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On the Differential Properties of Solutions of
Quasielliptic Equations in Unbounded Domains

(Presented by Academician S. L. Sobolev, 3 X 1967)

In the present note we consider solutions of an equation of the form

L(©/02)U = f, 1)
where L(—is) = L(—isq, ..., —is,,) is a polynomial with constant coefficients in n
variables (sq, ..., s,,) = s, satisfying the following conditions: a) the polynomial
L(—is) does not vanish for real values sy, ..., s, when |s| # 0; b) the polynomial

L(—is) is quasi-homogeneous, i.e., for every A > 0 one has

L(—isA\¥) = L(—is; A%, ..., —is,A% ) = AL(—is),

where 1/a; are integers. We shall call the vector a = (o, ..., a,,) the homogene-
ity exponent of the operator L.

Such equations have received in the literature the name quasielliptic and have
been well studied locally (see (1)). The properties of solutions in the large have
been investigated much less. The deepest results here have been obtained in
terms of Gevrey classes for the case of a homogeneous equation. Among the
works in which the inhomogeneous case is considered, we note (?), where, under
the condition that the polynomial L(—is) does not vanish at any point of the
real space R,, (condition b) may fail), a uniqueness class is singled out and the
differential properties of solutions are studied in terms of the classes S**, and
also in some other classes.

Numerous works have also been devoted to the study of solutions of an equation
of the form (1) under various boundary conditions. Among the recent works
we mention here (°~%)*** in which the differential properties of solutions are
considered in the Sobolev classes W&.

In the present work, classes of functions are constructed in terms of which, in
the whole space R,,, sharp estimates are obtained for solutions of equation (1) in
dependence on the differential properties of the function f. The results obtained
in the classes under consideration are definitive.
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Let us introduce definitions. Let R, be the Euclidean space of points z =
($17 ,ﬂfn), R:;Ll =(z€ R,y 2 0>7 |.’L‘| = [szz]l/27 a’ = xfl "'xrﬁln,

DB = DP1... DB — §B2 /31»?1 e 0P JOzn

We also set

) =H1// Fa 4w du,

k

i
(f, he;) E VOV f(@qy oy @y, T + VR Ty g, o, 2y),
v=0

* For a bibliography of works devoted to uniqueness of solutions of general
hypoelliptic equations, see (3).

** The definition of the classes and their properties are considered in (%).

*** A more complete bibliography of works devoted to quasielliptic equations is
given in (8).

R P

w(fhe;) = sup |AN(fhey)|,  prr=1
i=1

0<t<h, z€R,,

For 1 < p < o0, introduce the norms

1Az, =D 1D flp, (r, )i 2)
i=1
1flpsr = > (1D fle,m,) + 107 flry ) 5 (3)
pir=1
S 1/p
£l = Iflge + Z ([ ot oesnen an)
pir=1 i= 0

where s, > 1, >0, i=1,2,...,n

We shall say that a function f belongs to the Sobolev functional space Li;r(Rn)
(to the space £L"(R,,)) if f belongs to the closure of the infinitely differentiable
finite functions in the norm (3) (in the norm (4)).

Define the weighted space Ly (R,
norm

Ly = Z <||Dpf|Lp + Z Ix?LilD”miflle) . (5)

pir=1 =1

) as the closure of finite functions in the

I
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Then the functional space A’i;T(Rn) can also be defined as the space of traces,

for z, ., = 0, of functions belonging to the weighted space L%/ (R, ) under

an appropriate choice of the parameters m and « (see, for example, (9)).

Let us also introduce Holder classes of functions. Put

Ifllc = max | ()]

o =3 swp  “Urhe),

i=1 1>h>0, z€R,, h‘u
n
1o =" > ID% flcw,
=1 0<k,<l,

where I; + u = [;, I; are integers,

1floirim,y = D ID?fle + 1D flo+ Y- sup [ R,[D?f(2)]], (6)

pir=1 pr=12ER,, [v[>0

where 0 <e < p <1

Denote by 91 the set of smooth functions for which the norm (6) is finite and,
moreover,

lim sup R,[f(x)] =0.

V—00 ZERn

Then we shall say that f belongs to the space C'"(R,,) if f belongs to the closure
of M in the norm (6). Let F,, E5; be complete spaces of functions of the form
(3)—(6). Define a generalized solution U € E; of equation (1) as the limit, in
the norm F, of solutions U, € E,

Luu = Jus

where f, converges to f in the norm F,.

Theorem 1. Let f € L?O(Rn), 1 < p < oo, and let a be the homogeneity
exponent of the operator L. Then there exists a generalized solution U of

equation (1) that belongs to the class Lﬁ;S/Q(Rn),

el o < Ul < gl Fl 0

u, for each generalized solution v € Lé;l/ % there is a representation V(z) =

U(z) + P(x), where P(x) is a polynomial of degree not exceeding 1/«;, in each
variable z; and such that D?P(x) = 0 for all p satisfying the condition

En:piai =1
i=1
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The proof of this theorem relies essentially on the representation formula for the
solution of equation (1) for summable functions, obtained by the author. It may
be regarded as a generalization, to the case of quasieliptic equations, of John’ s
well-known formula '°. Using one interpolation theorem of Lions !, from this
theorem we obtain as a consequence the following result.

Theorem 2. Let f € £'9(R,), 1 < p < oo, and let a = (ay,...,q,) be
the homogeneity exponent of the operator L. Then there exists a generalized
solution of equation (1), U € £h1/«

el flero <NUlgve < el flero,

and for each generalized solution v € Lg/ “ there is a representation

V(z) = Ulx) + P(a),

where P(z) is a polynomial satisfying the conditions of Theorem 1.

From Theorem 1 one can also obtain an embedding theorem strengthening the
corresponding results of S. M. Nikol’ skii '2 and V. P. II' in 3.

Theorem 3. Let f € L;(Rn), 1 < p < oo. Then there exists a polynomial P,
of degrees not exceeding [, — 1 in each variable z;, such that

1D°(f =Pz, (r,) <clfloz,)

where ¢ does not depend on f or P}, and

nPif
22_1.

An analogous estimate is also valid for functions f € £L(R,,).

Theorem 4. Let f € C!(R,,); moreover,

sup - [V[°R,[f(x)] < oo.
[v[>0, zeR,,

Then there exists a generalized solution U of equation (1), which belongs to the

class C’é’ll/ “ where €, < ¢, and « is the homogeneity exponent of the operator

L, and the estimate holds

€ (”f”cl + sup IVlisy[f]> < WUlgge < e (”f”cl + sup IVERV[f]> :

v[>0, zeR,, |v[>0, zeR,,
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where the constants c;, ¢, do not depend on f or U.
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