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CYBERNETICS AND CONTROL THEORY
L. S. GNOENSKII

ON THE RELATIONSHIP BETWEEN CER-
TAIN QUALITY INDICES IN LINEAR STA-
TIONARY CONTROLLED SYSTEMS

(Presented by Academician A. Yu. Ishlinskii, 11 X 1967)

A linear stationary controlled system is considered, described by the equation

N(y) = coy™ +ery™ Vo tey gy +y=u (1)

with initial conditions

y(0) ==y (0) =0. (2)

The input action z(t), which the system must reproduce, is not known in advance
and belongs to the class F' of functions with bounded rate of change z(0) =
0; z(t) =wv(t); [o@)] <1

Let y,(t) be the solution of equation (1) with initial conditions (2); €,(t) =
x(t) — y,(t) is the error in reproducing the input signal. One of the quality
indices of the system is the greatest accumulated error (1:2)

Emax(T) = max|[e, (T)[; €
zel

max(T)-

= lim ¢
o0 T—o0

In the present paper the relation of €, (T) and €, to such quality indices of
the system as the degree of stability and oscillatory character is investigated

(3-6).
It is assumed that all roots p, = —a; + i8), of the characteristic equation

N(p) = 0 lie in the left half-plane. The degree of stability and, respectively, the
oscillatory character of the system are the quantities

a =mina; p = max [ |; w = Bi/ay; i=1,..,n.

For a first-order equation ¢y’ +y = x, the degree of stability is a = ¢; ' and
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Emax(t) = a1 —exp(—at)]; e =al.

For the second-order equation cyy” + ¢y’ +y = z with degree of stability a and
oscillatory character p,

€oo = 207 {(14p?) - (14p2) 72 xexp(—p (m—y)) [I—exp(—mp )] 7T} ¢ = arctg s

o = 2a7t for p=0; lim e, = 2a 'L
=00

g

In this case, as p — oo, the quantity e, remains bounded. It is possible,
however, to indicate systems for which, for any fixed degree of stability, ., — oo
if 4 — o0o. For example, a system described by a fourth-order equation with
two pairs of multiple roots p; » = —a+i3; p3 4 = —a —i. Such an equation,
for the case = 0 and nonzero initial conditions, was considered in (7).

An upper estimate of the quantities €, ., (t) and e, as functions of a and u for
n > 3 is given by the theorem:

Theorem 1. If the degree of stability of the closed system (1) is not less than
a and the oscillatory character does not exceed p, then for input actions x(t)
from the class F'

Emax(t) < (2072) A, (7, )1 —exp(—ant)]; ey < (2a72) 1A, (7, ).

Here 7 is an arbitrary parameter satisfying the inequality 0 < v < 1,

Ay (v,p) = (1 =) " max{r (1 =) ", 1}, ifp<p(y)=

U (14 VI O).
If 4 > ¢1(7), then

A(op) = [0+ )@t =) "7 P max{ry (1 - )", ) for even n;

3)

oo < 2071

)

A, () = max {[(1+ ) (1= )" [+ 2) 200 =) TP (1= 9) 1 for odd n

m= () (=) =7 =i+

—1/2
£/ (1=20? +22((1 =) +92) + o )
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Fig. 1: block diagram of a closed-loop system

Figure 1: Fig. 1: block diagram of a closed-loop system
for v < (1+v2)™ ory > (1+v2)™" and p > p,(7);
-1 . _
Ty =1+ p?) (1= +p?) iy = (1+V2) ™ and p < y(7);

2(7) = —(1=7)? =2 +1/AT = + 72

m =1fory <1 m =7(1—~)"! for vy > 3. (5)

Putting z(t) = t, we obtain a lower estimate for €.

Theorem 2. Let the degree of stability of system (1) be a, and let the oscillation
not exceed p. Then, for prescribed inputs from the class F,

£, > a tmin{l, 2(1+ p?)71}. (6)

In the case when |z(t)| < 1, the lower estimate
Ve = max (o)

is given in (8). As the example below shows, in inequality (6) one cannot
dispense with the requirement that p be bounded.
Example. The controlled system is described by the equation

Vv

cy” + ey’ tey +y=u,

whose characteristic equation has the roots

Py = —ay, Py = —a+if3; oy > 2a > 0
B =T30q.
Then
oo S a7t + (T30) 7
Fig. 1

For any fixed, however small, degree of stability «, the quantities e, (t) and
€4 can be made arbitrarily small by choosing a; and 75 sufficiently large.

Let us consider the closed astatic system, widespread in engineering, shown in
Fig. 1. Here

W(p) = K/pL(p)
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is the transfer function of the open-loop system and L(0) = 1. It is assumed
that all roots

p; = —a;(1 +iu;)

of the polynomial L(p) of order n — 1 are known. Such an assumption is admis-
sible, since often the controlled system contains a number of series-connected
elements, each of which is described by an equation of low order—first or second.
Under these conditions we shall give estimates of the degree of stability and
oscillation of the closed astatic system.

Theorem 3. If the degree of stability of the polynomial L(p) is equal to a,
then, for
a|L(—a)| < K < Aja|L(—a)| (7)

in the closed system the degree of stability is not less than a = ca,. Here

n—1 1+V2 1/2
o= [R/(n—1)+n]"} Rl{)\%H’ <2V‘J) 1} ;
j=1 J

= —;‘;)1; (8)

J

A; > 11is an arbitrary number; the prime sign means that only those factors for
which v; > 1 are included in the product; if all v; <1, then

Ry =22 1.

Corollary. If ¢ < n—1 roots of L(p) lie to the left of the line Rep = —ay; a; >
ag, then in the closed-loop system, for a*|L(—a*)] < K < Aja*|L(—a")|, the
degree of stability is not less than a*. Here a* is the smallest root, quadratic in
a, of the equation

(n—1+7)a* —al(g+74)a+ (n—1—q+74)ay] +14a0a5 = 0; 74 = (R +1)".

The numbers v; in formula (8) for R, are determined by the relation

-1
a

= [1— —20 )

Y |,u]|( aj(”‘Q))

An estimate of the oscillation u in the closed-loop system is given by the theorem:

Theorem 4. If the value of the gain coefficient K satisfies inequalities (7), then
the oscillation of the closed-loop astatic system does not exceed the value

p=/R3a)(1 +p3) 1.
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Here R,(a) is an arbitrary positive number greater than one satisfying the in-
equality

1 1+M2 1/2 \/ a
31:[1 ( R2(1+u%)> ,/1_4_#0 ; j

fo = max i j=1,.m—1. (9)

Corollary. If the conditions of the corollary to Theorem 3 are fulfilled, then
the oscillation of the closed-loop system is not greater than

p=\/R3a) (1 + pi3) -

Since the left-hand side of inequality (9) increases monotonically with increasing
R, determining R,(a) is not difficult. The location of the roots of the closed-loop
system as a function of the magnitude of the gain coefficient was investigated
by the root-hodograph method, for example, in (°~11).

Let us consider the question of lowering the order of differential equations (12:13),

estimating the greatest possible difference between the solutions of the original
and the “shortened” equations. Suppose that the behavior of the system under
the influence of a control signal u(t) is described by an equation of order n:

Li(y) =uw 3,0 ==y N 0)=0;  Jult) < 1. (10)

The characteristic polynomial L, (p) has the form L,(p) = pM(p)Q(p). Here
M (p) and Q(p) are polynomials of orders m and ¢; m+qg—+1 = n. It is assumed
that the roots of L (p) are known. The roots p; (j = 1, ..., m) of the polynomial
M (p) and the roots p; (j = m+1,...,m+q) of the polynomial Q(p) satisfy the
conditions

—a; < —a;=Rep; <—ay <0 (j=1,..,m);

—a;=Rep; <—ay<—a; (j=m+1,..,m+q). (11)

By z,(t) is denoted the solution of the “shortened” equation L,(z,) = u with
zero initial conditions. Here L,(p) = pM(p). Let

el =y =AY ) = max ()~ A 0] s =0, m 1
u|<

The theorem estimates the maximum error when the order is lowered.

Theorem 5. For any admissible control u(t) from (10),

s . i 1 X m 5
e (O] < ctia(®) <D, (A=) D, = — B, [[n [T¢
j=1 j=1
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Here 0 < a < a/2 is an arbitrary number;

2
_ 9% 9hHT Wo ) . _ L.
L(a)_ a arctg + 2 +2921 (1+ a2>7 go_‘ 1’7

m+q m+q m+q

g =1+ [] »s 9= m D Hnjza_a wy =B "%

j=m+1 ; m+1  j=m+l 92

(12)

To the root p; = —a;(1 + p;) of the polynomial L,(p) there corresponds the
factor

1/2 1/2
L if < 1 L
=177 32, 2 y — 75 =\l 77 )
! (1 =)+ 13 ! ! ! 2p;(1 —;)
if gy >1—;
1/2
o 1+ p?
(= 73\/@2+(1—7-)2+u2>2—472»(1—v2») :
77 |2 (=) VI J j j j

if 15 > (1—=7;)* =%

(o) a
G=o Vi <= =l =

J J

The roots of the polynomial M (p) have been renumbered in increasing order of
the quantities ;. If s+ 1 < m, among the first s roots of M (p) there is an even
number of complex roots, and p, ; is a complex root, then the quantity (}.
is determined by formula (4), where one must put g = pi,, 1, ¥ = Y441- In all
other cases (. ; = (o4 1-

Let us formulate the theorem on reduction of order for the closed-loop system
shown in Fig. 1. The original and the “truncated”closed-loop systems correspond
to the transfer functions of the open-loop systems

W(p) = K/pM(p)Q(p);  W(p) = K/pM(p)

The roots of the polynomials M(p) and Q(p) satisfy the conditions given in
Theorem 5. By y,(t) and z,(t) we denote the output quantities of the original
and the “truncated” closed-loop systems, corresponding to zero initial conditions
and to the same input action z(t) from the class F'. Let

Emax(t) = glea}?‘( |y.1, (t) — %z (t) ‘ .
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Theorem 6. If the gain coefficient K satisfies the inequalities

a’ [M(—a")Q(—a")| < K < M\ |M(—a")Q(—a")|a",

then

Emax(t) < (1 — exp(—7at)) (%) " B(3a) A, 1 (3, i) (1 + H,, (v, 1.))-

Here 0 < v < 1 is an arbitrary parameter; a = a*|M(—a*)Q(—a*)|; v = Fa/a*.
The quantities a*, A4,,,1(%, 1), B(¥,a) are determined by the corollary to The-
orem 3 and by formulas (3), (12). Applying the corollary to Theorem 4 to
the polynomial pM (p)Q(p), we obtain p,. The quantity fi is determined by
Theorem 4, if it is applied to the polynomial pM (p) and one puts

G =N +ug) P TT+u3)
j=1

in the right-hand side of (9).

H, (v, ) = 1=y, if p, <p(7).

If y1, > ¢q(7), then

H, (v, 1) = [(1+ p2)(2(1 = y)p,) "2 for even n;

H, (v 11,) = [(1 4 12) (21 = )p,) " 2(1 7)1 for odd n.

Theorems 1-4 and 6 make it possible to relate easily determined parameters of
individual elements to the greatest accumulated error of a closed-loop astatic
system and to estimate the effect of introducing correcting networks.
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