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CIENTS

(Presented by Academician A. N. Tikhonov on 28 III 1968)

In paper (1), following the regularization method developed in (?), a solution is
given to the problem of finding an approximate value at a point x, € [a,b] of
a function f(z), defined on the interval [a,b], from the approximate values (in
the I, metric) of its Fourier coefficients {c, } with respect to the orthonormal
system of eigenfunctions {u,,(x)} of the boundary-value problem:

uw —@*()u+ Au =0, u(a) = u(b) =0, 0<¢*(z) <M. (*)

Let a,, be the exact values of the Fourier coefficients of the function f(z), and
let ,, be their errors such that

0o
Saze
n=1

Then c,, = a,, + 1, As the approximate value of the function f(z), in (!) one
takes the sum of the series

fu@) =S r(ma)epn(z)

n=1

with regularizing factors r(n, ) = 1/(14+al,,), where X, are the eigenvalues of
the boundary-value problem (%), and « is the regularization parameter (« > 0).

A. N. Tikhonov posed the problem of finding an optimal, in some sense, sum-
mation method, i.e. of choosing the regularizing factors r(n,«). In the present
article, a solution of this problem is given in various formulations close to Wiener’
s (®) and to the formulations contained in (4~8).

Let, in a finite closed domain D of n-dimensional Euclidean space R,,, there
be given a complete orthonormal (with weight p(z) > 0) system of functions
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{u, ()}, = (z,, &y, ..., x,), and a continuous function f(x) in D, representable
by its Fourier series with respect to the system {u,,(x)},

fo) =3 apni@).  where a, = /D p(@) f(z)u, (x) da.

Suppose that we know approximate values of the Fourier coefficients of this
function f(z), ¢, = a,, +7,,, with small (in l,) errors 7,

o)
S
n=1

It is required to find an approximate value of the function f (z) from the ap-
proximate values of its Fourier coefficients {c, }. We shall solve this problem by
the regularization method.

Consider the functional
where

{m,,} is a sequence of positive numbers whose order of growth as n — oo is not
less than

n'*€, where ¢ > 0. We shall denote by 9 the class of all such sequences corre-

sponding to different values of €. The functional Q[f] will be called stabilizing.
If, as the system {u, ()}, one takes the eigenfunctions of the boundary-value
problem (x) and sets m,, = a\,,, where A\, are the eigenvalues of problem (),
then one obtains the stabilizing functional used in paper (1).

The function f (z) realizing the minimum of the functional M™ in the class of
functions continuous in D (the class Cp) will be taken as the approximate value
of the function f . It is easy to see that the Fourier coefficients of the function
f(z) are equal to

1
14+m, "

n

~ C

In = 1 +7;nn’ ie. f(x) = ni:cnr(n)un(x), where r(n) =
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Thus, the summation method is determined by the choice of the sequence {m,, }.
This summation method is stable in the sense that small (in /) changes of the

coefficients correspond to a small change of fi (z) (in the metric of Cp).

To prove this, it is enough first of all to note that the set of functions f € Cp,
for which Q[f] < d is compact in Cp for any d > 0. Define an operator A
acting from Cp into [,: to a function f € Cp we assign the sequence of its
Fourier coefficients with respect to the system {u,,(z)} with weight p(x). This
mapping is continuous and one-to-one. Consequently, the inverse mapping is
also continuous. This proves the assertion on the stability of the summation
method.

The errors in the Fourier coefficients, i.e. +,,, are random numbers, about which
we shall assume:

1) {7, } is a sequence of uncorrelated random numbers.

2) The mathematical expectations Ev, =7, = 0 for all n. Under these con-
ditions the approximate values of the Fourier coefficients are also random
numbers, and ¢2 = a2 ++2. The variances of the random variables ,, and
¢, are the same and are equal to 02 = 42. The function f (z), realizing the
minimum of the functional M™ for a fixed sequence {m,,}, is a random
function.

Let (Af),, = f(z) = f(z), where f(z) = Z:;l a,,,(x). As a measure of the
deviation of f(x) from f(z) one may take: a) (Af)2, orb)

/ p(2) (AT, d.
D

Putting m,, = af,, (n =1,2,...), where a > 0, &, > 0, we obtain

n

f(z) = fo () = ; mun(@-

In this case

Qf] = a[f] =) f2¢,
n=1

and (Af),, = Af,; a is the regularization parameter.
The following formulations of problems are natural:

1,. For a fixed sequence {£,}, find such a value o of the regularization param-
eter o for which
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(Afo,)? = min (Af,)?

«

at a fixed point z.

1g. For a fixed sequence {¢,}, find such a value o = v, for which

[e3

[ PTBL Pt = min [ oo BT

The summation of the Fourier series determined by such a value of «, for a fixed
stabilizing functional

o)

— 2

- Z nfn
n=1

will be called a-optimal.

ITA. In the class 9 of sequences of positive numbers {m,,}, find a sequence
{m/,} for which (Af) , = mingy (Af)2, at the fixed point .

IIB. In the class 9 of sequences {m,,} of positive numbers, find a sequence
{m!,} for which

/D (@)(Af)z, dx—mmlzn/Dp(x)(Af)%@ dx.

The summation of a Fourier series determined by such a sequence {m] } will
be called optimal. This formulation of the problem is analogous to the Wiener
problem on optimal filtering (3).

Solution of Problems IB and IIB. Since

_ - A/n_aané-n
Afa_ 1+a€n un(x)v

n=1

we have

e & 4ag (E - 0d)
| P@TBT e = Nie) = 3 Tt T

From the minimum condition for N(«) we find the solution of problem IB,
i.e. the equation for determining oy:

00 00 %(CQ*OQ)
nz: 1+a§ =) T aE) (1+af,)?

n=1
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To solve problem IIB one must find the minimum of the function

©(my, Mo, ..., M ) of the variables m,my, ..., m equal to

ny e ny

&A@ ) m
‘P(mhmg,...,mm...)/E)p(z>(Af>$ndIZO' (EC—’—mo’)g)m

n=1

The minimum is attained for m,, = m/, = 02/ (é — 0,21). Consequently, 1/(1 4+

m,) = 1 —02/c2. Thus the optimal (in the sense of IIB) summation has the

form:
oo 2

@) =3 (1= % ) cpunta).

To solve problems IA and ITA we shall assume that f(z) is a realization of a
random process such that:

3) The sequence {a,, }, determining the function f (z), is a sequence of uncor-
related random numbers.

4) The sequences {7, } and {a,,} are uncorrelated with each other.

Condition 3) is satisfied, for example, in the case when f(z) is a realization of
a periodic stationary random process.

Under these additional conditions

s Areg (@
(Afoz)2|zzw0 = ; Z (1 +a(£n)2 ? )U%<$0) = (p(a>$0>'

From the condition that ¢(a,z,) be minimal (with respect to «), we find the
equation for determining ay:

00 2 2 _ 2
> ey O Qmo—aZ“C ">2<xo>.

(1+ag,)? tn (1+a&,)

Problem IIA is solved analogously:
wty = o2 (F o).
Thus, the optimal summation (in the sense of IT ,) has the form

o0

Fula) =3 (1% ) epunten)
(

n=1 n

In concrete problems one usually knows only a finite number of possible values
of each of the random variables ¢,,. From these samples we find approximate
values of the ratios o2 /c2. Let
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o2 o2 >,
n =-2(1 h <e.
( ) C%( +8,), where ;Bn €

2
Cn pr

Since summation with regularizing factors 1/(1+m,,) is stable, small deviations
in the determination of the numbers o2 /c2 correspond to small deviations of
the sum f(z),,. More precisely, if

ﬂxmgzb(ﬁ)Jcmmm, 2@ <M (n=1,2,..),

then

~

Fonle) — Fonla)] <2032,
n=1

If, as the system of functions {u,(z)}, one takes the eigenfunctions of the
boundary-value problem

div(kVu) — ¢?(x)u + Ap(x)u = 0, ulg =0 (or du/On|g =0),

where S is the boundary of the domain D in which the solution is sought, then
the functional Q[f] may be taken in the form

sMﬂ=Awwﬁmw%%m

or in the equivalent form

Q=D 2N,
n=1

where A, are the eigenvalues of the indicated boundary-value problem, and
., are the Fourier coefficients of the function f(z) with respect to the system
{u,,(z)}. Thus, in this case m,, = A\,a. With such a regularizer the problem of
summing a Fourier series was considered in the one-dimensional case in (1).

I express my gratitude to A. N. Tikhonov for a useful discussion.

Received
26 IIT 1968

sovietrxiv.org/items/ru-196801.83822 Machine Translation


https://sovietrxiv.org/items/ru-196801.83822

REFERENCES

L A. N. Tikhonov, DAN, 156, No. 2, 268 (1964).

2 A. N. Tikhonov, DAN, 151, No. 3 (1963).

3 N. Wiener, Ezxtrapolation, Interpolation and Smoothing of Stationary Time
Series, N. Y., 1949.

4 M. M. Lavrent’ ev, V. G. Vasil' ev, Siberian Math. Journal, 7, No. 3 (1966).
5 V. Ya. Arsenin, V. V. Ivanov, DAN, 182, No. 1 (1968).

6 A. B. Bakushinskii, Candidate’ s dissertation, Moscow State University, 1967.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196801.83822 Machine Translation


https://sovietrxiv.org/items/ru-196801.83822

	Abstract
	Full Text
	V. Ya. ARSENIN
	ON OPTIMAL SUMMATION OF FOURIER SERIES WITH APPROXIMATE COEFFICIENTS
	REFERENCES


