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HYDROMECHANICS

V. N. RUBANOVSKII

INTEGRABLE CASES IN THE PROBLEM OF
THE MOTION OF A HEAVY RIGID BODY IN
A FLUID

(Presented by Academician L. 1. Sedov, 17 VII 1967)

We consider a dynamical system consisting of an infinitely extended incompress-
ible ideal fluid and a rigid body moving in it, bounded by a simply connected
surface and having multiply connected cavities of arbitrary shape, completely
filled with an ideal fluid performing vortex-free motion.

It is assumed that the body and the fluids are acted upon by gravity, the weight
of the fluid displaced by the body being equal to the weight of the body and of
the fluids in its cavities (1).

We shall suppose that the kinetic energy of such a dynamical system is written
in the form (?)

1 3.3 ' _ .
T= by Z (ai;Pipj + bijRirj + 2¢,;Pigj) » a;; = a, b;=0by,
i=1 j=1
where a;;, b;;, ¢;; are constants determined for the given system, and P;, R,

are the projections on the axes of the rectangular coordinate system Oz,zy25,
rigidly attached to the body, of the impulsive force R and the impulsive couple
P of the system, without taking into account the cyclic motion of the fluid in
the cavities of the body.

Assuming that the impulsive force is directed along the line of action of gravity,
we shall have the following equations of motion of a heavy rigid body in a fluid
under the conditions of S. A. Chaplygin (?-4):

dR,/dt + RyOT /0P, — RyOT /0Py =0 (123),
dP;/dt + (Py + g3)0T JOPy — (Py + g5)0T JOPs+ (1)
+R30T/ORy — RyOT/ORy = ryRy — 3Ry  (123).
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Here r(ry,74,75) is a vector proportional to the radius vector drawn from the
center of gravity of the volume bounded by the surface of the body in contact
with the infinite fluid to the center of gravity of the body and of the fluid
contained in its cavities, and g(g;, g4, 93) is the vector of the kinetic moment
with respect to the origin of the moving axes of the cyclic motion of the fluid in
the cavities of the body.

The following three first integrals of equations (1) are known (3, 4):

T—-r R, —ryRy —r3Rs = const,
(P, +g1)Ry + (Py + g9) Ry + (P3 + g3) Ry = const,

R? + R2 + R3 = const.

The following assertions are valid.

1. If the kinetic energy of the system has the form

a (€33 — C9)? (cq] — c33)2 (Cog —11)?
7% p2yp2 p2 33 — C22)” po 11— €33)" o 22— C11)” po
2 ( 1 + 2 + 3) + 2. 1 + 2 2 + 2. 3+

b
+ e PLRy + e PRy + 33 P3 Ry + 3 (R + B3 + R3),
and the vector g = 0, then equations (1) admit a fourth first integral

2 2
Coy + C T Caq + C T
R N [

1 2¢q4 2¢9,
1+ ¢ r ?
+ c35 {Pg, 4+ 2p 3 ] = const.
a 2¢33
In particular, for 73 = 0 the case of P. V. Kharlamov (°) obtains, and for
7, =19 =13 = 0 the case of A. M. Lyapunov ().

2. If

T = ay) P} + a9y P§ + a33P§ 4 20(ag99a33 P\ Ry + az3a1, Py Ry + a11a99 P3R3)+

+ 0%[ayy (a3 + a33) RY + agy(a3s + af))R3 + ags(af; + a3y) R3]+
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+2¢(P Ry + PRy + P3R3) + b(R? + R3 + Rj),
and the vectors r and g are proportional,

r = —[c+ 0(ay1a9 + Agplz3 + a33011)]8,

then equations (1) admit a fourth first integral

P12 + P22 + P32 — 20(@11P1R1 + a22P2R2 + a33P3R3)+

+ 0% (a3 — ag9)*RE + (ay; — az3)?R3 + (agy — ay) > R3]+

+20(ay191 Ry + aga99 Ry + ag395R3) + 2(g1 Py + 9o Py + g3 P3) = const.

In particular, for g = 0 the case of P. V. Kharlamov (®) obtains, for g; =
go = g3 = 0 the case of V. A. Steklov (), and for ¢ = 0 the case of N.
E. Zhukovsky (®), when equations (1) reduce to the equations of motion of a
balanced gyroscope.

3. Let

2T = ay, PY + agy P3 + ag3P3 + 2a,5 P P+

¢ ¢
+2 [033 + (ay; — agg) =L + ags—2 | PR+
Gp) (P

C C
+2 C33 + ((122 — a33) 12 + a3321:| P2R2 +2C33P3R3 +2CI2P1R2 +2021P2R1+

aio a2

2 2 2
c ¢ (c19 — Co1)
21 p2 12 p2 12— C21 2
+ a5 Ry + ay—-R5 + ag3——5——R3+
ayg ars ajs

T 2%311%2 +b(R? + R2 + R2),

and the vectors r and g are perpendicular to the axis ox;, with
2 2
agz + o f12%33 9 f12%33

T = |—c33+ (c12 + 021)a ﬁ(%s —ag)| g1 + —A I
12 12
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2
Cy1Q
2 21733

2
a Con
8 4 22188 (a0 —ayy) | gy + N

Ty = |—C33 + (C12 + C97) >
P a1

A= a%z —(ay; — agz)(age — ass).

Then equations (1) admit the aggregate system of linear integrals

C a
P, + 2R, = %[(%3 — G93)9; + G1295),
ayg

C a
P2 + LZRQ %[(az{g — a11>g2 + 0'1291]7
(P)

C12 +021R
— i3

P; + = const.

12
In particular, for g; = g, = 0 the case of S. A. Chaplygin () obtains.

4. If the kinetic energy of the system is determined by the formula

2T = ayy PP + a9, P3 + a3z P§ + 20,5 P) Py 4 2¢,) Py Ry + 2¢0y Py Ry + 2¢33 P3 Ry +

2 2
C C
+2¢1,P Ry + 2¢0) Py Ry + ay —2-RY + agy—52 R3+

ajs ajs
(€10 — C21)2 2 C12C21 2 2 2
+ag3—"—5=—R3 + 2R Ry + b(R{ + R5 + R3),
arg Ay
where

c c

2 _ 21 12

afy = (ay; — asz)(agy —asz), ¢ = 33+ (a3 —agz)—— +az;—,

GP) a1

C12 Co1
Cog = C33 + (Agy — a33) — + ag3—,
aio aio

and the vectors r and g are perpendicular to the axis Oz, with

2 2
a Aq-
12 33
(a1 —agg) 5= {r + |cs3 — (crat o)== | g1 ¢ —
€12 (4GP
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2
- 2a,5a33 as

{7’1 + {033 —(c12 + 021)a3] 91} g1 =

C12 12

2
2
a a
_ 12 33
= (agy —az3)—5~ {7"2 + [033 —(c12 + 021)] 92} -
€21 G

2a,5a2 a
— =123 {7“2 + [033 —(c19+ 021)33] 92} 92,
Co1 (G

then equations (1) admit the following simultaneous system of linear integrals:

c a a
po+2p 12 ot | Can — (Coo + 33 7
1 7%2 1 219053 1 33 (c12 21)7%2 91

c a a
P+ 2R, =12 {r +[c —(c1p+c )33]9},
2 a1 2 261033 2 33 12 21 ays 2

Ccigt+c
Py + 12— 2LR. = const.

Ay

In particular, when g; = g, = 0, the case of P. V. Kharlamov (°) is obtained.

5. Let

2T = ayy P{ + ayP5 + a33P5 + 201, Py Py + 2093 P, Py 4 2a,3 Py Py +
+ 2¢11 Py Ry + 2¢99 Py Ry + 2¢33 Py Rg + 2a19ky Py Ry + 2015k Py Ry +
+ 2a93ks Py Ry + 2a93ky P3 Ry + 2a13k1 Py Ry + 2a,3k3 P R+
+ by R? + byy R2 + by R2 + 2a, 5k ko Ry Ry + 2a43koks Ry Ry + 2a13k3k, Ry Ry,

where
e = pt (g + Ak (123), by = 0 + Moks + (ay; + A)kT (123),
and the projections of the vectors r and g are related by the relations

A
"= E(kl —ky —k3)(s1 + g1) — (0 + Aky)gy (123),

51 = X ) {[(age — x)(azz — x) + a3slg; + [a13025 — a12(azs — Xx)]g2+

A(x)
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+[a1aa95 — asz(asy — x)lgs} (123), (2)

A(x) = (a1 — x)(age — x)(ags — x)—

—(ayy — x)a3; — (ax — x)ais — (azz — x)ais, X=—A/2.
Then equations (1) admit the simultaneous system of linear integrals
P+ kR =5y, Py + ko Ry = 55, P34 k3 Ry = s3. (3)

When g; = g, = g3 = 0, the case of S. A. Chaplygin (?) is obtained.
6. If the kinetic energy of the system is

2T = ayy PP + a9y P35 + a33P3 + 20,5 P Py + 253 Py Py + 20,3 P3P +

+2¢(P,Ry + PRy + PyR3) + 2a15ky Py Ry + 2a,5k PR+

+ 2093k Po Ry + 2093k Ps Ry + 20,3k Ps Ry + 2a,3k3 Py R+
+ (b + Tagaz3) R + (b + Tagzay; )RS + (b + Tay,a99) RE + 2a15k ko Ry Ry+
2ay3koks Ry Ry + 2a13ksk Ry Ry,

where

ky =eV/(0+ Tag) (o + Tags)/\/o +Ta;; (123)
(e = £1; o, 7 arbitrary),

and the projections of the vectors r and g are related by the relations

1
=9 2k ko — o(ky + kg + k3)](s1 +91)—
1
—;k1k2k331 + gk151 —cgy (123),

in which the quantities s;, s,, 55 are determined by formulas (2) for x = —o /27,
then equations (1) admit the aggregate system of linear integrals (3).

For ayy = ay3 = a;3 = 0 and g; = g, = g3 = 0, the case of V. A. Steklov'®
obtains.
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7. If

2T = a(P} + P} + P?) + 2a,5, P\ Py + 2a53 P, Py + 2a,3 Py P+
+2¢(P R, + PyRy + PyRy) + 2a,5ky Py Ry + 20,95k PyRy + 2a53ks Py Ry +
+2a93ky Py Ry + 20,3k, Py Ry + 2015k Py Ry + by RY + byy R3 + bys R3+
+2a;9k ko Ry Ry + 2a93ko ks Ro Ry + 2a 5ksk Ry R,

where

ky = 5\/(‘7 —byy)(0 — b33)/\/a(a —byy) (123)

(e = 41; o arbitrary),

and the projections of the vectors r and g are related by the relations

2ry = a(ky + ks —ky)(s; +91) + (c —aky)gy  (123),
in which the quantities s;, s,, s3 are determined by formulas (2) for x = a/2,
then equations (1) admit the aggregate system of linear integrals (3).

8. Let the kinetic energy of the system be given by the expression

2T = a(P? + P} + P3) + 2a15 P, Py + 2093 Py Py + 2013 Py P+
+2¢11 PIRy + 2¢99 PoRy + 2¢33 P3 Ry + 2a,5ko Py Ry + 20,5k Py R+
+2a93k3 Py Ry + 2a93ky Py Ry + 2a13k; PRy + 2a,3k3 Py Ry + b(R? + R3 + R3)+
taygk ko Ry Ry + agskoks Ry Ry + ai3ksk Ry Ry,

where

2
ky = 33(022 +c33 —2¢q7)  (123),

and the projections of the vectors r and g are related by the relations

3ry = (Cop + €33 — 2¢11)81 — (€11 + Cop +C33)91 (123),
in which the quantities sy, sq, $3 are determined by formulas (2) for x = a/4.
Then equations (1) admit the aggregate system of linear integrals (3).

For a;5 = ay; = a3 = 0 and g; = g, = g3 = 0, the case of V. A. Steklov'®
obtains.
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Note: Figure translations are in progress. See original paper for figures.
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