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MATHEMATICS

V. S. VINOGRADOV

ON AN ANALOGUE OF AN INTEGRAL OF
CAUCHY TYPE FOR ANALYTIC FUNC-
TIONS OF SEVERAL COMPLEX VARIABLES
(Presented by Academician I. M. Vinogradov on 11 III 1967)

Let 𝐺 be a certain bounded domain in the Euclidean space of real variables 𝑥𝑎, 𝑦𝑎
(𝑎 = 1, … , 𝑛), whose boundary is a closed surface 𝑆 satisfying the Lyapunov
conditions. Suppose that a complex-valued function 𝜑(𝑃) is given on 𝑆, and
let us investigate the following problem: under what conditions is the function
𝜑(𝑃) the boundary value of some function 𝑢(𝑀), analytic in 𝐺 with respect to
the complex variables 𝑧𝑎 = 𝑥𝑎 + 𝑖𝑦𝑎 (𝑎 = 1, … , 𝑛).
This problem was investigated in the works of F. Severi (1,2), when the function
𝜑(𝑃) and the surface 𝑀 depend analytically on local parameters; of F. Fichera
(3), when 𝜑(𝑃) is the boundary value of some function from 𝑊 (1)

2 (𝐺), and of E.
Martinelli (4), when 𝜑(𝑃) ∈ 𝐶1.

Our method makes it possible to obtain a necessary and sufficient condition for
the case when 𝜑(𝑃) satisfies on 𝑆 only the Hölder condition, and the latter can
be expressed in terms of singular integrals.

The investigation is based on the construction of Cauchy integrals and integrals
of Cauchy type for the following system of partial differential equations. Namely,
consider the system

ℒ𝑢 =
𝑛

∑
𝛼=1

(𝒫𝛼
𝜕

𝜕𝑥𝛼
+ 𝒬𝛼

𝜕
𝜕𝑦𝛼

) 𝑢 = 0; (1)

the matrices 𝒫𝛼 and 𝒬𝛼 are constructed as follows:

𝒫𝛼 = 1′ × ⋯ × 1′ × ∥0 1
1 0∥ × 1 × ⋯ × 1,

𝒬𝛼 = 1′ × ⋯ × 1′ × ∥ 0 𝑖
−𝑖 0∥ × 1 × ⋯ × 1.

(2)
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Here × denotes the tensor product of matrices, the number of factors is equal
to 𝑛, and the matrices

∥0 1
1 0∥ and ∥ 0 𝑖

−𝑖 0∥

stand in the 𝛼-th place,

1 = ∥1 0
0 1∥ , 1′ = ∥1 0

0 −1∥ . (3)

The matrices (2) arise in constructing a representation of the Clifford algebra;
their order is 2𝑛, and they satisfy the relation

[
𝑛

∑
𝛼=1

(𝒫𝛼𝜉𝛼 + 𝒬𝛼𝜂𝛼)]
2

= ℰ [
𝑛

∑
𝛼=1

(𝜉2
𝛼 + 𝜂2

𝛼)] , (4)

where ℰ is the identity matrix (5). From the last condition there follow the
ellipticity of the system (1) and the relation

ℒ2 = Δℰ, (5)

where Δ is the Laplace operator.

We shall now construct for system (1) the Cauchy integral according to the
scheme carried out by the author in (6).
Let 𝑉 be a matrix of order 2𝑛 whose elements are complex functions; consider
the identity

[𝑉 ℒ]u + 𝑉 [ℒu] = ∑ { 𝜕
𝜕𝑥𝛼

(𝑉 𝒫𝛼u) + 𝜕
𝜕𝑦𝛼

(𝑉 𝒬𝛼u)} . (6)

Here [𝑉 ℒ] means that the differential operator is applied only to the matrix 𝑉
(on the left), while [ℒu] denotes the application of the operator ℒ only to the
vector u.

Putting

𝑉 = [ 1
𝑟2𝑛−2(𝑀0, 𝑀) 𝒞 ⋅ ℒ] ,

where 𝑟(𝑀0, 𝑀) is the distance between the points 𝑀0 and 𝑀 ; integrating
identity (6) over the domain 𝐺 and applying the Gauss–Ostrogradsky formula,
we obtain an expression for u(𝑀0)
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u(𝑀0) = 𝐾 ∫
𝑆

[ 1
𝑟2𝑛−2(𝑀0, 𝑀) ℒ] [∑ 𝛼𝑖𝒫𝑖 + 𝛽𝑖𝒬𝑖] u(𝑀) 𝑑𝑆+∫

𝐺
[ 1

𝑟2𝑛−2(𝑀0, 𝑀) ℒ] [ℒu] 𝑑𝑣,
(7)

where 𝛼𝑖 = cos 𝑛𝑥𝑖, 𝛽𝑖 = cos 𝑛𝑦𝑖; 𝑑𝑆 is the surface element; 𝑑𝑣 is the volume
element; 𝐾 = (−1)/(2𝑛−2)𝑆2𝑛; 𝑆2𝑛 is the area of the surface of the unit sphere.

The order of the singularity

[ 1
𝑟2𝑛−2(𝑀0, 𝑀) ℒ]

is 2𝑛 − 1; therefore the second integral in (7) always converges, at least when
ℒu ∈ 𝐿𝑞(𝐺), where 𝑞 > 2𝑛.

Let now u be a solution of system (1). Then from (7) we obtain the Cauchy
integral for solutions of system (1)

u(𝑀0) = 𝐾 ∫
𝑆

[ 1
𝑟2𝑛−2 ℒ] [𝛼𝑖𝒫𝑖 + 𝛽𝑖𝒬𝑖]u 𝑑𝑆 (8)

for 𝑀0 ∈ 𝐺.

In an analogous way, from (6) we obtain

0 = 𝐾 ∫
𝑆

[ 1
𝑟2𝑛−2 ℒ] [𝛼𝑖𝒫𝑖 + 𝛽𝑖𝒬𝑖]u 𝑑𝑆

for 𝑀0 ∉ 𝐺.

Consider now the analogue of the Cauchy-type integral for our system

F(𝑀0) = 𝐾 ∫
𝑆

[ 1
𝑟2𝑛−2 ℒ] [𝛼𝑖𝒫𝑖 + 𝛽𝑖𝒬𝑖]v 𝑑𝑆; (9)

here v is an arbitrary vector prescribed on 𝑆, Hölder continuous. It is easy
to see that F(𝑀0) satisfies our system (1). Analogously to (7,8), one can find
formulas for the boundary values of F(𝑀0), namely:

F+(𝑀1) = v(𝑀1)
2 + 𝐾 ∫[ ][ ] v 𝑑𝑆, (10)

F−(𝑀1) = −v(𝑀1)
2 + 𝐾 ∫[ ][ ] v 𝑑𝑆, (11)
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where the integrals on the right-hand side are understood in the sense of the
Cauchy principal value. From these formulas one obtains the necessary and
sufficient condition for the vector v prescribed on 𝑆 to be the boundary value
of some solution of system (1) in the domain 𝐺, namely

−v(𝑀1)
2 + 𝐾 ∫[ ][ ] v 𝑑𝑆 = 0. (12)

Consider, for our system (1), the boundary-value problem

𝑢𝑖 = 0 (𝑖 = 2, … , 2𝑛) on 𝑆, (13)

where 𝑢𝑖 are the components of the vector u. Since each component of the
solution is a function harmonic in 𝐺, it follows that

𝑢𝑖 = 0 (𝑖 = 2, … , 2𝑛) in 𝐺. (14)

Then the function 𝑢1 must satisfy the equations obtained from our system (1)
by putting 𝑢𝑖 = 0, 𝑖 ≥ 2, in it. By calculation one may verify that the resulting
system contains only 𝑛 equations, identically different from zero, which have
the form (𝜕/𝜕𝑥𝛼 − 𝑖 𝜕/𝜕𝑦𝛼)𝑢1 = 0. Hence it follows that all solutions of the
boundary-value problem (13) for system (1) are described by functions analytic
in ̄𝑧𝛼 = 𝑥𝛼 − 𝑖𝑦𝛼.

If now, instead of system (1), we consider the system

ℒ1u =
𝑛

∑
𝛼=1

(𝒫𝛼
𝜕

𝜕𝑥𝛼
− 𝒬𝛼

𝜕
𝜕𝑦𝛼

) u = 0, (15)

then for it the solutions of the boundary-value problem (13) are functions ana-
lytic in the variables 𝑧𝛼 = 𝑥𝛼 + 𝑖𝑦𝛼. For system (15), in a manner analogous to
that for system (1), with 𝒬𝛼 replaced by −𝒬𝛼, all formulas valid for system (1)
are derived.

Let now 𝑢(𝑀) be a function analytic in the variables 𝑧𝛼. Then the vector
F = {𝑢(𝑀), 0, … , 0} is a solution of system (15); therefore, for it the relations

F(𝑀0) = ∫
𝑆

𝐾(𝑀0, 𝑀)F(𝑀) 𝑑𝑆 for 𝑀0 ∈ 𝐺, (16)

0 = ∫
𝑆

𝐾(𝑀0, 𝑀)F(𝑀) 𝑑𝑆 for 𝑀0∈𝐺 (17)

are valid. Here 𝐾(𝑀0, 𝑀) denotes the matrix
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𝐾(𝑀0, 𝑀) = 𝐾 [ 1
𝑟2𝑛−2 ℒ] [∑(𝛼𝑘𝒫𝑘 − 𝛽𝑘𝒬𝑘)] . (18)

Writing this condition componentwise, we obtain the following analogue of the
Cauchy integral formula for functions of several complex variables:

𝑢(𝑀0) = ∫
𝑆

𝐾11(𝑀0, 𝑀)𝑢(𝑀) 𝑑𝑆, (19)

0 = ∫
𝑆

𝐾𝑗1(𝑀0, 𝑀)𝑢(𝑀) 𝑑𝑆, 𝑗 = 2, … , 2𝑛, (20)

for 𝑀0 ∈ 𝐺;

0 = ∫
𝑆

𝐾𝑗1(𝑀0, 𝑀)𝑢(𝑀) 𝑑𝑆, (21)

𝑗 = 1, … , 2𝑛, for 𝑀0∈𝐺. 𝐾𝑗𝑖 are the elements of the matrix 𝐾(𝑀0, 𝑀).
The formulas for the boundary values of the Cauchy-type integral for solutions
of system (15) give the following necessary conditions for the boundary values
of an analytic function 𝑢(𝑀1):

𝑢(𝑀1)
2 = ∫

𝑆
𝐾(𝑀1, 𝑀)𝑢(𝑀) 𝑑𝑆, (22)

0 = ∫
𝑆

𝐾(𝑀1, 𝑀)𝑢(𝑀) 𝑑𝑆, (23)

𝑗 = 2, … , 2𝑛.

Considering the Cauchy-type integral for system (15) with vector density F =
(𝜑, 0, … , 0), it is easy to prove also the sufficiency of conditions (22) and (23).

The result obtained can be formulated as the following assertion.

Theorem. In order that a function 𝜑(𝑀), given on the closed surface 𝑆, be the
boundary value of some analytic function in the variables 𝑧𝛼 = 𝑥𝛼 + 𝑖𝑦𝛼 in the
domain 𝐺, it is necessary and sufficient that conditions (22), (23) be satisfied.

In the case 𝑛 = 1, system (15) splits into two Cauchy–Riemann systems for each
complex component, 𝐾21 = 0, and condition (22) reduces to the well-known
formula of the theory of functions of one complex variable (7).

Steklov Mathematical Institute
Academy of Sciences of the USSR
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