)L(n) = Z nkanIZm’ Qi = Z nmpilinl,; (2)
k,l,m k,l,m

r

KT Y my 1) + 3 emit) = Ey: )

i=1
nil,_, = n:(0) >0, T|,_,=T(0) >0,
where n, is the number density of particles of species ¢ having internal energy

€ P,g}" are given nonnegative functions of the temperature T', proportional to
transition probabilities. From (1) and (2) it follows, obviously, that

St = > (0. (1)
=1 =1

Let us first consider the special case of the system (1)—(3), when
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and T are conserved separately in time (there is no exchange of energy between
the internal and translational degrees of freedom). Then the problem consists in
constructing a solution of the system (1), with P}* being constant quantities.

Without loss of generality, we shall assume that 2;1 n;(0) = 1. We transform
(1) into the equivalent system of integral equations:

na(t) = { /Q ds}/ { /Q }df_w,m
(5)

The system (5) can be solved by the usual iteration method

ni™ = v, (n(”_1>, T).

1
The sequence ngn) converges to the solution on some sufficiently small time
interval. It is not difficult to see that the iterations Vi(n(”’l), T) do not preserve
the property of the solution (4). It is proposed to correct each iteration in such
a way that the conservation law (4) is satisfied in every approximation. More
precisely, the following method is proposed—

method of successive approximations:

Ry >0
s
W V), =l S e, (7)
i1
where 7, = {nlp, .., 7, } s the normalized (32, 7, = 1) solution of the sys-
tem P, ( )—n,;Q;(n)=0

Such a construction is possible if, for any pair k,, ZZ m Pjim > 0, since from
(7) there follows the inequality

n) — Znin) > min <l,n]%ianP,Z”/maxZPi%) = Ppin > 0. (8)
i=1 Y im BT

)
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It can be proved that the sequences ngm and him converge to the solution of

system (5) uniformly on any finite time interval. From equations (7) and the
inequality

min {1, inf (Z ®, (") / > nE”)QZ-(nW-”)) 1 < pm <

< max ll,sgp (Z (I)i(ﬁ(n1))/Zﬁ§n)Qi(ﬁ(n1)))]

it follows that lim, . n{"™(t) = lim, . 2\ (t) = n,(t) is a solution of the
original system of equations. The following estimates of the closeness of the

approximate solution to the exact one can be obtained:

)

0 k
[, (8) = ™ (8)] < max|, (0) — | XP{—4Q i} 2 5

N C)

7 t1 _ > (L)
OB O m?x|ni(0)—nip|exp{—tQmin}kZ ( k!)

min

where L is a constant.

For some specific transition probabilities, from system (1) one can obtain a
closed equation for 22:1 g,;n,;(t), whose solution, together with (3), makes it
possible to find T'(¢) (1). Then problem (1)—(3) reduces to finding the solution
of system (1), in which P/ are known functions of time. In this case the
method described above requires no changes except replacing min, ,,, >~ P{" and
max; ,, > P,z;” by the lower and upper bounds of the corresponding functions
of time. In the general case, for solving problem (1)—(8), the following method
of successive approximations is proposed:
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The sequences ngn), T converge to the solution of problem (1)—(3) uniformly
on any finite interval of time, if

E, > maxe; ;nz(()), II%IZI’I;PM (T)>0, 0<T<oo0. (11)

The solution of problem (1)—(3) is unique.

If the principle of detailed balance is satisfied, then the solution of system (1)—
(3) tends, as t — o0, to the solution of the system

®; —n,;Q;(n) =0; 3/2kTan‘ + Zfini = Ey. (12)
=1 =1

This assertion is proved by Carleman’ s method (?), using the inequality

3/2 3/2
ad 1 nemy Hihhy exp 2 te—& —&m nn,. | PHIn NNy [ Hib, exp & tEm — k-
tA Hitm kT o

Ny \ Mgty kT
(13)
and the equality
Jny; 372 €, te —¢g;,—¢€
imo __ [l k Il % Sm
P = <uium) eXp{ kT }Pﬁ” (4

where (1, is the mass of a particle of species i;

T

1= Son i (357) " )

=1

Equality (14) is a consequence of the principle of detailed balance.

2°. The solution of the equations describing a one-dimensional stationary flow
in the relaxation zone of a shock wave can be obtained by the same method.
The corresponding system of equations, after introducing the new functions

Ne) = nts) [ me)

has the form
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(15)
H m im p im
P, = Z N NI Z N, Hzm7 L = Cip Pkl )
k,l,m k,l,m 1M
k 2
pU =C1; ;pT+pU =y,
vk U?
T+ — N, =C 16

i=1

where p, v, C; are constants. If the functions p,T" at infinity are prescribed, then
equation (16) in some domain  of the values of 22:1 g, N;, C={C,,Cy,Cq}
deter-

define single-valued positive functions: p (22:1 eN;,C), T (ZT gN;, C). 1
from equation (15) one can obtain a closed equation for ZT g; N then the

problem reduces to that described above. In the general case the following
method of successive approximations is proposed:

N,(O) _ N(O) _ Nz(0)7 T = O,
’ ' N; (Tooapoo)v x> O;

T(n) -7 (Z &‘iN(nl),O) , p(n) =p ( SiN(’ﬂl)’C) '

Obviously,

r
. ~(n)
mine; < E &N~ < maxeg,.
K3 K3
i=1

If min, ;, C' and max, ¢;, C belong to the domain €2, and if

H,;};IZZT; Pir(T) >0
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for 0 < T < oo, then the functions

k.l

Y oI (T (@), o™ (x))

i,m

have a nonzero lower bound and a finite upper bound with respect to n and z.
Under these conditions the sequences Ni("), p'™, T converge to the solution
of the system (15), (16) uniformly on any finite interval of variation of x.

As ¥ — oo, the functions N,(z), p(x), T'(x) have the limits N, (T, poo)s Poos
T,.
The author expresses gratitude to Prof. S. V. Vallander for his attention to the
work.
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