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Abstract
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HYDROMECHANICS

V. N. RUBANOVSKII

INTEGRABLE CASES IN THE PROBLEM OF
THE MOTION OF A HEAVY RIGID BODY IN
A FLUID
(Presented by Academician L. I. Sedov, 17 VII 1967)

We consider a dynamical system consisting of an infinitely extended incompress-
ible ideal fluid and a rigid body moving in it, bounded by a simply connected
surface and having multiply connected cavities of arbitrary shape, completely
filled with an ideal fluid performing vortex-free motion.

It is assumed that the body and the fluids are acted upon by gravity, the weight
of the fluid displaced by the body being equal to the weight of the body and of
the fluids in its cavities (1).

We shall suppose that the kinetic energy of such a dynamical system is written
in the form (2)

𝑇 = 1
2

3
∑
𝑖=1

3
∑
𝑗=1

(𝑎𝑖𝑗𝑃𝑖𝑃 𝑗 + 𝑏𝑖𝑗𝑅𝑖𝑅𝑗 + 2𝑐𝑖𝑗𝑃𝑖𝑅𝑗) , 𝑎𝑖𝑗 = 𝑎𝑗𝑖, 𝑏𝑖𝑗 = 𝑏𝑗𝑖,

where 𝑎𝑖𝑗, 𝑏𝑖𝑗, 𝑐𝑖𝑗 are constants determined for the given system, and 𝑃𝑖, 𝑅𝑖
are the projections on the axes of the rectangular coordinate system 𝑂𝑥1𝑥2𝑥3,
rigidly attached to the body, of the impulsive force R and the impulsive couple
P of the system, without taking into account the cyclic motion of the fluid in
the cavities of the body.

Assuming that the impulsive force is directed along the line of action of gravity,
we shall have the following equations of motion of a heavy rigid body in a fluid
under the conditions of S. A. Chaplygin (2–4):

𝑑𝑅1/𝑑𝑡 + 𝑅3𝜕𝑇 /𝜕𝑃2 − 𝑅2𝜕𝑇 /𝜕𝑃3 = 0 (123),
𝑑𝑃1/𝑑𝑡 + (𝑃3 + 𝑔3)𝜕𝑇 /𝜕𝑃2 − (𝑃2 + 𝑔2)𝜕𝑇 /𝜕𝑃3+

+𝑅3𝜕𝑇 /𝜕𝑅2 − 𝑅2𝜕𝑇 /𝜕𝑅3 = 𝑟2𝑅3 − 𝑟3𝑅2 (123).
(1)
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Here r(𝑟1, 𝑟2, 𝑟3) is a vector proportional to the radius vector drawn from the
center of gravity of the volume bounded by the surface of the body in contact
with the infinite fluid to the center of gravity of the body and of the fluid
contained in its cavities, and g(𝑔1, 𝑔2, 𝑔3) is the vector of the kinetic moment
with respect to the origin of the moving axes of the cyclic motion of the fluid in
the cavities of the body.

The following three first integrals of equations (1) are known (3, 4):

𝑇 − 𝑟1𝑅1 − 𝑟2𝑅2 − 𝑟3𝑅3 = const,

(𝑃1 + 𝑔1)𝑅1 + (𝑃2 + 𝑔2)𝑅2 + (𝑃3 + 𝑔3)𝑅3 = const,

𝑅2
1 + 𝑅2

2 + 𝑅2
3 = const.

The following assertions are valid.

1. If the kinetic energy of the system has the form

𝑇 = 𝑎
2 (𝑃 2

1 + 𝑃 2
2 + 𝑃 2

3 ) + (𝑐33 − 𝑐22)2

2𝑎 𝑅2
1 + (𝑐11 − 𝑐33)2

2𝑎 𝑅2
2 + (𝑐22 − 𝑐11)2

2𝑎 𝑅2
3+

+ 𝑐11𝑃1𝑅1 + 𝑐22𝑃2𝑅2 + 𝑐33𝑃3𝑅3 + 𝑏
2 (𝑅2

1 + 𝑅2
2 + 𝑅2

3) ,

and the vector g = 0, then equations (1) admit a fourth first integral

𝑐11 [𝑃1 + 𝑐22 + 𝑐33
𝑎 𝑅1 − 𝑟1

2𝑐11
]

2
+ 𝑐22 [𝑃2 + 𝑐33 + 𝑐11

𝑎 𝑅2 − 𝑟2
2𝑐22

]
2

+

+ 𝑐33 [𝑃3 + 𝑐11 + 𝑐22
𝑎 𝑅3 − 𝑟3

2𝑐33
]

2
= const.

In particular, for 𝑟3 = 0 the case of P. V. Kharlamov (5) obtains, and for
𝑟1 = 𝑟2 = 𝑟3 = 0 the case of A. M. Lyapunov (6).

2. If

𝑇 = 𝑎11𝑃 2
1 + 𝑎22𝑃 2

2 + 𝑎33𝑃 2
3 + 2𝜎(𝑎22𝑎33𝑃1𝑅1 + 𝑎33𝑎11𝑃2𝑅2 + 𝑎11𝑎22𝑃3𝑅3)+

+ 𝜎2[𝑎11(𝑎2
22 + 𝑎2

33)𝑅2
1 + 𝑎22(𝑎2

33 + 𝑎2
11)𝑅2

2 + 𝑎33(𝑎2
11 + 𝑎2

22)𝑅2
3]+
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+ 2𝑐(𝑃1𝑅1 + 𝑃2𝑅2 + 𝑃3𝑅3) + 𝑏(𝑅2
1 + 𝑅2

2 + 𝑅2
3),

and the vectors r and g are proportional,

r = −[𝑐 + 𝜎(𝑎11𝑎22 + 𝑎22𝑎33 + 𝑎33𝑎11)]g,

then equations (1) admit a fourth first integral

𝑃 2
1 + 𝑃 2

2 + 𝑃 2
3 − 2𝜎(𝑎11𝑃1𝑅1 + 𝑎22𝑃2𝑅2 + 𝑎33𝑃3𝑅3)+

+ 𝜎2[(𝑎33 − 𝑎22)2𝑅2
1 + (𝑎11 − 𝑎33)2𝑅2

2 + (𝑎22 − 𝑎11)2𝑅2
3]+

+ 2𝜎(𝑎11𝑔1𝑅1 + 𝑎22𝑔2𝑅2 + 𝑎33𝑔3𝑅3) + 2(𝑔1𝑃1 + 𝑔2𝑃2 + 𝑔3𝑃3) = const.

In particular, for 𝑔3 = 0 the case of P. V. Kharlamov (3) obtains, for 𝑔1 =
𝑔2 = 𝑔3 = 0 the case of V. A. Steklov (7), and for 𝜎 = 0 the case of N.
E. Zhukovsky (8), when equations (1) reduce to the equations of motion of a
balanced gyroscope.

3. Let

2𝑇 = 𝑎11𝑃 2
1 + 𝑎22𝑃 2

2 + 𝑎33𝑃 2
3 + 2𝑎12𝑃1𝑃2+

+ 2 [𝑐33 + (𝑎11 − 𝑎33) 𝑐21
𝑎12

+ 𝑎33
𝑐12
𝑎12

] 𝑃1𝑅1+

+2 [𝑐33 + (𝑎22 − 𝑎33) 𝑐12
𝑎12

+ 𝑎33
𝑐21
𝑎12

] 𝑃2𝑅2 +2𝑐33𝑃3𝑅3 +2𝑐12𝑃1𝑅2 +2𝑐21𝑃2𝑅1+

+ 𝑎11
𝑐2

21
𝑎2

12
𝑅2

1 + 𝑎22
𝑐2

12
𝑎2

12
𝑅2

2 + 𝑎33
(𝑐12 − 𝑐21)2

𝑎2
12

𝑅2
3+

+ 2𝑐12𝑐21
𝑎12

𝑅1𝑅2 + 𝑏(𝑅2
1 + 𝑅2

2 + 𝑅2
3),

and the vectors r and g are perpendicular to the axis 𝑜𝑥3, with

𝑟1 = [−𝑐33 + (𝑐12 + 𝑐21)𝑎33
𝑎12

+ 2𝑐12𝑎2
33

𝑎12Δ (𝑎33 − 𝑎22)] 𝑔1 + 2𝑐12𝑎2
33

Δ 𝑔2,
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𝑟2 = [−𝑐33 + (𝑐12 + 𝑐21)𝑎33
𝑎12

+ 2𝑐21𝑎2
33

𝑎12Δ (𝑎33 − 𝑎11)] 𝑔2 + 2𝑐21𝑎2
33

Δ 𝑔1,

Δ = 𝑎2
12 − (𝑎11 − 𝑎33)(𝑎22 − 𝑎33).

Then equations (1) admit the aggregate system of linear integrals

𝑃1 + 𝑐21
𝑎12

𝑅1 = 𝑎33
Δ [(𝑎33 − 𝑎22)𝑔1 + 𝑎12𝑔2],

𝑃2 + 𝑐12
𝑎12

𝑅2 = 𝑎33
Δ [(𝑎33 − 𝑎11)𝑔2 + 𝑎12𝑔1],

𝑃3 + 𝑐12 + 𝑐21
𝑎12

𝑅3 = const.

In particular, for 𝑔1 = 𝑔2 = 0 the case of S. A. Chaplygin (9) obtains.

4. If the kinetic energy of the system is determined by the formula

2𝑇 = 𝑎11𝑃 2
1 + 𝑎22𝑃 2

2 + 𝑎33𝑃 2
3 + 2𝑎12𝑃1𝑃2 + 2𝑐11𝑃1𝑅1 + 2𝑐22𝑃2𝑅2 + 2𝑐33𝑃3𝑅3+

+ 2𝑐12𝑃1𝑅2 + 2𝑐21𝑃2𝑅1 + 𝑎11
𝑐2

21
𝑎2

12
𝑅2

1 + 𝑎22
𝑐2

12
𝑎2

12
𝑅2

2+

+ 𝑎33
(𝑐12 − 𝑐21)2

𝑎2
12

𝑅2
3 + 2𝑐12𝑐21

𝑎12
𝑅1𝑅2 + 𝑏(𝑅2

1 + 𝑅2
2 + 𝑅2

3),

where

𝑎2
12 = (𝑎11 − 𝑎33)(𝑎22 − 𝑎33), 𝑐11 = 𝑐33 + (𝑎11 − 𝑎33) 𝑐21

𝑎12
+ 𝑎33

𝑐12
𝑎12

,

𝑐22 = 𝑐33 + (𝑎22 − 𝑎33) 𝑐12
𝑎12

+ 𝑎33
𝑐21
𝑎12

,

and the vectors r and g are perpendicular to the axis 𝑂𝑥3, with

(𝑎11 − 𝑎33)𝑎2
12

𝑐2
12

{𝑟1 + [𝑐33 − (𝑐12 + 𝑐21)𝑎33
𝑎12

] 𝑔1}
2

−
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−2𝑎12𝑎2
33

𝑐12
{𝑟1 + [𝑐33 − (𝑐12 + 𝑐21)𝑎33

𝑎12
] 𝑔1} 𝑔1 =

= (𝑎22 − 𝑎33)𝑎2
12

𝑐2
21

{𝑟2 + [𝑐33 − (𝑐12 + 𝑐21)𝑎33
𝑎12

] 𝑔2}
2

−

−2𝑎12𝑎2
33

𝑐21
{𝑟2 + [𝑐33 − (𝑐12 + 𝑐21)𝑎33

𝑎12
] 𝑔2} 𝑔2,

then equations (1) admit the following simultaneous system of linear integrals:

𝑃1 + 𝑐21
𝑎12

𝑅1 = − 𝑎12
2𝑐12𝑎33

{𝑟1 + [𝑐33 − (𝑐12 + 𝑐21)𝑎33
𝑎12

] 𝑔1} ,

𝑃2 + 𝑐12
𝑎12

𝑅2 = − 𝑎12
2𝑐21𝑎33

{𝑟2 + [𝑐33 − (𝑐12 + 𝑐21)𝑎33
𝑎12

] 𝑔2} ,

𝑃3 + 𝑐12 + 𝑐21
𝑎12

𝑅3 = const.

In particular, when 𝑔1 = 𝑔2 = 0, the case of P. V. Kharlamov (5) is obtained.

5. Let

2𝑇 = 𝑎11𝑃 2
1 + 𝑎22𝑃 2

2 + 𝑎33𝑃 2
3 + 2𝑎12𝑃1𝑃2 + 2𝑎23𝑃2𝑃3 + 2𝑎13𝑃3𝑃1+

+ 2𝑐11𝑃1𝑅1 + 2𝑐22𝑃2𝑅2 + 2𝑐33𝑃3𝑅3 + 2𝑎12𝑘2𝑃1𝑅2 + 2𝑎12𝑘1𝑃2𝑅1+
+ 2𝑎23𝑘3𝑃2𝑅3 + 2𝑎23𝑘2𝑃3𝑅2 + 2𝑎13𝑘1𝑃3𝑅1 + 2𝑎13𝑘3𝑃1𝑅3+
+ 𝑏11𝑅2

1 + 𝑏22𝑅2
2 + 𝑏33𝑅2

3 + 2𝑎12𝑘1𝑘2𝑅1𝑅2 + 2𝑎23𝑘2𝑘3𝑅2𝑅3 + 2𝑎13𝑘3𝑘1𝑅3𝑅1,

where

𝑐11 = 𝜇 + (𝑎11 + 𝜆)𝑘1 (123), 𝑏11 = 𝜎 + 𝜆𝑘2𝑘3 + (𝑎11 + 𝜆)𝑘2
1 (123),

and the projections of the vectors r and g are related by the relations

𝑟1 = 𝜆
2 (𝑘1 − 𝑘2 − 𝑘3)(𝑠1 + 𝑔1) − (𝜇 + 𝜆𝑘1)𝑔1 (123),

𝑠1 = 𝜒
Δ(𝜒) {[(𝑎22 − 𝜒)(𝑎33 − 𝜒) + 𝑎2

23]𝑔1 + [𝑎13𝑎23 − 𝑎12(𝑎33 − 𝜒)]𝑔2+
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+[𝑎12𝑎23 − 𝑎13(𝑎22 − 𝜒)]𝑔3} (123), (2)

Δ(𝜒) = (𝑎11 − 𝜒)(𝑎22 − 𝜒)(𝑎33 − 𝜒)−

−(𝑎11 − 𝜒)𝑎2
23 − (𝑎22 − 𝜒)𝑎2

13 − (𝑎33 − 𝜒)𝑎2
12, 𝜒 = −𝜆/2.

Then equations (1) admit the simultaneous system of linear integrals

𝑃1 + 𝑘1𝑅1 = 𝑠1, 𝑃2 + 𝑘2𝑅2 = 𝑠2, 𝑃3 + 𝑘3𝑅3 = 𝑠3. (3)

When 𝑔1 = 𝑔2 = 𝑔3 = 0, the case of S. A. Chaplygin (9) is obtained.

6. If the kinetic energy of the system is

2𝑇 = 𝑎11𝑃 2
1 + 𝑎22𝑃 2

2 + 𝑎33𝑃 2
3 + 2𝑎12𝑃1𝑃2 + 2𝑎23𝑃2𝑃3 + 2𝑎13𝑃3𝑃1+

+2𝑐(𝑃1𝑅1 + 𝑃2𝑅2 + 𝑃3𝑅3) + 2𝑎12𝑘2𝑃1𝑅2 + 2𝑎12𝑘1𝑃2𝑅1+

+ 2𝑎23𝑘3𝑃2𝑅3 + 2𝑎23𝑘2𝑃3𝑅2 + 2𝑎13𝑘1𝑃3𝑅1 + 2𝑎13𝑘3𝑃1𝑅3+
+ (𝑏 + 𝜏𝑎22𝑎33)𝑅2

1 + (𝑏 + 𝜏𝑎33𝑎11)𝑅2
2 + (𝑏 + 𝜏𝑎11𝑎22)𝑅2

3 + 2𝑎12𝑘1𝑘2𝑅1𝑅2+
2𝑎23𝑘2𝑘3𝑅2𝑅3 + 2𝑎13𝑘3𝑘1𝑅3𝑅1,

where

𝑘1 = 𝜀√(𝜎 + 𝜏𝑎22)(𝜎 + 𝜏𝑎33)/√𝜎 + 𝜏𝑎11 (123)
(𝜀 = ±1; 𝜎, 𝜏 arbitrary),

and the projections of the vectors r and g are related by the relations

𝑟1 = 1
2𝜏 [2𝑘1𝑘2𝑘3 − 𝜎(𝑘1 + 𝑘2 + 𝑘3)](𝑠1 + 𝑔1)−

−1
𝜏 𝑘1𝑘2𝑘3𝑠1 + 𝜎

𝜏 𝑘1𝑠1 − 𝑐𝑔1 (123),

in which the quantities 𝑠1, 𝑠2, 𝑠3 are determined by formulas (2) for 𝜒 = −𝜎/2𝜏 ,
then equations (1) admit the aggregate system of linear integrals (3).

For 𝑎12 = 𝑎23 = 𝑎13 = 0 and 𝑔1 = 𝑔2 = 𝑔3 = 0, the case of V. A. Steklov10

obtains.
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7. If

2𝑇 = 𝑎(𝑃 2
1 + 𝑃 2

2 + 𝑃 2
3 ) + 2𝑎12𝑃1𝑃2 + 2𝑎23𝑃2𝑃3 + 2𝑎13𝑃3𝑃1+

+2𝑐(𝑃1𝑅1 + 𝑃2𝑅2 + 𝑃3𝑅3) + 2𝑎12𝑘2𝑃1𝑅2 + 2𝑎12𝑘1𝑃2𝑅1 + 2𝑎23𝑘3𝑃2𝑅3+
+2𝑎23𝑘2𝑃3𝑅2 + 2𝑎13𝑘1𝑃3𝑅1 + 2𝑎13𝑘3𝑃1𝑅3 + 𝑏11𝑅2

1 + 𝑏22𝑅2
2 + 𝑏33𝑅2

3+
+2𝑎12𝑘1𝑘2𝑅1𝑅2 + 2𝑎23𝑘2𝑘3𝑅2𝑅3 + 2𝑎13𝑘3𝑘1𝑅3𝑅1,

where

𝑘1 = 𝜀√(𝜎 − 𝑏22)(𝜎 − 𝑏33)/√𝑎(𝜎 − 𝑏11) (123)
(𝜀 = ±1; 𝜎 arbitrary),

and the projections of the vectors r and g are related by the relations

2𝑟1 = 𝑎(𝑘2 + 𝑘3 − 𝑘1)(𝑠1 + 𝑔1) + (𝑐 − 𝑎𝑘1)𝑔1 (123),

in which the quantities 𝑠1, 𝑠2, 𝑠3 are determined by formulas (2) for 𝜒 = 𝑎/2,
then equations (1) admit the aggregate system of linear integrals (3).

8. Let the kinetic energy of the system be given by the expression

2𝑇 = 𝑎(𝑃 2
1 + 𝑃 2

2 + 𝑃 2
3 ) + 2𝑎12𝑃1𝑃2 + 2𝑎23𝑃2𝑃3 + 2𝑎13𝑃3𝑃1+

+2𝑐11𝑃1𝑅1 + 2𝑐22𝑃2𝑅2 + 2𝑐33𝑃3𝑅3 + 2𝑎12𝑘2𝑃1𝑅2 + 2𝑎12𝑘1𝑃2𝑅1+
+2𝑎23𝑘3𝑃2𝑅3 + 2𝑎23𝑘2𝑃3𝑅2 + 2𝑎13𝑘1𝑃3𝑅1 + 2𝑎13𝑘3𝑃1𝑅3 + 𝑏(𝑅2

1 + 𝑅2
2 + 𝑅2

3)+
+𝑎12𝑘1𝑘2𝑅1𝑅2 + 𝑎23𝑘2𝑘3𝑅2𝑅3 + 𝑎13𝑘3𝑘1𝑅3𝑅1,

where

𝑘1 = 2
3𝑎(𝑐22 + 𝑐33 − 2𝑐11) (123),

and the projections of the vectors r and g are related by the relations

3𝑟1 = (𝑐22 + 𝑐33 − 2𝑐11)𝑠1 − (𝑐11 + 𝑐22 + 𝑐33)𝑔1 (123),

in which the quantities 𝑠1, 𝑠2, 𝑠3 are determined by formulas (2) for 𝜒 = 𝑎/4.
Then equations (1) admit the aggregate system of linear integrals (3).

For 𝑎12 = 𝑎23 = 𝑎13 = 0 and 𝑔1 = 𝑔2 = 𝑔3 = 0, the case of V. A. Steklov10

obtains.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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