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Abstract
Full Text

Mathematics
S. V. Uspenskii

On the Differential Properties of Solutions of
Quasielliptic Equations in Unbounded Domains
(Presented by Academician S. L. Sobolev, 3 X 1967)

In the present note we consider solutions of an equation of the form

𝐿(𝜕/𝜕𝑥)𝑈 = 𝑓, (1)

where 𝐿(−𝑖𝑠) = 𝐿(−𝑖𝑠1, … , −𝑖𝑠𝑛) is a polynomial with constant coefficients in 𝑛
variables (𝑠1, … , 𝑠𝑛) = 𝑠, satisfying the following conditions: a) the polynomial
𝐿(−𝑖𝑠) does not vanish for real values 𝑠1, … , 𝑠𝑛 when |𝑠| ≠ 0; b) the polynomial
𝐿(−𝑖𝑠) is quasi-homogeneous, i.e., for every 𝜆 > 0 one has

𝐿(−𝑖𝑠𝜆𝛼) = 𝐿(−𝑖𝑠1𝜆𝛼1 , … , −𝑖𝑠𝑛𝜆𝛼𝑛) = 𝜆𝐿(−𝑖𝑠),

where 1/𝛼𝑖 are integers. We shall call the vector 𝛼 = (𝛼1, … , 𝛼𝑛) the homogene-
ity exponent of the operator 𝐿.
Such equations have received in the literature the name quasielliptic and have
been well studied locally (see (1)). The properties of solutions in the large have
been investigated much less. The deepest results here have been obtained in
terms of Gevrey classes for the case of a homogeneous equation. Among the
works in which the inhomogeneous case is considered, we note (2), where, under
the condition that the polynomial 𝐿(−𝑖𝑠) does not vanish at any point of the
real space 𝑅𝑛 (condition b) may fail), a uniqueness class is singled out and the
differential properties of solutions are studied in terms of the classes 𝑆∗∗, and
also in some other classes.

Numerous works have also been devoted to the study of solutions of an equation
of the form (1) under various boundary conditions. Among the recent works
we mention here (5−8)∗∗∗, in which the differential properties of solutions are
considered in the Sobolev classes 𝑊 𝑙

2.

In the present work, classes of functions are constructed in terms of which, in
the whole space 𝑅𝑛, sharp estimates are obtained for solutions of equation (1) in
dependence on the differential properties of the function 𝑓 . The results obtained
in the classes under consideration are definitive.
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Let us introduce definitions. Let 𝑅𝑛 be the Euclidean space of points 𝑥 =
(𝑥1, … , 𝑥𝑛), 𝑅+

𝑛+1 = (𝑥 ∈ 𝑅𝑛, 𝑥𝑛+1 ≥ 0), |𝑥| = [∑ 𝑥2
𝑖 ]1/2, 𝑥𝛽 = 𝑥𝛽1

1 ⋯ 𝑥𝛽𝑛𝑛 ,

𝐷𝛽 = 𝐷𝛽1 ⋯ 𝐷𝛽𝑛 = 𝜕𝛽1/𝜕𝑥𝛽1
1 ⋯ 𝜕𝛽𝑛/𝜕𝑥𝛽𝑛𝑛 .

We also set

𝑅𝑣[𝑓(𝑥)] =
𝑛

∏
𝑖=1

1
𝑣𝑖

∫
𝑣1

0
⋯ ∫

𝑣𝑛

0
|𝑓(𝑥 + 𝑢)| 𝑑𝑢,

Δ𝑘(𝑓, ℎ𝑒𝑖) =
𝑘

∑
𝜈=0

(−1)𝑘−𝜈𝐶𝜈
𝑘 𝑓(𝑥1, … , 𝑥𝑖−1, 𝑥𝑖 + 𝜈ℎ, 𝑥𝑖+1, … , 𝑥𝑛),

* For a bibliography of works devoted to uniqueness of solutions of general
hypoelliptic equations, see (3).
** The definition of the classes and their properties are considered in (4).
*** A more complete bibliography of works devoted to quasielliptic equations is
given in (8).

𝜔(𝑓, ℎ𝑒𝑖) = sup
0<𝑡<ℎ, 𝑥∈𝑅𝑛

∣Δ1(𝑓, ℎ𝑒𝑖)∣ , 𝜌 ∶ 𝑟 =
𝑛

∑
𝑖=1

𝜌𝑖
𝑟𝑖

.

For 1 < 𝑝 < ∞, introduce the norms

‖𝑓‖𝐿𝑙𝑝
=

𝑛
∑
𝑖=1

‖𝐷𝑙𝑖𝑓‖𝐿𝑝(𝑅𝑛); (2)

‖𝑓‖𝐿𝑙,𝑟
𝑝

= ∑
𝜌∶𝑟=1

(‖𝐷𝜌𝑓‖𝐿𝑝(𝑅𝑛) + ‖𝐷𝜌𝑓‖𝐿𝑙𝑝
) ; (3)

‖𝑓‖ℒ𝑙,𝑟
𝑝

= ‖𝑓‖𝐿0,𝑟
𝑝

+ ∑
𝜌∶𝑟=1

𝑛
∑
𝑖=1

(∫
∞

0
ℎ−1−𝑙𝑖𝑝‖Δ𝑠(𝐷𝜌𝑓, ℎ𝑒𝑖)‖𝑝

𝐿𝑝
𝑑ℎ)

1/𝑝
, (4)

where 𝑠𝑖 > 𝑙𝑖 > 0, 𝑖 = 1, 2, … , 𝑛.
We shall say that a function 𝑓 belongs to the Sobolev functional space 𝐿𝑙,𝑟

𝑝 (𝑅𝑛)
(to the space ℒ𝑙,𝑟

𝑝 (𝑅𝑛)) if 𝑓 belongs to the closure of the infinitely differentiable
finite functions in the norm (3) (in the norm (4)).

Define the weighted space 𝐿𝑚,𝑟
𝑝,𝛼 (𝑅+

𝑛+1) as the closure of finite functions in the
norm

‖𝑓‖𝐿𝑚,𝑟
𝑝,𝛼 = ∑

𝜌∶𝑟=1
(‖𝐷𝜌𝑓‖𝐿𝑝

+
𝑛

∑
𝑖=1

‖𝑥𝛼𝑖
𝑛+1𝐷𝜌+𝑚𝑖𝑓‖𝐿𝑝

) . (5)
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Then the functional space ℒ𝑙,𝑟
𝑝 (𝑅𝑛) can also be defined as the space of traces,

for 𝑥𝑛+1 = 0, of functions belonging to the weighted space 𝐿𝑚,𝑟
𝑝,𝛼 (𝑅+

𝑛+1) under
an appropriate choice of the parameters 𝑚 and 𝛼 (see, for example, (9)).

Let us also introduce Hölder classes of functions. Put

‖𝑓‖𝐶 = max
𝑥∈𝑅𝑛

|𝑓(𝑥)|,

‖𝑓‖𝐶𝜇 =
𝑛

∑
𝑖=1

sup
1>ℎ>0, 𝑥∈𝑅𝑛

𝜔1(𝑓, ℎ𝑒𝑖)
ℎ𝜇 ,

‖𝑓‖𝐶𝑙 =
𝑛

∑
𝑖=1

∑
0≤𝑘𝑖≤ ̄𝑙𝑖

‖𝐷𝑘𝑖𝑓‖𝐶𝜇 ,

where ̄𝑙𝑖 + 𝜇 = 𝑙𝑖, ̄𝑙𝑖 are integers,

‖𝑓‖𝐶𝑙,𝑟
𝜀 (𝑅𝑛) = ∑

𝜌∶𝑟=1
‖𝐷𝜌𝑓‖𝐶 + ‖𝐷𝜌𝑓‖𝐶𝑙 + ∑

𝜌∶𝑟=1
sup

𝑥∈𝑅𝑛, |𝑣|≥0
|𝑣𝜀𝑅𝑣[𝐷𝜌𝑓(𝑥)]|, (6)

where 0 < 𝜀 < 𝜇 < 1.
Denote by 𝔐 the set of smooth functions for which the norm (6) is finite and,
moreover,

lim
𝑣→∞

sup
𝑥∈𝑅𝑛

𝑅𝑣[𝑓(𝑥)] = 0.

Then we shall say that 𝑓 belongs to the space 𝐶𝑙,𝑟(𝑅𝑛) if 𝑓 belongs to the closure
of 𝔐 in the norm (6). Let 𝐸1, 𝐸2 be complete spaces of functions of the form
(3)—(6). Define a generalized solution 𝑈 ∈ 𝐸1 of equation (1) as the limit, in
the norm 𝐸1, of solutions 𝑈𝜈 ∈ 𝐸1

𝐿𝑢𝜈 = 𝑓𝜈,

where 𝑓𝜈 converges to 𝑓 in the norm 𝐸2.

Theorem 1. Let 𝑓 ∈ 𝐿𝑙,0
𝑝 (𝑅𝑛), 1 < 𝑝 < ∞, and let 𝛼 be the homogeneity

exponent of the operator 𝐿. Then there exists a generalized solution 𝑈 of
equation (1) that belongs to the class 𝐿𝑙,𝑠/𝛼

𝑝 (𝑅𝑛),

𝑐2‖𝑓‖𝐿𝑙,0
𝑝

≤ ‖𝑈‖𝐿𝑙,1/𝛼
𝑝

≤ 𝑐1‖𝑓‖𝐿𝑙,0
𝑝

.

𝑢, for each generalized solution 𝑣 ∈ 𝐿𝑙,1/𝛼
𝑝 there is a representation 𝑉 (𝑥) =

𝑈(𝑥) + 𝑃(𝑥), where 𝑃(𝑥) is a polynomial of degree not exceeding 1/𝛼𝑖 in each
variable 𝑥𝑖 and such that 𝐷𝜌𝑃(𝑥) ≡ 0 for all 𝜌 satisfying the condition

𝑛
∑
𝑖=1

𝜌𝑖𝛼𝑖 = 1.
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The proof of this theorem relies essentially on the representation formula for the
solution of equation (1) for summable functions, obtained by the author. It may
be regarded as a generalization, to the case of quasieliptic equations, of John’s
well-known formula 10. Using one interpolation theorem of Lions 11, from this
theorem we obtain as a consequence the following result.

Theorem 2. Let 𝑓 ∈ ℒ𝑙,0(𝑅𝑛), 1 < 𝑝 < ∞, and let 𝛼 = (𝛼1, … , 𝛼𝑛) be
the homogeneity exponent of the operator 𝐿. Then there exists a generalized
solution of equation (1), 𝑈 ∈ ℒ𝑙,1/𝛼,

𝑐2‖𝑓‖ℒ𝑙,0 ≤ ‖𝑈‖ℒ𝑙,1/𝛼 ≤ 𝑐1‖𝑓‖ℒ𝑙,0 ,

and for each generalized solution 𝑣 ∈ 𝐿𝑙1/𝛼
𝑝 there is a representation

𝑉 (𝑥) = 𝑈(𝑥) + 𝑃(𝑥),

where 𝑃(𝑥) is a polynomial satisfying the conditions of Theorem 1.

From Theorem 1 one can also obtain an embedding theorem strengthening the
corresponding results of S. M. Nikol’skii 12 and V. P. Il’in 13.

Theorem 3. Let 𝑓 ∈ 𝐿𝑙
𝑝(𝑅𝑛), 1 < 𝑝 < ∞. Then there exists a polynomial 𝑃𝑙

of degrees not exceeding 𝑙𝑖 − 1 in each variable 𝑥𝑖, such that

‖𝐷𝜌(𝑓 − 𝑃𝑙)‖𝐿𝑝(𝑅𝑛) ≤ 𝑐‖𝑓‖𝐿𝑙𝑝(𝑅𝑛),

where 𝑐 does not depend on 𝑓 or 𝑃𝑙, and

𝑛
∑
𝑖=1

𝜌𝑖
𝑙𝑖

= 1.

An analogous estimate is also valid for functions 𝑓 ∈ ℒ𝑙
𝑝(𝑅𝑛).

Theorem 4. Let 𝑓 ∈ 𝐶𝑙(𝑅𝑛); moreover,

sup
|𝜈|≥0, 𝑥∈𝑅𝑛

|𝜈|𝜀𝑅𝜈[𝑓(𝑥)] < ∞.

Then there exists a generalized solution 𝑈 of equation (1), which belongs to the
class 𝐶𝑙,1/𝛼

𝜀1 , where 𝜀1 < 𝜀, and 𝛼 is the homogeneity exponent of the operator
𝐿, and the estimate holds

𝑐2 (‖𝑓‖𝐶𝑙 + sup
|𝜈|≥0, 𝑥∈𝑅𝑛

|𝜈|𝜀1𝑅𝜈[𝑓]) ≤ ‖𝑈‖𝐶𝑙,1/𝛼
𝜀1

≤ 𝑐1 (‖𝑓‖𝐶𝑙 + sup
|𝜈|>0, 𝑥∈𝑅𝑛

|𝜈|𝜀𝑅𝜈[𝑓]) ,
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where the constants 𝑐1, 𝑐2 do not depend on 𝑓 or 𝑈 .

Institute of Mathematics
Siberian Branch of the Academy of Sciences of the USSR

Received
21 IX 1967

REFERENCES
1. L. Hörmander, Linear Differential Operators with Partial Derivatives,

Moscow, 1965.

2. V. P. Palamodov, DAN, 140, No. 5, 1015 (1961); DAN, 129, No. 4, 740
(1959); DAN, 132, No. 3, 528 (1960).

3. B. R. Vainberg, UMN, 21, issue 3 (129) (1966).

4. M. M. Gel′fand, G. E. Shilov, Spaces of Basic and Generalized Functions,
Moscow, 1958.

5. S. M. Nikol’skii, Proceedings of the Joint Soviet-American Symposium
on Partial Differential Equations, Novosibirsk, 1963.

6. V. P. Mikhailov, Matem. sbornik, 64 (106), No. 1, 10 (1964).

7. B. Pini, Ann. di Math. pure ed appl., 73, ser. 4, 33 (1966).

8. M. Pagni, Atti del seminario mat. e fis. dell’univ. di Modene, 13, 119
(1964).

9. S. V. Uspenskii, Sibirsk. matem. zhurn., 7, No. 2, 409 (1966).

10. F. John, Plane Waves and Spherical Means, IL, 1958.

11. J. L. Lions, Ann. Sc. Norm. Sup. Pisa, 13, 389 (1959).

12. S. M. Nikol’skii, DAN, 146, No. 3, 542 (1962); Matem. sbornik, 61
(103), 2, 224 (1963).

13. V. P. Il’in, Tr. Matem. inst. im. V. A. Steklov AN SSSR, 84, 144 (1965).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196801.81800 Machine Translation

https://sovietrxiv.org/items/ru-196801.81800

	Abstract
	Full Text
	Mathematics
	S. V. Uspenskii

	On the Differential Properties of Solutions of Quasielliptic Equations in Unbounded Domains
	REFERENCES


